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2

teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

Gregoire et al.; Physica D, 157 (2003); Gregoire et al.; PRL 88 025702 (2004)



Defect-Mediated Phase Transitions
in Active Soft Matter

- “generic”:  Vicsek type of model (automata)

- repulsion mimicking volume exclusion alignment
radius“Vicsek alignment”

re
pu

lsio
n

rad
ius

particle type: polar particles with ferromagnetic interactions in 2d

2

teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va
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�nj(t)
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�
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+ vr
�
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� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
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j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
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at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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sider an off-lattice system of N particles which have a
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ameter, 2R, and the corresponding time to traverse this
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be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
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an antagonism between repulsive and alignment forces
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difficult. As can be inferred from Fig. 1(b), there are dif-
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with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,
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defects are especially important indicators of crystalline
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rather well-defined grain boundaries, they tend to cluster
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be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus
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therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted
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in the collective dynamics as a function of the packing
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, and the relative strength of the
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atic order as a function of the packing fraction ρ, and the
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ν. We observe that global polar order, characterized by
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at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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sider an off-lattice system of N particles which have a
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cles and repel each other if they come too close [9, 33].
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where the updated velocity of particle i is given by the
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of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)
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between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.
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ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =
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j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
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at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
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j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

2

teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

(weakly intermittent) polycrystal
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

intermittent polycrystal
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

Do the grain boundaries vanish?
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va
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|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

yes, but it take a looong time ....



Defect-Mediated Phase Transitions
in Active Soft Matter 2

teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

Questions:
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

Questions:

What is the degree of translational order in the “crystalline” regime? 
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
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�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

long-range hexatic order

short-range hexatic order in polycrystalline state(s)



2

teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va
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�nj(t)

|
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�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]

Cα(r) =
1�

i |Ψα,i|2
�

|�xi−�xj |=r

Ψα,iΨ
∗
α,j (3)

for the hexatic Ψ6,i, and the translational Ψ�G,i = e−ı �G�ri

order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va
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�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]

Cα(r) =
1�

i |Ψα,i|2
�

|�xi−�xj |=r

Ψα,iΨ
∗
α,j (3)

for the hexatic Ψ6,i, and the translational Ψ�G,i = e−ı �G�ri

order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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Here �ni := �vi/|�vi| denotes the particle director, and
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tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
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j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]
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for the hexatic Ψ6,i, and the translational Ψ�G,i = e−ı �G�ri

order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =
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eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]
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order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
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order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-
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angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
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tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.
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unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va
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�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]
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Ψα,iΨ
∗
α,j (3)

for the hexatic Ψ6,i, and the translational Ψ�G,i = e−ı �G�ri

order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]
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order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]
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order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
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tion box of size L = 400 containing N = 172156 particles; see
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erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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predictions. Though the detailed mechanisms of the in-
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
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�nj(t)

|
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j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]
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order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.
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tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
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tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.
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in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].
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tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
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We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
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for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

What is the degree of translational order in the “crystalline” regime? 
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could not identify hexatic phases with isolated disloca-
tions. Further decreasing the packing fraction, the de-
fect ratio d(ρ) increases to a rather high value d ∼ 0.4,
signaling a transition to a fluid-like phase.

In order to further scrutinize the nature of order within
the crystalline regime we computed the pair correlation
function g(�r), the corresponding static structure factor
S(�q), and the correlation functions [3, 36]

Cα(r) =
1�

i |Ψα,i|2
�

|�xi−�xj |=r

Ψα,iΨ
∗
α,j (3)

for the hexatic Ψ6,i, and the translational Ψ�G,i = e−ı �G�ri

order parameter with �G denoting a reciprocal lattice vec-
tor. As discussed above, for ν > 1, dislocations vanish
extremely slowly and, as a consequence, the asymptotic
non-equilibrium steady state cannot be reached within
a computationally accessible time. Therefore, to obtain
steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
discussed in the Supplemental Material [36]. We find
that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
a liquid [Figs. 3(b)]; see also Supplemental Material [36]
S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
of C�G(r) [Figs. 3(e)].

Topological defects are the hallmark of phase transi-
tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
fects. How the genuine differences of the fluctuations gen-

FIG. 3. Static structure factor S(�q) for (a) the active
crystal [(ρ, ν) = (0.85, 1.5)] and (b) a polycrystal [(ρ, ν) =
(0.85, 0.25)], respectively, both in the stationary regime. Re-
ciprocal lattice vectors �G are indicated by white arrows. (c)
Correlation function C6(r) in lin(r)-log (inset: log-log) for
the same parameters as in Figs. 1(c-d): ρ = 0.85, and ν = 1.5
(red, square), ν = 0.75 (blue, circle), and ν = 0.25 (green, tri-
angle). Correlation function C�G(r) for (ρ, ν) = (0.85, 1.5) (d)
[log(r)-lin, dashed line is a power law with exponent 0.04] and
(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
Supplemental Material [36] for on the data evaluation.

erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
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high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
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and a crystalline phase with quasi-long-range transla-
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erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
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steady state results for the correlation functions, we ini-
tialized the system in a hexagonal and isotropic config-
uration (Ψ6 = 1, P ≈ 0); the corresponding results for
simulations starting from an disordered initial state are
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that both S(�q) [Figs. 3(a) and 3(b)] and g(�r) [see Sup-
plemental Material S5] exhibit a sharp and discrete pat-
tern of hexagonal symmetry, clearly indicating a high
degree of translational order. This is confirmed by C6(r)
being constant over the whole system size [Fig. 3(c)],
and the slow decay of the translational correlation func-
tion C�G(r). The decay follows a power-law with a very
small exponent of about 0.04 [see Fig. 3(d), dashed grey
line], which is difficult to discern from a logarithmic de-
cay. Taken together, these results lead us to conclude
that this state of active matter is an active crystal, free
of topological defects with long-range bond-orientational
order and quasi-long-range translational order. In con-
trast, in the parameter regime of polycrystalline order,
the static structure factor shows the ring-like features of
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S5. These features are due to the different orientations
of the hexagonally ordered patches, as also evident from
the exponential decay in C6 [Fig. 3(c)] and the fast decay
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tions in two-dimensional crystalline systems. For sys-
tems in thermodynamic equilibrium they drive the suc-
cessive breaking of translational and bond-orientational
order. Our investigations of active crystalline matter at
high density have revealed: While defects still play a
decisive role, the emerging defect dynamics and phase
behavior differ qualitatively from their equilibrium ana-
logues. In active systems, the non-equilibrium steady
states include different types of polycrystalline phases,
and a crystalline phase with quasi-long-range transla-
tional order but completely devoid of any topological de-
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(ρ, ν) = (0.85, 0.25) (e). All results correspond to a simula-
tion box of size L = 400 containing N = 172156 particles; see
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erated by the active particle motion compared to thermal
fluctuations permit a defect-free state remains presently
unclear and constitutes an interesting future challenge
for a continuous theory describing the defect dynamics
in polar active matter. One possibility is to develop a
Langevin description for the defect dynamics including
interaction potentials that can be directly measured in
the simulations. In regimes where defects are sparse, an
alternative promising route might be to employ kinetic
approaches [11, 12, 14, 15].

Our predictions can readily be tested by experimen-
tal model systems which may for instance be realized
using emulsion droplets containing extensile microtubule
bundles [22]. They exhibit spontaneous motility when in
frictional contact with a hard surface; depending on the
availability of ATP their motion can be tuned from pas-
sive Brownian motion to active persistent random walks.
We envisage that large assemblies of such active soft
droplets are ideal model systems to test our theoretical
predictions. Though the detailed mechanisms of the in-
teraction between the droplets is different from the in-
teraction rules of the agent-based model, we expect that
the main features of the dynamics and phase behavior to
be generic for active matter at high densities. Another
promising experimental system are active colloidal par-
ticles. Recent studies of photo-activated colloidal par-
ticles [37] and carbon-coated Janus particles [38] show
various types of pattern and cluster formation. The ver-
satility of colloidal systems should also allow the design
of experiments to explore the dynamics of active matter
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

What is the role of defects for the selection of the states?

d = defect fraction
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:
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, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster
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teristic size. These states exhibit pronounced defect fluc-

tuations and sound-wave-like excitations.

To study active soft matter at high densities, we con-

sider an off-lattice system of N particles which have a

tendency to align their velocity with neighboring parti-

cles and repel each other if they come too close [9, 33].

These interactions are implemented by the following par-

allel update rules for the velocity �vi(t) and position �xi(t)
of each particle i with some discrete time interval ∆t:

�vi(t+∆t) = va

�
j∈Ai

�nj(t)

|
�

j∈Ai
�nj(t)|

+ vr
�

j∈Ai

� �xij(t)

|�xij(t)|
, (1)

�xi(t+∆t) = �xi (t) + �vi (t+∆t)∆t . (2)

Here �ni := �vi/|�vi| denotes the particle director, and

�xij := �xi − �xj signifies the relative position vector be-

tween particles i and j. The first term in Eq. (1) is an

alignment interaction as introduced by Vicsek et al. [8]

where the updated velocity of particle i is given by the

average velocity of all particles within a circular area Ai

of radius 2R centered on particle i. The parameter va
characterizes the strength of alignment as well as the

particles’ propulsion speed. The second term in Eq. (1)

describes a soft, pairwise additive repulsive interaction

between a given particle i and all its neighbors within

the same area Ai. It displaces a particle pair, whose sep-

aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

defect vanish out of the 
system !!!

What is the role of defects for the selection of the states?

d(t) → ∞
different to thermal systems!!!

d = defect fraction
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+ vr
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� �xij(t)

|�xij(t)|
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aration |�xij(t)| ≤ 2R [i �= j, indicated by the primed

sum], radially outward by a constant amount vr ∆t. In

the following, we will refer to R as the particle radius.

Length and time are measured in units of the particle di-

ameter, 2R, and the corresponding time to traverse this

distance, τ = 2R/va, respectively. The model can easily

be generalized to account for different radii for alignment

and repulsion, Ra and Rr, respectively. Here, we focus

on the competition between alignment and repulsion, and

therefore have chosen the two radii as 2Rr = Ra; previous

studies of the Vicsek model with repulsion were restricted

to the limit Rr � Ra [34, 35]. We are mainly interested

in the collective dynamics as a function of the packing

fraction ρ = N πR2/L2
, and the relative strength of the

repulsive and alignment interaction ν := vr/va.
First, we analyze the degree of polar and bond-

orientational order. The global polarization is defined

as a system average �...�i over all particle orientations

�ni(t): P(t) = |��ni(t)�i|. Local bond-orientational order

is characterized by the hexatic order parameter Ψ6,i =

|Ni|−1
�

j∈Ni
eı6θij , where summation extends over all

Ni topological (Voronoi) nearest neighbors of particle i,
and θij is the ‘bond’-angle between particles i and j rel-

ative to an arbitrarily chosen reference axis.

Figures 1(a,b) illustrate the degree of polar and hex-

atic order as a function of the packing fraction ρ, and the

relative strength of repulsive and alignment interactions

ν. We observe that global polar order, characterized by

the time-averaged polarization P = �P(t)�t [�...�t: time-

average], is well-established for weak repulsion ν � 1, but

FIG. 1. Global polar order parameter P (a) and hexatic or-
der parameter Ψ6 (b) as a function of the control parameters
ρ and ν. The dashed white lines indicate tentative boundaries
between polar and unpolarized states, and crystalline states
exhibiting crystalline order from fluid-like states. Snapshots
of local hexatic order |Ψ6,i| for a relative interaction value
ν = 0.25 (c), ν = 0.75 (d), and ν = 1.5 (e); all three snap-
shots correspond to a high packing fraction of ρ = 0.85. See
also videos in the Supplemental Material [36]. Scale bars in-
dicate a distance of 20R.

at ν ≈ 1 sharply drops to very small values [Fig. 1(a)].

The respective phase boundary between polar and un-
polarized states is tentatively defined by P = 0.2. Note

that it is nearly independent of the packing fraction ρ,
indicating that the transition from a polar collectively

moving state to an unpolarized state is mainly driven by

an antagonism between repulsive and alignment forces

but not the particle density. To discern the different de-
grees of bond-orientational or translational order is more

difficult. As can be inferred from Fig. 1(b), there are dif-

ferent degrees of global hexatic order, Ψ6 = �|�Ψ6,i�i|�t,
with a maximum for large packing fraction ρ and strong

repulsive interaction (large ν); the dashed white line in

Fig. 1(b) correspond to a value of Ψ6 = 0.2. Strikingly,

the loss of polar order is concomitant with the emergence

of a high degree of crystalline order, and vice versa.

While the global polar and hexatic order parameters

provide a first rough estimate of the degree and nature of

the ordered states, a full characterization thereof requires

an in-depth analysis of the spatio-temporal dynamics. In

particular, as for thermodynamic equilibrium systems,

the dynamics and the spatial organization of topological

defects are especially important indicators of crystalline

order. Figs. 1(c-e) depict snapshots of the local hexatic

order |Ψ6,i| at a large packing fraction of ρ = 0.85 for a

set of values for ν. Depending on the relative strength

of repulsive and alignment interaction marked differences
in the spatial organization of defects are clearly visible.

While for ν � 0.25 dislocations align to form a network of

rather well-defined grain boundaries, they tend to cluster

defect vanish out of the 
system !!!

What is the role of defects for the selection of the states?

d(t) → ∞
different to thermal systems!!!

d = defect fraction

competition between 
sound waves and local  
polar ordering 
-> intermittency
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