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TimeTime--frequency analysis of chaotic systemsfrequency analysis of chaotic systems
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normal mode analysisnormal mode analysis

Reference:Reference: D. Carter,D. Carter, et al, J. Chem. Phys,et al, J. Chem. Phys, 77,77, 4208, (1982)4208, (1982)

Intramolecular relaxation ratesIntramolecular relaxation rates
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predicted relaxation rate:predicted relaxation rate:
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planar carbonyl sulfide (OCS)planar carbonyl sulfide (OCS)
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>> 3 modes: OC stretch, CS stretch, OCS bend



Who cares ?
celestial mechanics, atomics physics
chemical physics, particle accelerators
plasma physics, …

Analysis of trajectories of Hamiltonian systemsAnalysis of trajectories of Hamiltonian systems
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> chaotic (?)

Questions:
>> regular or chaotic ?
>> extent of chaoticity: strong or weak chaos
>> intermittency: resonance trappings, transitions…
>> type of chaos: slow chaos, stable chaos,…
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>> Lyapunov exponent



PoincarPoincaréé section section (2 degrees of freedom)

quasiperiodic 

periodic
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> only 2 degrees of freedom
> qualitative information

individual trajectories phase space structures



Frequency AnalysisFrequency Analysis

>> Fourier analysis

>> Frequency Analysis

Idea: decomposition of a trajectory known on a finite
interval [0,T] into the basis  
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Frequency Map AnalysisFrequency Map Analysis (J. Laskar)

>> Fourier analysis

>> Frequency Analysis Idea: decomposition of a trajectory known on a finite
interval [0,T] into the basis  { }i te ω
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The windowed Fourier transform of f(t) is given by
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TimeTime--frequency resolutionfrequency resolution
The time spread around a point (u,ξ) in the time-frequency plane is defined as
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constant and larger than ½ (Heisenberg uncertainty). It is minimum for a Gaussian
window. 
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Local Frequency AnalysisLocal Frequency Analysis

Reference: Martens, Ezra, J. Chem. Phys. (1987)

Observation: chaotic motion over long time scale appears regular over shorter time scales

>> intermittency
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Continuous Wavelet TransformContinuous Wavelet Transform
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MorletMorlet--Grossman waveletGrossman wavelet



Continuous wavelet transformContinuous wavelet transform

Time-scale representation of trajectory
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TimeTime--frequency Analysisfrequency Analysis

Over the Rainbow (Arlen/Harburg – Keith Jarrett)



For a chaotic trajectory, a ridge is a curve or a segment of curve in the time-frequency
Which is at each time u a local maximum of the normalized scalogram, i.e.,

Each ridge has a weight that is the value of the normalized scalogram on this ridge
(it varies continuously in time). We will refer to this value as the amplitude of the ridge.
We call the main ridge or main frequency ridge            (or a set of ridges) where the
normalized scalogram is a maximum: 
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Instantaneous frequenciesInstantaneous frequencies

ReferenceReference: : C. Chandre and S. Wiggins and T. UzerC. Chandre and S. Wiggins and T. Uzer , , Physica DPhysica D (2003)(2003)
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TimeTime--frequency analysis based on waveletsfrequency analysis based on wavelets
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Reference: Chandre, Wiggins, Uzer, Physica D (2003)
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TimeTime--frequency resolutionfrequency resolution
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The  wavelet algorithmThe  wavelet algorithm
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Wavelet decomposition for periodic trajectoryWavelet decomposition for periodic trajectory

Poincare surface of sectionPoincare surface of section timetime--frequency plane (scalogram)frequency plane (scalogram)
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for a periodic trajectory the maximum of scalogram is a constant curve

timetimex

y ξ

ξ

for a chaotic trajectory the maximum of scalogram is time-dependent 



Extraction of resonances from wavelet decomposition of a single Extraction of resonances from wavelet decomposition of a single trajectorytrajectory
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Rydberg atoms in crossed fieldsRydberg atoms in crossed fields
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TimeTime--frequency decomposition for strongly chaotic trajectoryfrequency decomposition for strongly chaotic trajectory

transition from resonant zonetransition from resonant zone 1:2:1:: 321 =ωωω to strongly chaotic zoneto strongly chaotic zone



TimeTime--frequency decomposition for weakly chaotic trajectoryfrequency decomposition for weakly chaotic trajectory

1:4:2:: 321 =ωωωlonglong--time trapping for t~20 pstime trapping for t~20 ps



planar carbonyl sulfide (OCS)planar carbonyl sulfide (OCS)
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>> 3 modes: OC stretch, CS stretch, OCS bend



a.u.100.0-1cm 90021 at    ==+→ ESOCOCS
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1 unimolecular dissociation of OCS

2 intramolecular energy redistribution

OCS potentialOCS potential

equilibrium



Energy redistributionEnergy redistribution

Question: time scale for energy transfer

example: 2D coupled Morse oscillators, Henon-Heiles, cyclobutanone  
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time (ps)

Reference: Davis, Wagner, ACS Symposium (1984) 



collinear OCS (2 d.o.f.)collinear OCS (2 d.o.f.)

Reference: Davis, Chem. Phys. Lett. (1984) 
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ER ≈τ

≈τλ



bottlenecks for collinear OCSbottlenecks for collinear OCS



Frequency analysis applied to planar OCSFrequency analysis applied to planar OCS

>> normal mode frequencies
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>> locking of CS/bend into 3:2 resonance

>> long time of resonance junctions
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Hamiltonian of the planar carbonyl sulfide (OCS)Hamiltonian of the planar carbonyl sulfide (OCS)
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OCS potential surface OCS potential surface 

a.u.100.0-1cm 90021 at    ==+→ ESOCOCS
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ReferenceReference: : C. C. Martens, C. C. Martens, et al, Chem. Phys. Lett.,et al, Chem. Phys. Lett.,142, 142, 519, (1987) 519, (1987) 

Phase space bottlenecks to longPhase space bottlenecks to long--time energy relaxationtime energy relaxation

M. J. Davis, M. J. Davis, J. Chem. Phys.,J. Chem. Phys., 83,83, 1016, (1985)1016, (1985)
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Barriers for diffusion of trajectoriesBarriers for diffusion of trajectories

intramolecular energy relaxation intramolecular energy relaxation 
are related to phase space structuresare related to phase space structures

33--DOF systemDOF system

3D constant energy surface3D constant energy surface
2D invariant tori 2D invariant tori 3D invariant tori3D invariant tori

5D constant energy surface5D constant energy surface

22--DOF systemDOF system

barrier to chaotic transport in 3barrier to chaotic transport in 3--DOF system is 4D subspace:DOF system is 4D subspace: 0)( =ωF



Periodic orbits and invariant toriPeriodic orbits and invariant tori



TimeTime--frequency analysis for hydrogen in EP fieldsfrequency analysis for hydrogen in EP fields

Periodic trajectoryPeriodic trajectory



Spectral data versus FLI resultsSpectral data versus FLI results

weakly chaotic trajectoryweakly chaotic trajectory



Spectral data versus FLI resultsSpectral data versus FLI results

strongly chaotic trajectorystrongly chaotic trajectory



TimeTime--frequency planes for 3D hydrogen in crossed fieldsfrequency planes for 3D hydrogen in crossed fields

weakly chaotic trajectoryweakly chaotic trajectory



TimeTime--frequency planes for strongly chaotic trajectoryfrequency planes for strongly chaotic trajectory
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Grossmann Grossmann -- Morlet wavelet transform Morlet wavelet transform 

i t tt e e
2 2/2( ) η − σψ =

1   , <⎟
⎠
⎞

⎜
⎝
⎛ −

Ψ s
s

ut


