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HAMILTONIANS & SMALL PARAMETERS

Hamiltonians:
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I take these Hamiltonians seriously!
• not only low-energy sector

• no dissipation mechanism



SIMPLE EVOLUTIONS; BOSE-HUBBARD MODEL

1D Bose-Hubbard model in an OPEN chain (has edges)

Ĥ = − t
L−1∑

j=1

(
a
†
jaj+1 + a
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a
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ja
†
jajaj

I’m interested in large U/t. U = 10 or U = −10

1 0 0 0 0 0 0 0 .....

How does this evolve?

At timescales ∼ ~/t
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1 BOSON STARTING AT SITE 2 (NEXT -TO-EDGE)
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NEXT: TWO BOSONS

2 0 0 0 0 0 0 .....

How does this evolve?

At timescales ∼ 1/t ∼ 1

At timescales ∼ 1/(t2/U) ∼ U



TWO BOSONS AT EDGE: TIMESCALES ∼ 1/t ∼ 1
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2 BOSONS AT EDGE: TIMESCALES ∼ 1/(t2/U) ∼ U
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LARGE U ENCOURAGES CORRELATED PAIR MOTION

Single particle hopping timescale ∼ 1/t ∼ 1

Pair hopping time scale ∼ 1/

(
t2

U

)
∼ U

“Repulsively bound pairs”

Triplet hopping time scale ∼ 1/

(
t3

U2

)
∼ U2



REPULSIVELY BOUND PAIRS



“BANDS” IN ENERGY SPECTRUM, 2 BOSONS

(translation-invariant picture)

Pairs cannot break

without losing energy,

=⇒ without energy

relaxation mechanism.



2-BOSON SPECTRUM, BANDS

2 Bosons in 10-site open chain. Negative U !! U = −10
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2-BOSON SPECTRUM, BANDS, POSITIVE U

2 Bosons in 10-site open chain. U = +10
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TWO BOSONS
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Long time-scale →
hopping mostly within

bound-pair band.

High-frequency

oscillations →
inter-band processes.



LET’S MOVE ON: THREE BOSONS

3 0 0 0 0 0 0 .......

How does this evolve?

At timescales ∼ 1/t

At timescales

∼ 1/(t3/U2) ∼ U2/t3



3-BOSON SPECTRUM, BANDS

3 Bosons in 10-site open chain. Negative U ; U = −10
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THREE BOSONS AT EDGE: TIMESCALES ∼ 1/t
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No big surprise.



THREE BOSONS AT EDGE: TIMESCALES ∼ U2

0 100 200 300
TIME    (units  1/t)

0

1

2

3

S
IT

E
  O

C
C

U
P

A
N

C
IE

S

site 1
site 2
site 3
site 4

Starting:    3 0 0 0 0 ....U = 10



TRYING TIMESCALES À∼ U2
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? ? ? ? ? ? ? ? ?

You should be surprised



WE’VE FOUND A STABLE STATE

3 0 0 0 0 0 0 .......

º

¹
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¸
For n ≥ 3 bosons, edge states are stable.

Stable should mean “close” to an eigenstate?



HIERARCHY OF EDGE-LOCKED STATES
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TIME EVOLUTION SUMMARY
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STRUCTURE OF ‘BOUND’ BAND: TWO BOSONS
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‘BOUND’ BAND: THREE BOSONS
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2 bosons 3 bosons

| R > = 

| L > + | R > and | L > − | R >

| L > = 

Edge eigenstates:



SPECTRAL SEPARATION EXPLAINS

STABILITY OF EDGE STATES

Who ordered the spectral separations?

Degenerate perturbation theory.

Competition between energy shifts at O(t2) and

manifold mixing at O(tn).



DEGENERATE PERTURBATION THEORY

| 3 >

| 2 >

| 1 >

| 4 >

Degenerate manifold at t/U = 0.

States |j〉 and |j + 1〉 connect at O(tn).

=⇒ mixing / dispersion at O(tn).

State |1〉 acquires different shift at O(t2).

⇓

Spectral separation if O(t2) beats O(tn).

(1st level of hierarchy)

State |2〉 acquires different shift at O(t4).

(2nd level) ....



THREE BOSONS: O(t2) VERSUS O(t3)
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WHAT I’M MISSING....

There should be a

sum over histories

interpretation
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SPINLESS FERMION MODEL: SIMILAR HIERARCHY

Ĥ = − t
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Sometimes called t-V model or Heisenberg-Ising model.
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SPINLESS

FERMIONS:

SPECTRUM

Two, three

fermions

in 15 sites

2 fermions 3 fermions
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SPINLESS FERMIONS: DYNAMICS
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ANISOTROPIC HEISENBERG (XXZ ) CHAIN

H = Jx

L−1∑

j=1


Sx

j Sx
j+1 + S

y
j S

y
j+1 + ∆Sz

j Sz
j+1




Edge-locking hierarchy → surprisingly different from t-V model.

Physical t-V model has V nini+1 , not V (ni − 1
2)(ni+1 − 1

2).

Physical t-V model does not have

empty-empty or empty-occupied energy.

(Only occupied-occupied energy.)
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XXZ CHAIN: PERIODIC VERSUS OPEN SPECTRA
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XXZ CHAIN: PERIODIC VERSUS OPEN SPECTRA
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XXZ CHAIN: DYNAMICS
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XXZ CHAIN: HIERARCHY
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HIERARCHY OF SPECTRAL SEPARATIONS

Energy spectrum contains structures at

many different scales.

FRACTAL structure in spectrum



“QUANTUM CONTROL” OF MAGNETIZATION TRANSPORT

Single-site π-pulse

⇓
quantum switch

for unlocking magnetization.

Many other control protocols....



OTHER GEOMETRIES: JUNCTIONS, 2D
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EDGE LOCALIZATION: MORE BOSONS

For more bosons, a hierarchy of localization patterns.

n ≥ 5 bosons −→ can also be bound in site 2

n ≥ 7 bosons −→ can also be bound in site 3

... ...etc

Actually, several hierarchies, with other localization patterns:

2 2 0 0 0 0 ......



ISN’T THIS JUST SELF-TRAPPING?

Question from

nonlinear dynamics

and/or BEC

community



ISN’T THIS JUST SELF-TRAPPING?

NO



AREN’T EDGE STATES UBIQUITOUS?

yes, but

No single-particle edge-localization in our tight-binding model

Our edge-locking is an interaction effect



AREN’T EDGE STATES UBIQUITOUS?

yes, but

No single-particle edge-localization in our tight-binding model

Typical solid-state situation:

Ĥ = − t
L−1∑

j=1

(
c
†
jcj+1 + c

†
j+1c

)

− λc
†
1c1 − λc

†
LcL



EXPERIMENTAL REALIZATIONS

We would like

Clean and sharp edge, Single-site addressibility

Possible experimental settings:

Cavity polariton arrays

Josephson junction arrays

(ideal, but not yet realized)

1D optical lattices

Solid-state magnets with chain structures.

(not so ideal)



TUNNEL TO OTHER EDGE?

|L〉 = |3000.....00〉 and |R〉 = |00.....0003〉

Question: Why doesn’t |L〉 tunnel to |R〉?

Answer: It will. After some astronomically long time.

|L〉↔ |R〉 tunneling exponentially suppressed.

Splitting between |L〉+ |R〉 and |L〉 − |R〉 exponentially small.



XXZ CHAIN: PERIODIC VERSUS OPEN SPECTRA
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