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Quantum regimes nicely classified via the path integral

A Weak coupling: loop expansion around leading trajectory Y
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can further distinguish semi-classical and quantum observables

6,0 < O.(v) semi-class Ex: every day life
(0) = Oc(7) + 040
040 & Oc(7)  quantum Ex: (¢pd9)
around ¢(y) =0

A Strong coupling: PI cannot be described by leading trajectory



Common practice: few legs in weakly coupled QFT

= small fluctuations around trivial trajectory

However when the number of legs grows expansion breaks down

How do we describe physics in this regime?



n-legs in  ¢*

Aloop = Atree (1 + BAn? + CX°n? + ...

a mess ?!




Indeed .. but not completely

all large eftects can be proven to resum into

01y ~ enF()\n,e)

Exponential form suggest existence of non-trvial
semiclassical trajectory describing the process

Something indeed proven by Son,
back in the 90’s...still a reasonable mess to
work out quantitatively
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Many Legs

Ex. anomalous dimension of @'* n > 1 >\< = &
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leading = n[An 4+ (An)® + (An)® + ...
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perturbation theory breaks down at



series can be organized as a double expansion

o py(An) 4+ APL(An) + A2Py(\n) + ...
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similar to RG  Fyo(A Log) + AFi (A Log) + ...

can we systematically resum the Mn series like done
for ALog series by RG ?

Yes

by expanding path integral around suitable trajectory



Sketch of idea

/D¢ ¢ fo) CIZ‘Z _§ /D¢ e 5 (S+nAInpr+nAln ¢;)

saddle point ~ ¢a = da(An,xy — ;)
(" (xf) ¢ () = e XSa(Anar—zi)=Si=ASz+..

| 4 4

%ﬂ = Py(An) + AP (An) +

semiclassical expansion valid for all A\n aslongas A < 1

Must reproduce diagrammatic expansion at An < 1 !



n is scheme dependent away from fixed point

focus on Wilson-Fisher fixed pointin d=4—¢

By=A|—€+5 15 - O(\°)

Compute by mapping theory to cylinder R x Sy_;



Mapping to the cylinder & operator state correspondence
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d—2\"
E4R = (—) = m; ‘conformal mass’ on sphere

X ot Ind projects on state of charge n



solution of lowest action: homogeneous superfluid

X = —LuUT p = const
n 95
boundary eom 2% = S . Sd—1 = F?g)
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bulk eom —p 4+ my + 5P = 0

P> | A, = nPy(\n,d)




Explicitly for d — 4 A=Acoce—=0

An = fixed
213 (P PP 2 s
ot a2 ) 3o
1
Interpretation: mo o~ p? o~ (An)?/3 > =5 = 1

integrate out radial mode: ‘pure’ conformal superfluid EFT
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which invites comparison with diagrams
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Makes one want to check subleading terms

To do so fixed point conditionin d =4 — € is essential

diagrammatic computation gives
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Semiclassically on cylinder

1-loop
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Casimir Energy on S¢-1, convergent for sufhiciently low d

in terms of the renormalized coupling )\ p
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< (I8 +10l°) in 83—
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in d=3 conformally invariant for any A\ up to 1-loop
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Can non trivially match universal quantum eftects in
genuine 3D CFT in large regime to diagrammatic
computation ... and it works!



Summary
Wilson-Fisher fixed points: simple but rich playground to
get structural insight on An > 1 regime in QFT

Loop expansion for 7¢» non-trivially and systematically
encapsulated by semiclassical supefluid configuration

Properties of nearby operators, ex ¢" 20¢0¢ ,
described by hydrodynamic modes

(¢" ... ") can be studied by extension of method,
providing dynamical information, akin to amplitudes

...but it would be nice to get back to the SM...
someone certainly will before the FCC begins



