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What is this about?

This is a colloquium about condensed matter physics . . .
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What is this about?

This is a colloquium about condensed matter physics . . .

. . . or perhaps about string theory . . .

. . . or the mathematics of K-theory . . .

In fact, it is a review of a field that does not quite exist yet!

Stanis law Lem
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More seriously . . .

I will present:

• Motivation (from string theory)

• Hard-core results (in condensed matter)

• Speculations (mostly about string theory again)
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Outline

• Preliminaries: Strings and D-branes
D-branes: nonperturbative solitonic defects in string theory
Goal in string theory: Understand the underlying degrees of
freedom.



4

Outline

• Preliminaries: Strings and D-branes
D-branes: nonperturbative solitonic defects in string theory
Goal in string theory: Understand the underlying degrees of
freedom.

• D-branes and K-theory
Classification of D-branes desired:
D-brane charges classified by a generalized cohomology theory,
known as “K-theory”
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• Preliminaries II: Fermi liquids in d dimensions
Universality classes of nonrelativistic quantum systems
described microscopically by ψ(x, t).
Goal in condensed matter: Understand universality classes of
systems.
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• Preliminaries II: Fermi liquids in d dimensions
Universality classes of nonrelativistic quantum systems
described microscopically by ψ(x, t).
Goal in condensed matter: Understand universality classes of
systems.

• Universality, stability of Fermi surfaces and K-theory
Classification of universality classes desired:
Stable Fermi surfaces are also classified by K-theory!

• Implications for condensed matter
Systematic classification scheme now available.
K-theory implies new universality classes, . . .

• Tempting speculations: Implications for string theory?

Central observation: Similar patterns emerge in addressing both
goals!
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D-branes, briefly

D-branes are solitons (hypersurfaces Σp+1 in spacetime?) on
which strings can end:

y Aµ
IJ

xi

µ

ΦIJ
i

y( µ)

(yµ)
TIJ(yµ),

For stable supersymmetric D-branes, the tachyon T IJ is projected
out.
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Dp-branes couple to Ramond-Ramond (RR) fields Cp+1(x).

[Polchinski,. . . ]

• Cp+1 are higher-form analogs of electromagnetism, couple to
sources: ∫

Σp+1

Cp+1

• Field strength Gp+2 ∼ dCp+1

• Described by spacetime effective action

∫
X

d10x
√
g

R−∑
p

1
p!
Gp+2 ∧ ? Gp+2 + . . .


Those RR fields are differential forms, right?
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If RR fields were differential forms, charges of D-branes allowed
by Dirac quantization should be classified by H∗(Y,Z): the
integral refinement of de Rham cohomology H∗(Y,R).

Inside H∗(Y,R), H∗(Y,Z) would define a lattice of charges,
perhaps some torsion elements (such as Zn) would also exist)
. . .
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If RR fields were differential forms, charges of D-branes allowed
by Dirac quantization should be classified by H∗(Y,Z): the
integral refinement of de Rham cohomology H∗(Y,R).

Inside H∗(Y,R), H∗(Y,Z) would define a lattice of charges,
perhaps some torsion elements (such as Zn) would also exist)
. . .

This expectation is wrong!

[Witten, . . . ]

D-branes are not just hypersurfaces Σ in spacetime.
They carry extra structure. Charges keep track of this, and as
a result, take values in a generalized cohomology theory of X,
known as K-theory of X.
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Brane-antibrane systems

[Sen, Witten, . . . ]

Branes are not just naive hypersurfaces Σ. They are places where
a U(N) gauge bundle E is supported.

Consider N branes and N antibranes, with gauge bundles E and
F . The brane-antibrane pairs can annihilate if their Σ’s line up
. . .

. . . but only if they carry the same gauge bundle, E = F .

Classification of branes up to brane-antibrane annihilation

Define an equivalence relation:

(E1, F1) ∼ (E2, F2) if bundles G,H exist along Σ such that
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(E1 ⊕G,F1 ⊕G) = (E2 ⊕H,F2 ⊕H).

This coincides with the mathematical definition of the K-theory
group K(Σ).

If the annihilation is incomplete – i.e., if (E,F ) is a non-trivial
element of K(Σ) – a stable, lower-dimensional brane is left over
after annihilation.

Hence, charges of the lower-dimensional branes are classified
by equivalence classes of brane-antibrane configurations, or
equivalently, elements of K(X)! (Σ = X for spacetime-filling
branes)
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K-theory

K-theory is a generalized cohomology theory, deeply connected
with the theory of Dirac operators, index theory, Riemannian
geometry, topology, . . .

Related to de Rham cohomology:

K(X)⊗R =
∑

n

H2n(X,R)

Hence, the naive expectation of D-brane charges being related
to conventional cohomology theory is true modulo:

• The precise Dirac quantization of charges,

• The torsion charges.
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D-branes as topological solitons

Consider spacetime-filling branes with bundle E and antibranes
with F , such that they cannot completely annihilate. This should
be a brane along some hypersurfaces Σ.

Gauge symmetry: U(N)× U(N).

Tachyon Higgs field T IJ(x).

Brane-antibrane annihilation = Higgs mechanism:

U(N)× U(N) → U(N)

When E 6= F , the annihilation leaves behind a defect in T .
What is the profile of the defect?
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Sen’s “Γ · x” construction

T (xi) = f(r)Γi x
i.

Examples:

• Codimension 1 – a kink in a U(1)× U(1) theory;

• Codimension 3 – magnetic monopole in SU(2)× SU(2);

• . . .

This construction (by Sen) can be recognized as a universal
construction in K-theory:
the Atiyah-Bott-Shapiro construction!
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K-theory versus homotopy theory

Consider homotopy groups πp(U(N)) of U(N) group manifolds.
Complicated for low N relative to k, but they simplify in the
stable regime of N > p/2,

K(Rk) = πk−1(U(N)) = πk−1(U(N + 1)) = . . .

This is another definition of K-theory groups!




