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The excitement about entanglement is relatively new in Condensed Matter

1. Fundamental understanding of the success of DMRG:

Starting with Haldane Gap in spin-one chains
DMRG can solve many 1D problems to machine precision

Basis set reduction works to machine precision!
It is related to low entanglement in the ground state

Natural successor of Wilson’s NRG  (Kondo Problem)
Will it revolutionize our ability to connect Atoms to Materials (beyond DFT)?

Powerful Variational Methods Matrix Product/Tensor Networks



Broken Symmetry and 
Goldstone modes

Topological Order and QSL (KLHM)

Fermi surfaces Quantum Critical Phenomena

Entanglement contains information on all low lying physics in the system

Great expectation: Study of Entanglement will help in finding Novel Phases 
characterizing QC Points, understanding RG flows.



How do we compute entanglement entropies systematically for lattice models?

Non-interacting vs interacting systems:     Correlation Matrix Method     Peschel

Lauchli

Fermions



Stochastic Methods
Quantum Monte Carlo

Linked Cluster Methods
Series expansions
Numerical Linked Cluster

Finite but relatively large systems

Thermodynamic limit but only controlled 
when there is a small parameter

In this talk d>1

Measure of entanglement: Entanglement Entropy

Several posters at this conference



An exact discrete-time representation for spin configurations in 
space and continuous imaginary-time



Entanglement entropy from QMC:   Need to work with  Renyi Entropies 



Hastings, Gonzalez, Kallin, Melko PRL 2010

Melko, Kallin, Hastings PRB 2010
With suitable thermodynamic 
integration S can be calculated







High Temperature Series Expansions in the Thermodynamic Limit





SERIES EXTRAPOLATIONS



We know only a small number of terms (10-20)
How do we obtain singular behavior?

Domb, Baker, Fisher, …



XXZ Model Line Coefficient from QMC vs high-T expansions   
RRPS, A. Kallin, R. Melko, M. Hastings PRL 2011

Corner log singularity related to central charge c      Cardy, Peschel NP 1988   



Quantum Entanglement in the Ground State

Bulk, corner, line singularities at QCP



Some representative models O(N)



O(N) UNIVERSALITY CLASSES

Anisotropic Bilayer Heisenberg Model

Devakul+RRPS PRB 2014



Tight-Binding and  Hubbard Models

C.-C. Chang, RRPS, R. T. Scalettar

Phase diagram with U?

`Widom conjecture’ and logs



Ground State Entanglement:      Quantum Monte Carlo Methods

Measurement of Swap Operator

Measure ratio of Partition Functions

Generalize Correlation Matrix method (DQMC)



Simulate two copies of the system and measure the SWAP operator

Projection Monte Carlo in Valence Bond Basis



Calculate ratio of partition functions in 
an extended ensemble

Humeniuk and Roscilde
Brocker and Trebst
Wang and Troyer
Helmes and Wessel

Find a QMC scheme that switches between partition functions, with 
a detailed balance condition leading directly to their ratio.



Determinantal Monte Carlo for Hubbard Models

T. Grover
Assaad, Lang and Toldin

Hubbard Stranotovich Transformation maps the interacting fermion problem 
into a bilinear one in presence of time varying Ising (HS) fields.

Mostly calculations have been done for small U

With replicas one can get Renyi entropies



Ground State Series Expansions in J/h or h/J

The unperturbed state is a product state and has no entanglement



Perturbation expansion in J/h

In leading order neighbors across the boundary are entangled.
Translated along the boundary gives an area-law contribution.



Series Expansions in J/h

In the following order larger clusters of spin get entangled across the boundary.

One can show existence of a `Linked-cluster expansion’ for Renyi entropies, and 
area-law remains valid as long as perturbation theory converges



Perturbation expansion at T=0



Non-integer Renyi entropies have no power series expansion in h/J or J/h

1   0  0  

0   0  0  

0   0  0  

Separate into two terms

Writing the Renyi entropies in terms of eigenvalues of the reduced density matrix



1+1

3+1



SERIES EXPANSION VS QMC (1D TFIM)

Note: Renyi entropies only singular at true critical point!



Area-law behavior of second Renyi entropy
QMC data from Stefan Wessel group 

Heisenberg Bilayer Model: Going up to critical point



Von Neumann Entropy

Combine Linked Cluster Method with Exact Diagonalization

Numerical Linked Cluster Methods



Numerical Linked Cluster Expansion (NLCE): Combine ED with Linked 
Cluster methods        

Works also for non-integer Renyi indices

DMRG can help with bigger clusters making it much more accurate

Weights obtained numerically  by 
ED and not as a series expansion





NLC vs series expansions
Line and Corner entropies  (2+1) TFIM

Near Critical Point NLC needs an extrapolation



Define a length scale to extrapolate in





Scaling arguments near the critical point

Corners always have log singularities





Log Divergence of Corner Entropy Kallin, Stoudenmire, Fendley, RRPS and 
Melko cond-mat 2014

Bilayer Heisenberg Model at criticality

Different Renyi indices







Key finding: Corner term scales with N in O(N) models



Both corner entanglement and 
central charge get contributions 
from all low energy physics



SIMPLE CUBIC LATTICE

Series expansions can be separately developed for area, edge and corner

Devakul+RRPS PRB 2014



TFIM:  `Area-law’  term from series expansions



TFIM:      Do critical points depend on Renyi Index?
Chandran, Khemani and Sondhi PRL 2014

High-field expansion Low-field expansion

Ratio of successive coefficients in J/h and h/J
Expected critical point and exponent from scaling



RENYI CORRELATIONS

Exponents only consistent with d=4 not 
d=2

Devakul+RRPS

Metlitski

Is there a surface transition?



Corner singularity and continuum limit    T. Grover

Do 8 corners on a lattice have same log as a sphere in continuum?



Comparison to Field Theory                     Casini and Huerta
Lee, McGough and Safdi

Assume the log coefficients are same from high and low field sides



Summary and Conclusions     

Several computational methods are being developed that allow calculation 
of ground state entanglement entropies of quantum critical lattice models
(More results should be coming out soon)

Renyi entropies may be sufficient for studying universal properties

Log singularities at a corner are universal and scale with N in O(N) models

The log singularities for TFIM for a cube are close to free field theory 
results for a sphere

Can we calculate critical properties for interacting fermion models?

Can we use entanglement entropy to convincingly discover new phases and 
critical points in realistic lattice models?



THE   END



Improved methods by Brocker and Trebst can study fairly large systems
(See also F. Assaad PRB 91, 125146 (2015)

Can they address singularities and phase transitions  for d=2?



Projection Monte Carlo in Valence Bond Basis   Sandvik

A singlet state can be expanded in the Valence Bond basis

Applying powers of the Hamiltonian, one can project out the ground state

Free of minus signs on a 
bipartite lattice



Heisenberg Model: Valence Bond Monte Carlo



Connected clusters on the square-lattice 




