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specifically, the layer comprised a core associated with the
highest plasma density where the original standing wave is
severely depleted and a surrounding area with near critical
density where portions of progressive and standing waves
(due to reflection) still exist. We show in Fig. 6 the momen-
tum phase space of the electrons around the absorption
zone for a0 ¼ 1000 and a0 ¼ 2000. One notices the strong

correlation between the typical pattern observed in the mo-
mentum phase space and in the radiation map which is due
to the beaming effect of the radiation coming from ultra
relativistic particles. The additional cross pattern seen in
Fig. 6 for a0 ¼ 2000 is the signature of the copious amount
of pairs quivering in the portions of progressive waves
which also lead to the emission of energetic photons. The

FIG. 5. Angular distribution of the emitted radiation. 3D photon radiation maps from 3D simulations for (a) a0 ¼ 1000 and (b) a0 ¼ 2000 at t ¼ 85 x"1
0 . The

radius from the centre of the box and colour are proportional to the amount of energy radiated per unit solid angle. (c)–(h) Polar radiation maps from 2D simu-
lations, all collected at t ¼ 90 x"1

0 . Radius is proportional to the amount of energy radiated per unit azimuthal angle. Dark blue line corresponds to the photons
above 2 MeV, while red is for the photons above 100 MeV.
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through Compton scattering. Recent milestone all-optical experiments scattered electrons with lasers at 180 
degrees, and demonstrated the potential of the state-of-the-art laser technology to generate x-rays and γ-rays23–27. 
A recent review on laser-wakefield acceleration-based light sources can be found in ref.28 and the most recent 
results on multiphoton Thompson scattering in ref.29. All these experiments were performed below the radiation 
reaction dominated regime, because the overall energy radiated by the interacting electrons was small compared 
with the initial electron energy. More recent experiments show first evidence of electron slowdown30,31 on the 
order consistent with the classical radiation reaction predictions for scattering an electron bunch and a laser 
pulse32. By using more intense laser pulses (I 10 W/cm22 2∼ ) or more energetic electron beams, we will soon be 
able to convert a large fraction of the electron energy into radiation and access the regime of quantum radiation 
reaction33–40. This is expected in the next few years, as 4 GeV electron beams have already been obtained using a 
16 J laser41 and the next generation of facilities is aiming to achieve laser intensities I > 1023 W/cm2. In such 
extreme conditions, the energetic photons produced in the scattering can decay into electron-positron pairs42.

Here we propose a configuration that allows to both create and accelerate an electron-positron beam. An 
intense laser interacts with a relativistic electron beam at 90 degrees of incidence (setup is illustrated in Fig. 1). 
The pair production efficiency here is slightly lower than in a head-on collision. However, in a head-on collision 
the energy cutoff of the electron-positron beam is limited to the initial energy of the interacting electrons, while 
at 90 degrees this is not the case. At 90 degrees of incidence, if generated with a low energy, new particles can 
be trapped and accelerated in the laser propagation direction. If the created particles are very energetic, they 
continue emitting hard photons to further feed the pair creation. Once their energy is low enough to be trapped, 
they rapidly develop a momentum component parallel to the laser propagation direction that supresses the quan-
tum interaction. The creation and the acceleration phase are therefore decoupled. Due to the laser defocusing, 
the trapped particles remain in the laser field only a fraction of a full oscillation cycle. This limits the maximum 
energy they can attain, but allows for a net energy transfer in vacuum that would otherwise be impossible. We 
have developed a predictive analytical model for the energy cutoff of the electron-positron flow generated in the 
electron-laser scattering. Our theory is supported by full-scale 2D and 3D particle-in-cell (PIC) simulations, 
where the quantum processes are modelled via an additional Monte-Carlo module. We show that this setup pro-
duces a neutral electron-positron flow that can reach multi-GeV energies. The flow has a divergence of about ~30 
mrad. A distinguishing aspect of this scheme is to produce at extreme intensities an equal number of electrons 
and positrons that can be separated from the initial electron beam. The original electrons are, in fact, reflected 
before entering the region of the highest laser intensity where most pairs are created. As a result, the pairs and the 
earlier reflected electrons move in slightly different directions and can be collected separately.

Results
Pair generation and quantum parameters. Laser intensity, electron energy and their relative angle of 
incidence determine whether classical or quantum processes dominate the laser-electron interaction. One way to 
quantitatively distinguish between the two regimes is through a Lorentz-invariant dimensionless parameter χe, 
that is formally defined as43

χ = µ
µνp F E mc( ) /( ) (1)e c

2

Here, Ec = m2c3/(ħc) is the critical field of electrodynamics that can perform a work of mc2 over the Compton 
length (and can spontaneously create electron-positron pairs in vacuum), Fµν is the electromagnetic tensor, m, pµ 

Figure 1. Setup. (a) Perpendicularly moving electron beam interacts with the laser at the focus and creates 
new pairs; (b) Some electrons and positrons obtain a momentum component parallel to the laser propagation 
direction and start getting accelerated; (c) The laser defocuses shutting down the interaction; this leaves the 
particles with the net energy gain from the laser. (d) A fraction of the accelerated electrons and positrons 
distributed within the momentum space.
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What can we do with the next generation of lasers?

‣  Electron acceleration in plasma channels

New opportunities for particle acceleration

‣ Electron-positron production & 
acceleration in one stage

Design of tunable high-energy photon sources
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What can we do with the next generation of lasers?

Probing the onset of non-pertubative QED

Study of the classical and quantum radiation reaction

Evolution of self-generated e+e- plasmas

M. Tamburini, NIMR (2011); Neitz & DiPiazza, PRL (2013);  Ilderton and Torgrimsson, PLB (2013); Zhidkov, PRSTAB (2014);
M. Vranic, PRL (2014); T. Blackburn, PRL (2014); S. Yoffee, NJP (2015); M. Vranic, CPC (2016); M. Vranic, NJP (2016);
C. Ridgers, JPP (2017): F. Neil, PRE (2017) and PPCF(2018); J. Cole PRX (2018); K. Poder PRX(2018);

T. Bell and J. Kirk, PRL (2010)
A. Fedotov, PRL (2010)
S. Bulanov, PRL (2010)
E. Nerush, PRL (2011)
N. Elkina, PRSTAB (2011)
C. Ridgers, PRL (2012)
V. F. Bashmakov, POP (2015)
A. Gonoskov, PRE (2015)
M. Jirka, PRE (2016)
T. Grismayer,  POP (2016) 
X. Ribeyre et al, PRE(2016)
M. Tamburini, Sci Rep (2017)
M. Vranic, PPCF (2017)
X. Zhu, NComm (2017)
 

where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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FIG. 1. a) Illustration of a beam-beam collider for probing the fully nonperturbative QED regime. b) 3D OSIRIS-QED
simulation of the collision of two spherical 10 nm electron beams with 125GeV energy (blue). The fully nonperturbative QED
regime ↵�2/3 � 1 is experienced by 38% of the colliding particles (red). The interaction produces two dense gamma-ray beams
with 0.2 photons with E

�

� 2mc2 per primary electron (yellow).

tron/positron mass and thus the e↵ective QED critical
field. As a result, one expects that radiation and pair
production are attenuated with respect to the perturba-
tive predictions. Our simulations show that corrections
on the order of 20� 30% are to be expected (see below).
Correspondingly, nonperturbative e↵ects should be ob-
servable with a 100GeV-class particle collider.

The breakdown of perturbation theory in the regime
↵�2/3 & 1 has an intuitive explanation. In vacuum, the
characteristic scales of QED are determined by the elec-
tron/positron mass m. In the presence of a background
field, however, the fundamental properties of electrons,
positrons, and photons are modified by quantum fluctu-
ations (Fig. 2). Figuratively speaking, the quantum vac-
uum is not empty but filled with virtual electron-positron
pairs. A strong electromagnetic field polarizes/ionizes
the vacuum, which therefore behaves like an electron-
positron pair plasma. As a result, the “plasma frequency
of the vacuum” changes the photon dispersion relation,
implying that a photon acquires an e↵ective mass m

�

(�),
see Supplemental Material. The appearance of a photon
mass induces qualitatively new phenomena like vacuum
birefringence and dichroism [27–30]. Perturbation the-
ory is expected to break down in the regime m

�

(�) & m,
where modifications due to quantum fluctuations become
of the same order as the leading-order tree-level result
(Fig. 2).

In order to provide an intuitive understanding for the
scaling of m

�

(�), a photon with energy ~!
�

� mc2

is considered, which propagates through a perpendic-
ular electric field with magnitude E in the laboratory
frame. The � associated with this photon is � ⇠ �E/Ecr,
where � = ~!

�

/(mc2) can be interpreted as a gener-
alized Lorentz gamma factor. As the polarization of
the quantum vacuum requires at least two interactions
(Fig. 2), it is expected that m2

�

(�) ⇠ ↵M2 (the plasma
frequency of a medium exhibits the same scaling in ↵).
Here, M ⇠ eE�t/c denotes the characteristic mass scale
induced by the background field and �t represents the

P

m2
=

⇠↵�2/3

Narozhny
1968

+

⇠↵2�2/3log�
Morozov
1977

+

⇠↵3�log2�
Narozhny

1980

+

⇠↵n�(2n�3)/3

conjecture

+ · · ·

M

m
=

⇠↵�2/3

Ritus
1970

+

⇠↵2� log�
Ritus
1972

+

⇠↵3�5/3

Narozhny
1980

+

⇠↵n�(2n�1)/3

conjecture

+ · · ·

FIG. 2. Dressed loop expansion of the polarization operator
P (top row) and mass operatorM (bottom row). Wiggly lines
denote photons and double lines dressed electron/positron
propagators [2]. According to the Ritus-Narozhny conjecture,
the diagrams shown represent the dominant contribution at
n-loop and ↵�2/3 is the true expansion parameter of strong-
field QED in the regime � � 1 [23–25].

characteristic lifetime of a virtual pair.

The scaling of �t is determined by the Heisenberg un-
certainty principle �t�✏ ⇠ ~, where �✏ = ✏�+ ✏+� ✏

�

quantifies energy non-conservation at the pair production
vertex. Here, ✏� ⇡ ✏+ =

p
(pc)2 +m2c4 + (eE�tc)2 ⇡

pc + (eE�tc)2/(2pc) are the electron/positron energies
and ✏

�

= p
�

c is the energy of the gamma photon (electron
and positron have the same initial momentum p = p

�

/2
at threshold). Assuming, � � 1 and thus eE�t � mc
(momentum acquired by the charges in the background
field E), we find �✏ ⇠ (eE�tc)2/(~!

�

)2. Notably, the
resulting field-induced mass scale M ⇠ eE�t/c ⇠ m�1/3

is independent of m (note that � ⇠ m�3). This sug-
gests a new regime of light-matter interaction, where
the characteristic scales of the theory are determined by
the background field (M � m). The scaling m2

�

(�) ⇠
↵M2 ⇠ ↵�2/3m2 in the regime � � 1 implies m

�

& m if
↵�2/3 & 1 and thus a breakdown of perturbation theory
at the conjectured scale [23–25]. The same scaling is also

V.  Yakimenko et al, PRL, 122, 190404 (2019)
F. Del Gaudio et al, PRAB 22, 023402(2019)

C. Baumann et al., ArXiv:1811.03990

T. Grismayer, PRE (2017)
M. Lobet et al, PRAB (2017)
I. Kostyukov et al, PAST (2018)



Different regimes of laser interaction with a plasma

QED Photons interaction

ELI

‣ Pulse duration : 20-150 fs
‣ Intensity ~1021 - 1025 W/cm2

‣ Extreme acceleration regime

Near-future facilities

New facilities open possibilities to
explore exotic physics.

Normalised vector potential a0

‣ non relativistic 
a0<<1     I~1018 W/cm2

‣ weakly nonlinear, relativistic 
a0~1       I~1018 W/cm2

‣ relativistic, nonlinear  
a0~10       I~1020 W/cm2

‣ quantum
a0~1000       I~1024W/cm2

a0 =
eA

mc2
=

�
2e2�2

0I

⇥n2
ec

5
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depend on the parameter c, and also on the field invariants f = F2
µn

/E2
s and g =

F⇤
µn

F
µn

/E2
s . If the conditions

f , g ⌧ 1; f , g ⌧ c

2 (2.6)

are satisfied, the QED probabilities can be considered a function of c only and the
contribution of invariants can be neglected. The first condition in (2.6) is trivially
satisfied because all the fields we can achieve are orders of magnitude smaller than
the Es, while the second condition depends on the particle energy and is more easily
satisfied for relativistic particles [68].

Electron interaction with the field of an intense electromagnetic wave leads to ef-
fects that have nonlinear dependence on the photon number density if the parameter
a0 & 1, and to nonlinear quantum effects if the parameter c & 1. The simplest example
of such a process is the photon emission by an electron which has a classical limit.

Many different QED processes can occur in the presence of strong field. However,
in this work, we are interested in studying the processes with highest probability in
QED cascades [70]. These are photon emission by particles in strong electromagnetic
field and the Breit-Wheeler pair production by energetic photons in the presence of
the strong field. Other possible processes such as trident process [71] or spontaneous
pair production in vacuum described by Eq. (2.2) have substantially lower probability
rates and therefore will not be considered here.

The parameter c that determines if classical or QED interactions dominate the
physics was defined by Eq. (2.3) for electrons, but this definition can be extended
to photons by using the wave 4-vector kµ instead of particle 4-momentum pµ:

c

g

=

q
(k

µ

Fµn)2

Es mc
. (2.7)

For electrons, we express the ce also as a function of 3-vectors and the background
electric and magnetic field vectors:

ce =
1
Es

s✓
g

~E +
~p

mc
⇥ ~B

◆2
�

✓
~p

mc
· ~E

◆2
(2.8)

The differential probability rate of photon emission by nonlinear Compton scatter-
ing is then given [72–74] by

d2P
dt dc

g

=
amc2

p
3ph̄gce

✓
1� x +

1
1� x

◆
K2/3(c̃)�

Z •

c̃

dxK1/3(x)
�

(2.9)

where c̃ = 2x/(3ce(1� x)) and x = c

g

/ce. This gives the total radiated power of

Prad = �
Z

de

g

e

g

d2P
dt de

g

= � ee

ce

Z
dc

g

c

g

d2P
dt dc

g

(2.10)

26 QED radiation reaction and cascades

[60]:

W =
aE2

p

2

•

Â
n=1

n�2 exp
✓
�pnm2

eE

◆
. (2.2)

According to Bohr [67] it is impossible to produce a field strong enough to impart
on an electron energy of mc2 over the Compton length. This hypothesis has not been
confirmed or rejected yet because the existing fields in the laboratory are orders of
magnitude smaller than Es. Nevertheless, we can observe the nonlinear quantum
effects in weaker fields E ⌧ Es by using ultra relativistic particles with momentum
p ⇠ mcEs/E in carefully chosen direction such that the field in the particle rest frame
approaches the value of Es. Regardless of the field form in laboratory frame, in the rest
frame of a relativistic particle the background electromagnetic field can be represented
as a field of a plane wave to a certain approximation. This motivated a lot of research
in understanding the interaction of plane waves and particles performed by Ritus and
Nikishov and others ( [68] and references therein ).

The probabilities of various processes in an electromagnetic plane wave are based
on Volkov [69] states where the quantum-transition probability is evaluated taking
into account the interaction between the particle and the background wave exactly.
The interaction of photons emitted with the particles is then accounted for by pertur-
bation theory. The total probability of a process by a single particle is relativistically
invariant and depends on two invariant parameters:

a0 =
eE

mcw0
, c =

q
(p

µ

Fµn)2

Es mc
(2.3)

The parameter a0 is known to us as normalised vector potential, and represents the
work performed by the field over one wavelength divided by electron rest energy mc2;
it can also be presented as the ratio of the field work over the Compton length to the
energy of the field quantum h̄w. The average kinetic momentum ( or quasi-momentum
) of a particle in a plane wave is given by

qµ = pµ +
a2

0 m2c4

2 (k · p)
kµ (2.4)

where pµ is particle 4-momentum outside of the wave, m is the particle mass kµ is the
wave 4-vector and k · p stands for the scalar product kµ p

µ

. In the presence of a field
like this, the conservation laws apply to the quasi-momentum instead of the initial 4-
momentum of the particles. As a consequence of modified 4-momentum, the effective
mass of the particle in a background plane wave becomes

m2
⇤ = m2(1 + a2

0). (2.5)

At a0 � 1, the probabilities of the processes in a plane wave reduce to the ones in
constant electric and magnetic fields where ~E ? ~B and E = B. These probabilities

CHAPTER 2

QED RADIATION REACTION AND CASCADES

2.1 INTRODUCTION

In the previous chapter we have dealt with classical radiation reaction, the first correc-
tion to the linear Maxwell electrodynamics in the presence of strong electromagnetic
fields. This chapter introduces quantum effects in the analysis of particle dynamics in
strong fields and is mainly concerned with the transition regime between the classical
and quantum radiation reaction.

To identify if the interaction is classical or not, we can use the characteristic value
of electromagnetic field in quantum electrodynamics:

Es =
m2c3

eh̄
=

mc2

elC
(2.1)

which is called the Schwinger field [60]. This field performs a work equal to elec-
tron rest energy mc2 over a Compton length h̄/mc and corresponds to the intensity of
⇠ 1025 W/cm2. It enters as a characteristic parameter in nonlinear quantum electro-
dynamics effects which reach their optimum values in fields on the order of Es.

The interest in physics at high intensities rises in the very beginning of quantum
electrodynamics when Klein [61] showed there is probability of passage of a Dirac
electron through an arbitrarily high potential barrier, which Sauter [62] showed to be
exponentially small if the electric field inside the barrier is small compared to E ⌧ Es
and on the order of unity only at E ⇠ Es. Nonlinear effects in quantum electrody-
namics were further analysed by Euler, Heisenberg, Weisskopf, Schwinger [63–66]
and many others. One of the most striking nonlinear effects predicted was electron-
positron pair production in vacuum whose probability was calculated by Scwinger

�⌧ 1

Unity is achieved when particle feels E=Es in its own rest frame

� ⇡ 2 �0a0 ⇥ 2⇥ 10�6

� ⇡ a0
2�0

⇥ 2⇥ 10�6

� ⇡ �0a0 ⇥ 2⇥ 10�6

Counter-propagation

Co-propagation

Interaction at 90 deg.
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depend on the parameter c, and also on the field invariants f = F2
µn

/E2
s and g =

F⇤
µn

F
µn

/E2
s . If the conditions:

f , g ⌧ 1; f , g ⌧ c

2 (3.6)

are satisfied, the QED probabilities can be considered a function of c only and the
contribution of the invariants f , g can be neglected. The first condition in (3.6) is
trivially satisfied because all the fields we can achieve are orders of magnitude smaller
than the Es, while the second condition depends on the particle energy and is more
easily satisfied for relativistic particles [124].

The interaction of an electron with the field of an intense electromagnetic wave
leads to effects that have a nonlinear dependence on the photon number density if
a0 & 1, and to nonlinear quantum effects if c & 1. The simplest example of such a
process is the photon emission by an electron which has a classical limit.

Many different QED processes can occur in the presence of strong field. However,
in this work, we are interested in studying the processes with highest probability in
QED cascades [133]. These are photon emission by particles in a strong electromag-
netic field and the Breit-Wheeler pair production by energetic photons in the presence
of the strong field. Other possible processes such as the trident process [134] or spon-
taneous pair production in vacuum (described by Eq. (3.2)) have substantially lower
probability rates and therefore will not be considered here.

The c parameter determines if classical or QED interactions dominate the physics
and was defined by Eq. (3.3) for electrons, but this definition can be extended to pho-
tons by using the wave 4-vector kµ instead of particle 4-momentum pµ:

c

g

=

q
(h̄k

µ

Fµn)2

Es mc
. (3.7)

For electrons, we can also express ce as a function of 3-vectors and the background
electric and magnetic field vectors:

ce =
1
Es

s✓
g

~E +
~p

mc
⇥ ~B

◆2
�

✓
~p

mc
· ~E

◆2
. (3.8)

The differential probability rate of photon emission by nonlinear Compton scatter-
ing is then given [135–137] by

d2P
dt dc

g

=
amc2

p
3ph̄gce

✓
1 � x +

1
1 � x

◆
K2/3(c̃) �

Z •

c̃

dxK1/3(x)

�
(3.9)

where c̃ = 2x/(3ce(1 � x)) and x = c

g

/ce. This gives a total radiated power of

Prad = �
Z

de

g

e

g

d2P
dt de

g

= � ee

ce

Z
dc

g

c

g

d2P
dt dc

g

(3.10)
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QED cascade

Highest value is obtained for relativistic particles counter-propagating with a laser
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction     

‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour
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where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction     

‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour

Adding quantum processes 

‣ Modelling the onset of QED, RR from quantum perspective

‣ Modelling e+e- pair production

‣ QED cascades, nonlinear regimes where many particles are created and 
collective plasma dynamics can alter the background fields

M. Vranic et al, NJP (2016);  T. Grismayer et al,  POP (2016); T. Grismayer et al, PRE (2017); 
J. L. Martins et al, PPCF (2016); M. Vranic et al, PPCF (2017); M. Vranic et al, SciRep (2018); 
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where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction     

‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour

Adding quantum processes 

‣ Modelling the onset of QED, RR from quantum perspective

‣ Modelling e+e- pair production

‣ QED cascades, nonlinear regimes where many particles are created and 
collective plasma dynamics can alter the background fields

Adding performance improvements (particle merging, advanced 
load balancing schemes) 

‣ Essential for all the projects with strong QED effects

M. Vranic et al, NJP (2016);  T. Grismayer et al,  POP (2016); T. Grismayer et al, PRE (2017); 
J. L. Martins et al, PPCF (2016); M. Vranic et al, PPCF (2017); M. Vranic et al, SciRep (2018); 

M. Vranic et al., CPC (2015)
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OSIRIS 4.0 is prepared to model interaction at extreme intensities
osiris framework
· Massivelly Parallel, Fully Relativistic  

Particle-in-Cell (PIC) Code 
· Visualization and Data Analysis 

Infrastructure
· Developed by the osiris.consortium

⇒  UCLA + IST

Ricardo Fonseca
ricardo.fonseca@tecnico.ulisboa.pt
Frank Tsung
tsung@physics.ucla.edu

http://epp.tecnico.ulisboa.pt/  
http://plasmasim.physics.ucla.edu/

code features

· Scalability to ~ 1.6 M cores
· SIMD hardware optimized
· Parallel I/O
· Dynamic Load Balancing 
· Particle merging 
· Radiation reaction 
· GPGPU support
· Xeon Phi support
· QED Module
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QED PIC loop in OSIRIS

E.N Nerush et al. PRL (2011), C. P. Ridgers et al. , PRL. (2012), N.V. Elkina et al. PRSTAB (2011),  
A. Gonoskov et al., PRE (2015), T. Grismayer et al., POP (2016), T. Grismayer et al., PRE (2017)
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PARTICLES

GRID

Integration of equations of motion: 
moving particles

Integration of field equations: 
updating fields

Deposition:                            
calculating current on grid

Interpolation:                            
evaluating force on particles
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�t
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⇥t

= c⇤⇥B� 4�j

Fp � up � xp
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Emission of photons

Probability of pair creation
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Probabilistic
dp
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dtd�
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All-optical acceleration and “optical wiggler"
~ 40% energy loss for a 1 GeV beam at 1021 W/cm2

M. Vranic et al., PRL 113, 134801 (2014)
M. Vranic et al., CPC 204, 141-157 (2016)
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For highly relativistic beams, most of the energy comes from the electrons (rather than the scattering laser)

How much energy can be converted to photons in a
laser - electron beam scattering?
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A fraction of radiated photons decays into electron-positron pairs

positron
electron

Positrons: energy vs angle

10 GeV e- beam
Laser I = 1020 W/cm2

1 nC electron beam gives 
~ 0.2 pC of positrons
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each configuration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
figure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion efficiency as a function of the laser inten-
sity is shown in figure 6(a) for Setup B, that is the most effi-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in figure  6(b). The 
laser-to-photon energy conversion is more efficient in the four 
laser configuration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in figure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion efficiency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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This gives three possibilities: all lasers polarised ‘out of the 
plane’ (Setup A in figure 1), all lasers ‘in the plane’ (Setup 
B) or one pair polarised ‘out of the plane’, and the other pair 
‘in the plane’ (Setup C).

In a previous work that proposed planar configurations 
of multiple laser pulses for spontaneous pair creation from 
vacuum, all the lasers are polarised ‘out of the plane’ [28], as 
in Setup A. This is a natural choice because such configura-
tions maximise the value of the peak electric field, where for 
the same total available energy a higher number of laser pulses 
always leads to a more intense electric field. As one can expect 
that the highest particle energies are achieved in the presence 
of the strongest electric field, this should, in principle, also 
lead to a highest growth rate in a Breit–Wheeler cascade, as 
the quantum nonlinearity parameter χe is directly proportional 
to the particle energy for relativistic particles. But, as we will 
see later, there are subtle differences between the cascade 
dynamics in configurations A, B and C that can cause another 
configuration to have a higher overall multiplicity (number 
of electron–positron pairs created per single seed electron). 
Recently, elliptical polarisation has been proposed for QED 
cascades with n lasers distributed within a plane [29]. It was 
demonstrated that, due to tight focusing, not more than eight 
lasers can be used for this setup. Average χe has been esti-
mated analytically and used as a criterion to select optimal 
ellipticity, later shown by Monte-Carlo simulations to be more 
efficient than circular polarisation. It is worth noting that in 
literature, circular polarisation has been identified as optimal 
for two-laser cascades [16, 37]. However, seeding of the cas-
cade in realistic conditions accounting for tight focusing and 
multi-dimensions sometimes leads to different conclusions 
[26, 27].

For electron–positron cascade configurations with linearly 
polarised lasers A–C displayed in figure 1, the definitions of 
the different standing waves are given in the appendix. We 

assume the phase difference between one pair of lasers is the 
same as the phase difference between the other pair. The con-
sequence of this is that the standing waves are synchronised; 
the electric field is maximum at the same time for all comp-
onents of the resulting standing wave. The benefit of using 
the same phase difference is the preservation of the inherent 
temporal separation of the electric and magnetic-dominated 
part of the cascade that is produced by linearly polarised 
lasers [37]. Nonetheless, we will discuss what is modified 
by unequal phase differences between the pulses later in the 
manuscript.

3. Cascade growth rates in an unperturbed  
plane wave

There is not yet a well-established way to estimate analyti-
cally the growth rate for pair cascades in the field of linearly 
polarised laser pulses. Several models exist for cascades in 
the fields of two counter-propagating circularly polarised 
lasers [18, 21, 27, 41, 42]. In [24] an empirical expression was 
derived for the case of two colliding linearly polarised lasers. 
Here, we modify the model of [24] to account for cascades 
with multiple linearly polarised laser pulses. Later, we com-
pare the predictions of the extended model with simulations of 
four-laser QED cascades.

The growth rate in a two-laser standing wave averaged over 
the laser cycle for linear polarisation is given by [24]:
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where ħ/( )τ = mcc
2 , ħ/( )α = e c2 , m is the electron mass and e 

represents the elementary charge. Parameters γ̄ and χ̄e denote 
the effective values of the Lorentz factor and the quantum 
nonlinearity parameter of the pairs at the moment of radiation 

Figure 1. Setup: a thin cryogenic ice target is placed in the focus of four lasers. A pair of lasers propagates along the x-axis, and another 
pair along the y-axis. In Setup A, the lasers are all polarised perpendicularly to the x-y plane of motion (the illustrations on the right hand 
side show the laser electric field); Setup B corresponds to all lasers polarised within the plane of motion, while Setup C is composed of a 
pair of lasers polarised within the plane, and another pair outside of the plane.
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each configuration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
figure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion efficiency as a function of the laser inten-
sity is shown in figure 6(a) for Setup B, that is the most effi-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in figure  6(b). The 
laser-to-photon energy conversion is more efficient in the four 
laser configuration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in figure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion efficiency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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Different polarisation combinations yield different microstructures
M Vranic et al

3

This gives three possibilities: all lasers polarised ‘out of the 
plane’ (Setup A in figure 1), all lasers ‘in the plane’ (Setup 
B) or one pair polarised ‘out of the plane’, and the other pair 
‘in the plane’ (Setup C).

In a previous work that proposed planar configurations 
of multiple laser pulses for spontaneous pair creation from 
vacuum, all the lasers are polarised ‘out of the plane’ [28], as 
in Setup A. This is a natural choice because such configura-
tions maximise the value of the peak electric field, where for 
the same total available energy a higher number of laser pulses 
always leads to a more intense electric field. As one can expect 
that the highest particle energies are achieved in the presence 
of the strongest electric field, this should, in principle, also 
lead to a highest growth rate in a Breit–Wheeler cascade, as 
the quantum nonlinearity parameter χe is directly proportional 
to the particle energy for relativistic particles. But, as we will 
see later, there are subtle differences between the cascade 
dynamics in configurations A, B and C that can cause another 
configuration to have a higher overall multiplicity (number 
of electron–positron pairs created per single seed electron). 
Recently, elliptical polarisation has been proposed for QED 
cascades with n lasers distributed within a plane [29]. It was 
demonstrated that, due to tight focusing, not more than eight 
lasers can be used for this setup. Average χe has been esti-
mated analytically and used as a criterion to select optimal 
ellipticity, later shown by Monte-Carlo simulations to be more 
efficient than circular polarisation. It is worth noting that in 
literature, circular polarisation has been identified as optimal 
for two-laser cascades [16, 37]. However, seeding of the cas-
cade in realistic conditions accounting for tight focusing and 
multi-dimensions sometimes leads to different conclusions 
[26, 27].

For electron–positron cascade configurations with linearly 
polarised lasers A–C displayed in figure 1, the definitions of 
the different standing waves are given in the appendix. We 

assume the phase difference between one pair of lasers is the 
same as the phase difference between the other pair. The con-
sequence of this is that the standing waves are synchronised; 
the electric field is maximum at the same time for all comp-
onents of the resulting standing wave. The benefit of using 
the same phase difference is the preservation of the inherent 
temporal separation of the electric and magnetic-dominated 
part of the cascade that is produced by linearly polarised 
lasers [37]. Nonetheless, we will discuss what is modified 
by unequal phase differences between the pulses later in the 
manuscript.

3. Cascade growth rates in an unperturbed  
plane wave

There is not yet a well-established way to estimate analyti-
cally the growth rate for pair cascades in the field of linearly 
polarised laser pulses. Several models exist for cascades in 
the fields of two counter-propagating circularly polarised 
lasers [18, 21, 27, 41, 42]. In [24] an empirical expression was 
derived for the case of two colliding linearly polarised lasers. 
Here, we modify the model of [24] to account for cascades 
with multiple linearly polarised laser pulses. Later, we com-
pare the predictions of the extended model with simulations of 
four-laser QED cascades.

The growth rate in a two-laser standing wave averaged over 
the laser cycle for linear polarisation is given by [24]:
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where ħ/( )τ = mcc
2 , ħ/( )α = e c2 , m is the electron mass and e 

represents the elementary charge. Parameters γ̄ and χ̄e denote 
the effective values of the Lorentz factor and the quantum 
nonlinearity parameter of the pairs at the moment of radiation 

Figure 1. Setup: a thin cryogenic ice target is placed in the focus of four lasers. A pair of lasers propagates along the x-axis, and another 
pair along the y-axis. In Setup A, the lasers are all polarised perpendicularly to the x-y plane of motion (the illustrations on the right hand 
side show the laser electric field); Setup B corresponds to all lasers polarised within the plane of motion, while Setup C is composed of a 
pair of lasers polarised within the plane, and another pair outside of the plane.
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Macroparticle merging algorithm

Calculate the total weight, momentum, 
energy in every momentum bin

Merge the particles in every 
momentum bin into 2 new particles

Remove all the former particles
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The previous example shows that merging into one macro particle would

not always allow to locally conserve all the quantities we are interested in.
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Equations to satisfy

PIC cell

Merging cell

PIC 
particles

Particles close
‣ in real space
‣ in momentum 

space 

Calculate the number of merging 
cells and their size

Calculate the number of particles 
within each merging cell

Find the pmin and pmax of the particles 
in every merging cell

Bin the momentum space

Distribute the particles of every 
merging cell in its momentum bins 
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Calculate the number of merging 
cells and their size

Calculate the number of particles 
within each merging cell

Find the pmin and pmax of the particles 
in every merging cell

Bin the momentum space

Distribute the particles of every 
merging cell in its momentum bins 

Example: cascade simulation
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➡ two colliding lasers
➡ a0 = 1000, λ = 1 um
➡ τ = 32 fs,  W0 = 3.2 um

Same results, 30x faster sim, 
100x fewer particles in the end
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Linear Compton scattering in QED-OSIRIS

Thomson limit
Relativistic recoil

OS  Simulation
Theory

Photon thermalisation (linear Kompaneets**)

Single scattering spectra*

Electrons thermal 
bath at kBTe= 5 keV

OS  Simulation
Linear Kompaneets

• Particle sorting

Particles are sorted per collision cell

• Collision list

The number of macro scatterings is 
chosen by the No-Time-Counter 
method where the full Klein-Nishina 
cross section is used

• Momenta update

Momenta are updated according to 
the Compton frequency shift and the 
momentum conservation

* G. R. Blumenthal, R. J. Gould at Rev. Mod. Phys 42, 2 (1970)
** A. S. Kompaneets at J.E.T.P. 4, 5 (1957)

Algorithm

Fabrizio Del Gaudio & Thomas Grismayer



Spherical coordinates for multi-scale modelling of pulsar magnetospheres

Fabio Cruz B  @ t = 0.00 [ -1]
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Higher densities close to the star suggest use of logarithmically spaced 
radial grid 

Cell shape, differential operators are more complex and change across the 
grid

 PIC in spherical coordinates
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* F. Cruz et al., in prep. (2019)



 

It is essential to include additional physics to PIC codes for modelling the next 
generation of laser experiments.

Classical vs. quantum radiation reaction can be studied in future experiments. Especially 
interesting is crossing the quantum threshold from radiation-dominated regime. 

Conclusions

QED cascades can create abundant plasma and lead to a very efficient energy transfer 
from the laser into gamma-rays. 
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Performance developments are also necessary to tackle the new computational challenges 
associated with exponential growth of the number of particles, intrinsic load imbalance etc.


