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Mean-field magnetohydrodynamics

Consider a problem

B —V x (U x B) —nV?B =0

for which

U given directly
or by momentum balance etc.

and a mean-field theory seems suitable

B=B+b, U=U-++u

B -V x(UxB+E&)—nV?B =0

E=uxb mean electromotive force

due to fluctuations
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Mean-field magnetohydrodynamics

E—=uXDb

Ob—V x(Uxb+ Q) —nV?b=V x (u x B)

G=uxb—uxb (= (uxb))

= b is a functional of w, U and B, which is linear in B
= b= b0 4 pB)

= £=£€0) 4 gB) with £(°) independent of B
and £B) linear and homogeneous in B
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Mean-field magnetohydrodynamics

Ei(x,t) = & (w, )

+ [ Ko, t60Bi@+ &t -n)a*ar
0 o0

K;; depends on u and U only (which may depend on B),
vanishes for large |&| and 7.

€ at (z,t) depends on the behavior of B
in some surroundings of (x,t) only.
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Mean-field magnetohydrodynamics

Ei(x,t) = £ (x, t)

+ /m/ Kij(z,t;€,7)Bj(z + &t — 7)d*¢dT
0 o0

3EJ(£B, t)
oz,

& = €9 4a;;B;+b;;

o0
ﬂijzf fKij(w,t;ﬁ,T)d:sEdT etc.
0 00
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Mean-field magnetohydrodynamics

9B; , 0B;
”kamk Y ot

& =€ 4a;;Bi+b

£ =aB - 3(V x B)
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Calculation of the coefficients a’ij ? b’?:jk

I O.b — V x (U xb+G) -nV?b=V x (u x B)

G=uxb—uxb

Second-order correlation approximation (SOCA, FOSA)

defined by

E.g., homogeneous isotropic turbulence
__L e wle D) (U xule L& 1—7))d3
a= 3/0 /w G(E, Pu(,t) - (V x u(x + €, — 7)) d3edr

G(&, 1) = (4mnt) ~3/2 exp(—£2/4ant)

1
.. high-conductivity (low n) limit K= —3W (V xu)1c
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Calculation of the coefficients a’ij ? b’?:jk

I O.b — V x (U xb+G) -nV?b=V x (u x B)
G=uxb—uxb

Second-order correlation approximation (SOCA, FOSA)
defined by

Range of applicability in the high-conductivity (low n) limit

St = uctc/Ac K 1

Higher-order correlation approximations possible
... but tedious
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Calculation of KeXPINRErFy?

TEST-FIELD METHOD

Il 0.b — V x (U xb+ G) —nV2b=V x (u x B)
G=uXxb—uxb

Assume (for example) & = a/’ijgj + bijkagj/axk

Choose (suitable) set of test-fields
Calculate the corresponding from

313()('”’) —V x (U x p(™) + G(n)) _ ,nv?b(n) =V x (u X E(fn))
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TEST-FIELD METHOD

Ei = aijEj + bijkagj/c‘?a:k

Assume (for example)

Choose (suitable) set of test-fields
p(n)

Calculate the corresponding from

3tb(”) —V x (U x p(n) + G(ﬂ)) _ nVQb(n) — V x (uxB —(n))

R £(n) — m

Solve CLUB(R) -+ bzgkaB(n)/a’L’k — 5(?1)

to obtain EKeZ¥E bijk
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TEST-FIELD METHOD

developed
in papers by Schrinner, Radler, Schmitt, Rheinhardt, Christensen,

e.g., GAFD 101(2007) 81-116
(magnetoconvection, geodynamo)

applied
Sur et al. MNRAS 385 (2008) L15
(alpha and magnetic diffusivity in isotropic turbulence)

Brandenburg et al. ApJ 676 (2008) 740

(effects of shear and rotation, shear-current dynamo)
Brandenburg et al. A&A 482 (2008) 789

(scale dependence of alpha and magnetic diffusivity)

Brandenburg et al. ApJ L submitted
(alpha and magnetic diffusivity quenching)
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TEST-FIELD METHOD

The test-fields should be linearly independent
and all higher than first-order derivatives should be small .

They need not to satisfy any boundary conditions,

and they need not to be solenoidal.
EM) = 4 x p(™)

3tb(n) ~V x (U x p™ + G(n)) _ nVQb(fn,) =V x (u X E(n))
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TEST-FIELD METHOD

The test-fields should be linearly independent
and all higher than first-order derivatives should be small .

They need not to satisfy any boundary conditions,
and they need not to be solenoidal.

The test-field method works independent
on whether U depends on B.

It is therefore suitable for investigating magnetic quenching.

The test-field method implies no approximation !
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A simple case

Assume that B does not depend on z and y.
Then all first—order spatial derivatives of B
can be expressed by J =V x B.

= & =q;iBj—mn;iJ; (1 <14,5<2)

Choose testfields

BU% = B(coskz,0,0), B9 = B(0,coskz, 0)

B9 = B(sinkz,0,0), B = B(0,sinkz, 0)

Then
aij = B 1(EY cos kz + 9% sin kz)

n@j‘ — s s s
Results apply exactly in the Iimit £k — O
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Some extension

Connection no longer local
Ei(z) = / [a’ij(C)Pj(z + ¢) —mi;(Q)J (2 + C)] d¢

Ei(k) = ay;(k)B;(k) — 71;;(k)J ; (k)

8;;(k) = B~1(EY) coskz + £9%) sin k)

Mij(k) = - (arbitrary k)
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