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MEAN–FIELD ELECTRODYNAMICS

B = B + b , U = U + u

∂tB −∇×
(
η∇×B −U ×B − E

)
= 0

E= u× b mean electromotive force due to fluctuations

∂tb−∇× (U × b + G)− η∇2b = ∇× (u×B)

G = u× b− u× b (= (u× b)′)

⇒ b is a functional of u, U and B, which is linear in B

⇒ E = E(0) + E(B), with E(0) independent of B
and E(B) linear and homogeneous in B



The mean electromotive force E = E(0) + E(B)

Assume (for simplicity) that b decays to zero if B = 0

(purely hydrodynamic “background turbulence”,

no small–scale dynamo)

⇒ E(0) decays to zero

Ei(x, t) =
∫ ∞
0

∫

∞
Kij(x, t; ξ, τ)Bj(x + ξ, t− τ)d3ξ dτ

Kij depends on u and U only (which may depend on B),

vanishes for large |ξ| and τ .

E at (x, t) depends on the behavior of B

in some surroundings of (x, t) only.



The mean electromotive force

Ei(x, t) =

∫ ∞

0

∫

∞
Kij(x, t; ξ, τ)Bj(x + ξ, t− τ)d3ξ dτ

Bj(x+ξ, t− τ) = Bj(x, t)+
∂Bj(x, t)

∂xk
ξk−

∂Bj(x, t)

∂t
τ −· · ·

⇒ Ei = aijBj + bijk
∂Bj

∂xk
+ bij

∂Bj

∂t
+ · · ·

aij =

∫ ∞

0

∫

∞
Kij(x, t; ξ, τ)d3ξdτ , bijk =

∫ ∞

0

∫

∞
Kij(x, t; ξ, τ)ξkd

3ξdτ , · · ·

The “ansatz” Ei = aijBj + bijk
∂Bj

∂xk

is an approximation, which needs to be checked in any application !!!

It requires (length) scale separation !!!



Calculation of aij, bijk
Recall

∂tb−∇×(U ×b+G)−η∇2b = ∇×(u×B) , G = u×b−u× b

• Second-order correlation approximation (SOCA, FOSA)
G = 0

aij(x, t) =
∫ ∞
0

∫

∞
Γijmn(x, t, ξ, τ ;U)Qmn(x, t;−ξ,−τ)d3ξdτ , · · ·

Qmn(x, t; ξ, τ) = um(x, t)un(x + ξ, t + τ)

If u homogeneous and isotropic and U = 0

α = −1

3

∫ ∞
0

∫

∞
G(ξ, τ)u(x, t) · (∇× u(x + ξ, t− τ)) d3ξdτ

G(ξ, τ) = (4πηt)−3/2 exp(−ξ2/4ηt)

• Higher-order correlation approximations ...



• TESTFIELD METHOD

(Schrinner et al. Geophys. Astrophys. Fluid Dyn. 101 (2007) 81-116)

Assume (for example) Ei = aijBj + bijk∂Bj/∂xk

Choose (suitable) test fields B
(n)

Calculate the corresponding b(n) from

∂tb
(n) −∇× (U × b(n) + G(n))− η∇2b(n) = ∇× (u×B

(n)
)

Calculate the E(n) = u× b(n)

Solve aijB
(n)
j + bijk∂B

(n)
j /∂xk = E(n)

i

to obtain the aij and bijk



• The testfields should be linearly independent

and all higher than first-order spatial derivatives should be small

• The testfields need not to satisfy any boundary conditions,

and they need not to be solenoidal

• The testfield method works independent on whether u or U

depend on B,

is therefore suitable for investigating magnetic quenching



A simple case

Assume that B does not depend on x and y.
Then all first–order spatial derivatives of B

can be expressed by J = ∇×B.

⇒ Ei = αijBj − ηijJj (1 ≤ i, j ≤ 2)

Choose testfields

B
(1c)

= B(cos kz,0,0) , B
(2c)

= B(0, cos kz,0)

B
(1s)

= B(sin kz,0,0) , B
(2s)

= B(0, sin kz,0)

Then

αij = B−1(E(jc)
i cos kz + E(js)

i sin kz)

ηij = · · ·
Results apply exactly in the limit k → 0
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Brandenburg et al. A&A 482 (2008) 789
scale dependence of α and ηt

Brandenburg et al. ApJ L submitted
magnetic quenching of α and ηt

Rädler et al. MNRAS(?) under preparation
mean-field effects in Galloway-Proctor flow


