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Our aim: To calculate Renyi Entropy for critical spin liquids.
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Why bother?

Demotivators:

@ Gapless spin-liquids correspond to strongly interacting
gauge-matter theories = very difficult to analyze.
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Why bother?

Demotivators:
@ Gapless spin-liquids correspond to strongly interacting
gauge-matter theories = very difficult to analyze.

@ Entanglement entropy is a highly non-local operator and
hence difficult to calculate.

@ Experimental relevance?
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Why bother?

Motivators:

@ We have candidate variational wave-functions for ground state
of gapless spin-liquids that may provide non-perturbative
access to interesting properties.
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Why bother?

Motivators:

@ We have candidate variational wave-functions for ground state

of gapless spin-liquids that may provide non-perturbative
access to interesting properties.

@ Precisely because entanglement entropy is a highly non-local
operator and hence may capture non-local physics of
‘quantum order’.
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Why bother?

Motivators:

@ We have candidate variational wave-functions for ground state
of gapless spin-liquids that may provide non-perturbative
access to interesting properties.

@ Precisely because entanglement entropy is a highly non-local

operator and hence may capture non-local physics of
‘quantum order’.

@ Experiments = we study candidate spin-liquid wavefunctions

for triangular lattice organic spin-liquids. Conjectured to have
emergent Fermi surface.
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Outline

@ Introduction to Critical Spin-liquids
@ Slave-particle construction
@ Experimental motivation for critical spin-liquids

9 Entanglement and Renyi entropy
9 Renyi entropy of critical spin-liquids
@ Benchmarking

@ Results for Critical spin-liquids

@ Discussion
@ Ongoing work
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Introduction to Critical Spin-liquids

Slave-particle construction
Experimental motivation for critical spin-liquids

Oshikawa-Hastings argument:
Mott insulators with odd number of electrons per unit cell that do

not break any symmetry have low lying excitations — topological
degenracy OR critical phase.
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Slave particles and deconfinement

H=J) Si.Si+.. (1)

<ij>
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Slave particles and deconfinement

o
H=J) Si.Si+.. (1)
<ij>
o
= fiGf
e @)

with the constraint fIf = 1.
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Slave particles and deconfinement

o
H=J) Si.Si+.. (1)
<ij>
o
= fiGf
e @)

with the constraint fff = 1.
@ U(1) redundancy = gauge fields coupled to spinons f.
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Slave particle matter-gauge theory

@ Full gauge-matter action

S= Z (Frofs e +c.c.) + Zcos(§ X &) (3)
O

<xx'>
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Slave particle matter-gauge theory

@ Full gauge-matter action

S= Z (Frofs e +c.c.) + Zcos(§ X &) (3)
O

<xx'>

@ If deconfinement = Non-compact gauge field

S = / Fkg(—iw—kek+u)fkg+k2/e2\a(k,w)\2
k,w

+ j(k,w)a(k,w)
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Slave particle matter-gauge theory

@ Full gauge-matter action

S= Z (Frofs e +c.c.) + Zcos(§ X &) (3)
O

<xx'>

@ If deconfinement = Non-compact gauge field

S = / ch,(—iw—kek+u)fkg+k2/e2\a(k,w)\2
k,w
+ j(k,w)a(k,w)

@ Theory difficult to analyze directly for D =2 + 1 and SU(2)
symmetry. Lee, Nagaosa, Halperin, Read, Senthil, Mross, Sung-sik
Lee, Reizer ...
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

From slave particles to projected wavefunctions

@ Consider the ‘mean-field’ Hamiltonian in the weak-coupling
(= deconfined) limit:

H=> flfi+hc (4)

<ij>

with fIf = 1.
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

From slave particles to projected wavefunctions

@ Consider the ‘mean-field’ Hamiltonian in the weak-coupling
(= deconfined) limit:

H=> flfi+hc (4)
<ij>
with fIf = 1.

@ Ground state wavefunction

/

W)var = W)pr = [[(L = mirm) [ TTAL |10 (5)

i —

ko
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Physics of projected wavefunctions?

@ Do projected wave-functions have the same symmetry as the
unprojected ones?
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Physics of projected wavefunctions?

@ Do projected wave-functions have the same symmetry as the
unprojected ones?

@ Do they have a well-defined Fermi surface?
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Introduction to Critical Spin-liquid q q
ntroduction to Critical Spin-liquids Slave-particle construction

Experimental motivation for critical spin-liquids

Physics of projected wavefunctions?

@ Do projected wave-functions have the same symmetry as the
unprojected ones?

@ Do they have a well-defined Fermi surface?
o How to tell?
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Introduction to Critical Spin-liquids

Slave-particle construction

Experimental motivation for critical spin-liquids

Insulator with metallic thermal transport and specific heat

1.0
(o
08 ~,L. = & | O e dmit-131 .
€ 0.6
s
=
5 04
& K-(BEDT-TTF),Cu,(CN),
(<2) cwo®°
_ ® °
021 °° dmit-221_
0.0 | | |
) 000 002 004 _ 006 008 0.10
2(K2)

o Material: EtMe3Sb[Pd(dmit),]> Yamashita et al, Science 2010.
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Introduction to Critical Spin-liquids

Slave-particle construction

Experimental motivation for critical spin-liquids

Insulator with metallic thermal transport and specific heat

(o
08 o, & | o e dmit-131
€06
s
=
5 04
*

(x2)

)

o Material: EtMe3Sb[Pd(dmit),]> Yamashita et al, Science 2010.
@ x/T(T — 0) extrapolates to non-zero value as T — 0.
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Introduction to Critical Spin-liquids Seve et corsmEien

Experimental motivation for critical spin-liquids

Projected wave-functions and triangular lattice spin-liquids

where Pg = [[;(1 — nj;nj;) Motrunich 2005
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Introduction to Critical Spin-liquids Seve et corsmEien

Experimental motivation for critical spin-liquids

Do projected wave-functions have the correct
entanglement properties to faithfully capture physics
of critical spin-liquids?
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Entanglement and Renyi entropy

Basic definitions

@ Wavefunction, |¢) : trace out B to get a density matrix on A:

pa = Trg|o)(¢].
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Entanglement and Renyi entropy

Basic definitions

@ Wavefunction, |¢) : trace out B to get a density matrix on A:
pa = Trg|p)(d|.

@ Renyi entropies:
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Entanglement and Renyi entropy

Basic definitions

@ Wavefunction, |¢) : trace out B to get a density matrix on A:
pa = Trg|p)(d|.

@ Renyi entropies:

@ 51 = S,y = Trpalogpa
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Entanglement and Renyi entropy

Basic definitions

@ Wavefunction, |¢) : trace out B to get a density matrix on A:
pa = Trg|p)(d|.

@ Renyi entropies:

@ 51 = S,y = Trpalogpa
@ This talk: S,
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Entanglement and Renyi entropy

Usefulness of S,

@ Numerically easier to calculate than S,y.
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Entanglement and Renyi entropy

Usefulness of S,

@ Numerically easier to calculate than S,y.

eS5>5
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Entanglement and Renyi entropy

Usefulness of S,

@ Numerically easier to calculate than S,y.

eS5>5

@ 55 and S share:
-Violation of area law for CFT in 1D and for free fermions in
any D.
-Non-zero topological entanglement/Renyi entropy for gapped
2D topologically ordered phases.
Wilczek, Holzhey, Larsen, Cardy, Calabrese, Casini, Huerta, Swingle,

Flammia, Hamma, Hughes, Wen ...
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Entanglement and Renyi entropy

Entanglement entropy as a non-local probe

@ For topological ordered phases,

Sp = al — log(D) (7)

D= /Z d;? (8)

d; = quantum dimension of /'th quasiparticle.

where
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Entanglement and Renyi entropy

Example: Entanglement entropy as a non-local probe

T T T T T T
12 - Circular areas, RK point

10 +
Fit with minimum R

8+ S=4.01(6)R-0.14(13)\

6 645

\Fitwith maximumR -

Entanglement S

4
S=4.41(11)R-1.79(25)
2 N=16 i
N-36 A
0] N=48 B T
N2 o

0 0.5 1 1.5 2 25 3
Radius R

Furukawa, Misguich, More recent work: Roger Melko et al.
(Unpublished)
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Entanglement and Renyi entropy

Calculation of Renyi entropy in Monte Carlo

e = trpi =Y pa(a,d)pa(d,a)
= ) ¢*(a b)p(d, b)o*(d, b)¢(a, b)
a,a’,b,b’
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Entanglement and Renyi entropy

Calculation of Renyi entropy in Monte Carlo

s, (9lSwap,[o)
= o) ©)

where
SW3PA|37 b>|a,7 bl> = |a/¢ b>|av bl>

@) = |¢) @ |9)
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Entanglement and Renyi entropy

Calculation of Renyi entropy in Monte Carlo

(Swapa) =

Hastings et al (2010)

Y. (Blaa) (B1|®) (dlaz) (B2]0)

[(¢l¢) 12

Z' Blar)? [(plaz)*  (Bilg) (Balo)
L (0l0) (dl9) (a1]|9) (az|9)

mepaz f (alv a2)

1o
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Benchmarking
Results for Critical spin-liquids

Renyi entropy of critical spin-liquids

Free fermions in 1D

— Exact
1.8f —MC 4

Almost exact answer!
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Renyi entropy of critical spin-liquids

Free fermions in 2D

ilts for Critical spin-liquids

9 o Monte Carlo
o Exact

O Liotas =18, La < 7.
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Renyi entropy of critical spin-liquids

Free fermions in 2D

Benchmarking
Results for Critical spin-liquids

9 o Monte Carlo
o Exact

O Liotas =18, La < 7.

@ Very good agreement, can detect area-law violation!
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Benchmarking
. L T Results for Critical spin-liquids
Renyi entropy of critical spin-liquids s Gy (Cititeet] epiiATaptess

Projected Fermi sea

o Does projection retain the Fermi surface?
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Benchmarking
. L T Results for Critical spin-liquids
Renyi entropy of critical spin-liquids s Gy (Cititeet] epiiATaptess

Projected Fermi sea

o Does projection retain the Fermi surface?
o Does projected state has the same symmetries?
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Benchmarking
. L T Results for Critical spin-liquids
Renyi entropy of critical spin-liquids s Gy (Cititeet] epiiATaptess

Warm-up: Projected Fermi Sea in One dimension

@ Before projection: total central charge = 2.
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Benchmarking
. L T Results for Critical spin-liquids
Renyi entropy of critical spin-liquids s Gy (Cititeet] epiiATaptess

Warm-up: Projected Fermi Sea in One dimension

@ Before projection: total central charge = 2.

@ After projection: exact ground state of Haldane-Shastry model
Luttinger liquid with central charge = 1.
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Benchmarking
. L T Results for Critical spin-liquids
Renyi entropy of critical spin-liquids s Gy (Cititeet] epiiATaptess

Projected Fermi Sea in One dimension

Projected Fermi Sea Renyi Entropy
2 ‘ ‘ ‘ ‘

Consistent with ¢ = 1.
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on triangular lattice

o Projected Wave-fn (Monte Carlo] o
o Free fermions o
25 o
o 5§
°
2 °
= ° B
™
)
15 °
°
1
°
0.
*8 5 0.5 1 15 2
log(L,)

) Ltotal = 18, LA S 7.
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Renyi entropy of critical spin-liquids

Benchmarking
Results for Critical spin-liquids

Projected Fermi sea on triangular lattice

o Projected Wave-fn (Monte Carlo] o
o Free fermions o
25 o
o 5§
°
2 °
= ° B
™
)
15 °
°
1
°
0.
*8.5 0.5 1 15 2
log(L,)

) Ltotal = 18, LA S 7.

@ Area-law violation in a bosonic wavefunction! = fits Lalogl s

scaling.

rover
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on triangular lattice

o Can write 55 = 52 sign + 52.mod Where

e S2med = Zpa1paz|f(al>a2)| (10)
ajan
and
52,sign = 52 - 52,mod (11)
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected triangular: S2 sign VS 52 mod

1 T T T T
3
o Sya
3
o Sypads
° ° o o
| o
o 0
o8
o
o
3
o
o
o
. . . .
o B z s
A

@ S) sign Vviolates area-law, Sp mog doesn't.
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected triangular: S2 sign VS 52 mod

o Sya ’

o Sz‘mna/LA

@ S) sign Vviolates area-law, Sp mog doesn't.
@ Conjecture: holds for fermi surfaces in general.
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on m-flux square lattice

Spin-spin correlations:

y=-189% +0.993

c(L/2, L/2)
L

15 2 25 3 35

= Algebraically decaying correlations!
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on m-flux square lattice

5.5

© Monte Carlo e
— Linear fit _/

45 /

25

1.:2

-

@ Near perfect area law = consistent with ‘nodal Dirac liquid'.
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on m-flux square lattice

5.5

© Monte Carlo e
— Linear fit _/

45 /

25

1.:2

-

@ Near perfect area law = consistent with ‘nodal Dirac liquid'.
@ Can extract ‘universal constant’.
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on m-flux square lattice

5.5

© Monte Carlo e
— Linear fit _/

45 /

25

1.:2

-

@ Near perfect area law = consistent with ‘nodal Dirac liquid'.
@ Can extract ‘universal constant’.
@ Prediction for QED-3(?).
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on square lattice

Spin-spin correlations:

0.15¢

c(L/2, L/2)

= Magnetically ordered!
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Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on Square lattice

o Projected Wave-fn (Monte Carlo)
o Free fermions

15 2 25 3

05 0 05 1
log(L,)

@ Lplogl a scaling with significant reduction.

arun rover Entanglement Entropy of Critical Spin Liquids



Benchmarking

Renyi entropy of critical spin-liquids IResuliis ffar Chieel) spiiv-lepuii

Projected Fermi sea on Square lattice

o Projected Wave-fn (Monte Carlo)
o Free fermions

15 2 25 3

05 0 05 1
log(L,)

@ Lplogl a scaling with significant reduction.
@ Partially gapped Fermi surface of ordinary fermions or FL*?
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Ongoing work

Discussion

Ongoing work

@ Topological Renyi entropy of projected BCS and Quantum
Hall states.
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Ongoing work

Discussion

Ongoing work

@ Topological Renyi entropy of projected BCS and Quantum
Hall states.

@ Renyi entropy of partially projected Fermi sea ( = correlated
Fermi liquid).
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Ongoing work

Discussion

Summary

@ Renyi entropy calculations can serve as a diagnostic for critical
spin-liquids.
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Ongoing work

Discussion

Summary

@ Renyi entropy calculations can serve as a diagnostic for critical
spin-liquids.

@ First example of a area law violation in a fully 2D bosonic
wave-function, the projected Fermi sea state on the triangular

lattice.
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Ongoing work

Discussion

Summary

@ Renyi entropy calculations can serve as a diagnostic for critical
spin-liquids.

@ First example of a area law violation in a fully 2D bosonic
wave-function, the projected Fermi sea state on the triangular
lattice.

@ Area law and algebraically decaying correlations for projected
Dirac metal = algebraic spin-liquid.
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Ongoing work

Discussion

Summary

@ Renyi entropy calculations can serve as a diagnostic for critical
spin-liquids.
@ First example of a area law violation in a fully 2D bosonic

wave-function, the projected Fermi sea state on the triangular
lattice.

@ Area law and algebraically decaying correlations for projected
Dirac metal = algebraic spin-liquid.

@ Determinantal Monte Carlo opens up a very wide range of
possibilities for calculating entanglement entropy of correlated
fermions.
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Ongoing work

Discussion
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