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How do we solve few-body problems?



Toolkit for Exploring Few-body Physics ...

For a system of few particles ...

. \V&
H = —Z 277; + ZV(T@J)

{ 1<j

... angles + set of non-compact
coordinates 1, ;= [(), oo}
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Toolkit for Exploring Few-body Physics ...

For a system of few particles ... ... the hyperspherical way !!!

A v? A
=3 g SV SRR Ry
? 1<) =

+ V(R,Q)

... angles + set of non-compact ' o i
gles ~ se 0 on-compac (Hyperradial Kinetic (Hyperangular Kinetic
Coordlnates TZ] — [O’ OO} Energy) Energy)

N e hyperradius [{: overall size
L (/ffl;}’\\\;;\;: ) (collective motion)
o R — [0, o0

hyperangles {Q} : internal motion
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Toolkit for Exploring Few-body Physics ...

For a system of few particles ...

H==) 5=+ Vi) PR B ()
? 1 <] = — 4+

+ V(R,Q)

(Hyperradial Kinetic (Hyperangular Kinetic
Energy) Energy)

... angles + set of non-compact
coordinates 1, ;= [O, oo}

_— sy hyperradius R: overall size
ORI (collective motion)
! R — [0, o0

hyperangles {Q} : internal motion

Democratic hyperangles:
(Smith-Whitten, Johnson, Kuppermann, Aquilanti)

N~ Fragmentation thresholds
[N~ Symmetrization is simpler
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Toolkit for Exploring Few-body Physics ...

For a system of few particles ...

: Y
H = —; om, —i—;j‘/(?“ij)

... angles + set of non-compact
coordinates 1, ;= [O, oo}

Anisotropic interactions
[Dipolar: Wang, D’Incao & Greene, PRL (2011);
Q2D: D'Incao & Esry, (in preparation)]

More bound states (chemistry)
[Wang, D’Incao & Greene, PRA (2011),
Wang, D’Incao, Esry & Greene, PRL (2012)]

«—

Four-body physics (difficult!)
[D’Incao, Rittenhouse, Mehta & Greene, PRA (2009),
von Stecher, D’'Incao & Greene, Nat. Phys. (2009)]

the hyperspherical way !!!

. 1 &2 A2(Q)
H=——— + +V(R,Q
2udR?  2uR? (7. 9)
(Hypel:rradial Kine’cicl l (Hyperanglular Kinetic
Energy) Energy)
_— s, hyperradius R: overall size
ST NN (collective motion)
- R—[0,00]

hyperangles {Q} : internal motion

Democratic hyperangles:
(Smith-Whitten, Johnson, Kuppermann, Aquilanti)

N~ Fragmentation thresholds
[N~ Symmetrization is simpler
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Toolkit for Exploring Few-body Physics ...

For a system of few particles ... ... the hyperspherical way !!!

A v? A
=3 g SV SRR Ry
? 1<) =

+ V(R,Q)

(Hyperradial Kinetic (Hyperangular Kinetic

. . . E E
Adiabatic representation: nergy) Energy)

\IJ<R7 Q) — Z FI/<R)CI)V(R; Q)

(effective potential)

/

(I)V(R7 Q) — UV(R)q)I/(R7 Q)

(... solve for fixed R)

A?(Q)
21 R?

+ V(R,Q)



http://jilawww.colorado.edu

Toolkit for Exploring Few-body Physics ...

For a system of few particles ...

A v? A
=3 g SV SRR Ry
? 1<) =

+ V(R,Q)

. . (Hyperradial Kinetic (Hyperangular Kinetic
Hyperspherical Potentials Energy) Energy)

(think Born-Oppenheimer)

(three-body continuum)

—

——

J -
\- (bound channels)
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R (a.u.)
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Toolkit for Exploring Few-body Physics ...

Bound and Scattering Properties

1 d?
2 dR?

[——— + UV(R> - E] FI/(R) + ZWVV/(R)FV/(R) =0

(Hyperradial Schrodinger Equation)

Hyperspherical Potentials
(think Born-Oppenheimer)

. (three-body continuum)
ok ‘ = = e

[
1 H .

> >~

ol -

\ (bound channels)
_3 i
4L
5 ! ! ! ! ! ! !

0 20 40 60 80 100 120 140

R (a.u.)
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Toolkit for Exploring Few-body Physics ...

Bound and Scattering Properties

[_i% L UL(R) - E] FuR) + 3 Worr () (1) =0

(Hyperradial Schrodinger Equation)

Hyperspherical Potentials
(think Born-Oppenheimer)

] } Resonance Spectrum

} Bound Spectrum

0 20 40 60 80 100 120 140
R (a.u.)
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Toolkit for Exploring Few-body Physics ...

Bound and Scattering Properties

[_i% L UL(R) - E] FuR) + 3 Worr () (1) =0

(Hyperradial Schrodinger Equation)

Hyperspherical Potentials
(think Born-Oppenheimer)

Ultracold Few-body Collisions
1L
W, (R) : non-adiabatic couplings
ok = — — (drive inelastic transitions)
1 —> | Typical length & energy scales:
T —> — Van der Waals length: r¢ =~ 100ag
2L — Temperature: T ~ 100nK
—
-3 E — Solve Schrédinger equation for R ~ 10%a
(0.05mm!!!)
4L
-5 1 1 1
0 100 120 140

R (a.u.)
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Toolkit for Exploring Few-body Physics ...

Bound and Scattering Properties

_ﬂd—RQ + UV(R) - E] FI/(R) + ZWVV/(R)FV/(R) =0

(Hyperradial Schrodinger Equation)
(a>0

Three-body Recombination LS B B § e I L
| 0.67x10'nK

— gﬁ% - % + Erel

Includes:

- finite energy effects

- finite-range effects

- multiple bound states
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Recent Explorations ...

Universality of the Three-body Parameter

04+

2 02}

]

v 0k

£

W -0.2F

= 04

§ 06| [Wang, D’Incao, Esry & Greene (2012);
08k Wang, Wang, D'Incao & Greene (2012);
e Naidon, Endo & Ueda (2014); Mestrom,

-1F Wang, Greene & D’Incao (2016)]



http://jilawww.colorado.edu

Recent Explorations ...

Universality of the Three-body Parameter

0.4
= 02}
]
>
= oOr
w02k Four-bosons Universality
= -04r (Bi +B)
— 3+
§ -0.6 [Wang, D’'Incao, Esry & Greene (2012); o
o8k Wang, Wang, D'Incao & Greene (2012);
' Naidon, Endo & Ueda (2014); Mestrom,
-1F Wang, Greene & D’Incao (2016)]
0

W (R) x (h? /mirg)

1 10 100 1000
R/ To

[von Stecher, D’Incao, Greene (2009); D’Incao,
von Stecher & Greene (2009)]
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Recent Explorations ...

Universality of the Three-body Parameter

0.4F | -
= 02} i
]
>
§ OF—7-f————————— =]
w02k - Four-bosons Universality
= -04f . (B; +B)
N 3+
§ -0.6 F g [Wang, D’Incao, Esry & Greene (2012); o
08l . B i Wang, Wang, D'Incao & Greene (2012);
B : A=A, = o] = o0 Naidon, Endo & Ueda (2014); Mestrom,
-1k Alo - Wang, Greene & D'Incao (2016)]
0 2 4 6 8 10
R/ Tvdaw {,;5
g
~
S
. X
Few-body Dipolar Systems 3
S
0 = = —=-—=Z==zC - - ZT Z o=~
I I
~~ _1 L L_Jd___ i
S:/ Efimov States | . . .
A
= -2 1 10 100 1000
—~ *w* R/To
N
'BN -3t T ;HF | [von Stecher, D’Incao, Greene (2009); D’Incao,
é | | von Stecher & Greene (2009)]
4} |
] .
-5 0 1 2 3 4 [Wang, D’Incao & Greene, PRL (2011);

Wang, D'Incao & Greene (2011)]
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Recent Explorations ...

Universality of the Three-body Parameter Repulsive barrier controlling the universal

properties of the system.

T
04 .
= 02} i
]
>
§ oOFr— - =~
o -02F - Four-bosons Universality
=,
= -04F -
Ed/ Kyt /ro Kyt ro Ky t/ro (B; +B)
§ 0.6 g [Wang, D’Incao, Esry & Greene (2012); o
0.8 . B i Wang, Wang, D'Incao & Greene (2012);
08 ; A=A, = la| =00 Naidon, Endo & Ueda (2014); Mestrom,
-1k Alo - Wang, Greene & D'Incao (2016)]
1 1 1
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R / TvdwW

Few-body Dipolar Systems

W (R) x (h? /mirg)

R

Efimov States

1 10 100 1000

* A/\/\#/\/\(* R / To
T F,HF | [von Stecher, D'Incao, Greene (2009); D’Incao,
| von Stecher & Greene (2009)]

(md7) U (

é 4 [Wang, D’Incao & Greene, PRL (2011);
Wang, D'Incao & Greene (2011)]

o
= — =
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How does a simple picture emerge?



Three-body collisions in ultracold quantum gases

Ultracold Quantum Gases

Inelastic Collisions —> Stability and Lifetime of
D’Incao & Esry PRL (2005) condensates !!!

Three-body Recombination
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Pathway analysis for three-body collisions

Three-body Recombination

v +E
— ﬁ:ﬁ? — % rel |sz ‘ 2

Pathway analysis [D’Incao & Esry PRL (2005)]

Z Afijoes|

=D 14714} cos(¢; — )

7,k

Amplitudes and phases (WKB)

fi : 1/4
fi v) _
A — ng_zy exp [ 2’/ \/Q,u 2uR2>dR’
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Pathway analysis for three-body collisions

Three-body Recombination

g E
— B 7 P Tyi* =

Pathway analysis [D’Incao & Esry PRL (2005)]

> lafe
J

2

= Z |A§ci||f4£i| cos(¢; — k)

Jik

fi H Pathways for Recombination (a>0)

(1)
(0%
E=0 | Wap |
R Ra
E | g™
LA\ +4) +15/4 ro a
2pRe (11)
N o _— )
:— @ :J * + .““\'\1 - I
E _38+1/4 E EUO+72/J,R2 a :) < : > 5
Way Wart 3 2/R? !
! ! (I11)
! Pdecay:(]- - 6_477) : 7o 1 1
Ve ' ) e
! — ' +1 T T
vy = {1,720 ! By -1 :
: : T R T B

7o

S|
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Pathway analysis for three-body collisions

Three-body Recombination

Pathway analysis [D’Incao & Esry PRL (2005)]

2
— 5& — o, the

Tysl? = | D |AT e =" |AT|| AL cos(¢; — o)
j ]7k
2J +1
Kg =n! Z 32%2%|TJ%|2
fi H Pathways for Recombination (a>0)

1 1
E=0
Amplitudes and phases (WKB) i :_R
- —— - == a

g = P, P W
AR = P, P, P, PO, a .
G2 = P, P, P, PP | o

[re = (A + 2)/k: classical turning point]

A
__.«__ L _
ﬁ

ﬁ

Q
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Pathway analysis for three-body collisions

Three-body Recombination

Pathway analysis [D’Incao & Esry PRL (2005)]

> lafe
J

2

=D |AFNA] [ cos(; — )

Jik

__§ }%$ __% xmhxx +'Ekd |I}iP _

5 (2J+1)

ngn!ZBZﬂ' e

fi

Ty [?

Pathways for Recombination (a>0)

1 1
E=0
Amplitudes and phases (WKB) i :_R
- —— - == a

| A T
(AP ? = A% (ka)® T, ro a
|Aﬁa|2 — A2e_47’(ka)2)‘+4, (I)
| Weas i a
251 : a3
[Af}|? = B%e™*1 (T—()) (ka)**, S P | N
a | |
[Phases: ¢1 — ¢ = —2[so In(a/ro) + @],
¢1 — 11 = —[so In(a/r0) + P, - . .
Waﬁ t < < &
¢II - QbIII = S0 ln(a/To) + (I)] __+ | > : S .
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Pathway analysis for three-body collisions

Three-body Recombination

+ Erel

Pathway analysis [D’Incao & Esry PRL (2005)]

>l
J

2
=D |AFNA] [ cos(; — )

Jik

— B 7

Tyi|* =

B 5 (2J+1) 9
fi Recombination (a>0)
h 2 2y (2 12 (a) 19 BBB(J™ =0"%,a>0)
Ky = p 4A; e *" (sin® [sg In(a/a4 )] + sinh® n) B
to4. g Snlsoln(a/ar) (7“0)81 |
w 776277(1 _|_6—277)—1 a 3 1 3
q\i -
_ap (To\ 2% 2
_|_B$€ 4n (_O) ]k2>‘a2>‘+4’ Cll:a | g’ o et
a ~ o1l
=N o =2
&-\
3 i
A% ~67.1177V3/4 i |
[ w \/_/ ] k 001 - SRS | E——— 1 E——
[Nielsen & Macek PRL (1999); Esry, Greene & Burke PRL F ]
(1999); Bedaque, Braaten & Hammer PRL (2000); Petrov (2005);
Macek, Ovchinnikov & Gasaneo PRA (2006); Gogolin, Mora &
Egger PRL (2008); Helfrich, Hammer & Petrov PRA (2010)] 0.001 L . N . | . Ll . _
1 10 100 1000 10000
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Pathway analysis for three-body collisions

Three-body Recombination

Pathway analysis [D’Incao & Esry PRL (2005)]

> lafe
J

Tyil* = = Z |A§ci||f4£i| cos(¢; — k)

Jik

fi H Pathways for Recombination (a<0)

(1) | 3
] <
I I R
I Wy I I 0
: - L0 —> >~
XA +4) +15/4 | ' ~
: 2uR? To la|
: (I1) a
T iz —e—y Vs
T Was i + ! s
: ] 3% + 1/4 I W I I
Was | - 2 : 7 + : l
Wor i 1 ME s En e
: Pdecay:(]- - 6_477) E o
:75{717727“‘} E , l(l+1)
: : BT

o lal
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Pathway analysis for three-body collisions

Three-body Recombination

Pathway analysis [D’Incao & Esry PRL (2005)]

2

# + FErel AR Y i i
— W T Tyl = | D_1Af e =D 1T 1AL cos(d; — én)
j ]’k
2J +1
Kg =n! 2327{'2%|sz|2
fi H Pathways for Recombination (a<0)
o B
| e | e
Amplitudes and phases (WKB) : ! R
Wiy | ¢
- 13 1 ) ~
VB2 _ 42 —4n (,—4ny\j—1 2\ +4
A = 21— e ) e )i (a2 RGN e
Y82 2 —4 To 2 244 (1I) a
AP =B =) (1) (k)P e
! B
(] = 1727“'700) Wafy+ : :
- —> —>—
| 1

[Phases: ¢1; — ¢1i1 = (25 — 1)[so In(|a|/ro) + P]
$1; — ¢re = 2(3 — k)[so In(la|/ro) + P]]
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Pathway analysis for three-body collisions

Three-body Recombination

—_— g%; SN vh”w +‘Ekd

Pathway analysis [D’Incao & Esry PRL (2005)]

>l
J

Tyl = = Z |A§ci||f4£i| cos(¢; — éx)

gk
2J +1
Kg = n' 2327{'2%|sz|2
fi H Recombination (a<0)
BBB(J" =0",a <0
Kd:E[AZ sinh 27 100 ., — (.., .a.._)
> | 2 sin®[soIn(|a/a_|)] + sinh® 5 i
N AyB, sinh 27 cos [so In(|a/a_])] (7“0 >31 10 L
— e—2n)—1 G2 12 Tal =< I
(1 —e= 7)1t gin®[sgIn(|a/a_])] +sinh®n \ |a] §
2s <+ L
g2l ' J2A g = 1
n |a‘ B -
= |
<o 0.1 -
[A2 & 4590(2V/3)] [
[Braaten & Hammer PRA (2004); 0.01 L — p=001
"In r [ oS spos 447 —— n=0.1 ]
D'Incao & Esry PRL (2005)] ()"~ () — 52?‘5
ooon b . oo
1 10 100 1000 10000
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Three-body collisions in ultracold quantum gases

Ultracold Quantum Gases

Elastic Collisions —> Correlations and
D’Incao & Esry PRL (2005) Interactions !!!

— —
For R > |al:
MM +15/4 Leg(log + 1)
Wi (k) = 211 R2 - 2uR?

where log = A+ 3/2

Three-body scattering length (L"4)

5( 2) [Amado & Rubin, PRL (1970); Efimov, SINP (1970);
A(A) — — lim Re tan 3b (k ) ] {Braaten, Hammer, & Mehen, PRL (2002);
3b k—0 f2A+4 Braaten & Hammer, PRep (2006);
Shina Tan (DAMOP2010)]



http://jilawww.colorado.edu

Pathway analysis for three-body collisions

Three-body Elastic Collisions Pathway analysis [D'Incao & Esry PRL (2005)]

— — Re[T] = —Re Z|Aj|ei¢j = —Z\Aj\cosqu
J J
= Re [tan dsp]
Three-body scattering length (L"4)
(\) [Amado & Rubin, PRL (1970); Efimov, SINP (1970);
A()\) — _ lim Re tan 53b (k ) {Braaten, Hammer, & Mehen, PRL (2002);
3b k—0 2A+4 Braaten & Hammer, PRep (2006);
Shina Tan (DAMOP2010)]
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Pathway analysis for three-body collisions

Three-body Elastic Collisions Pathway analysis [D'Incao & Esry PRL (2005)]
Z |Aj|ei¢j:| = — Z |A;| cos ¢;
J J

= Re [tan d3p]

— — Re[T] = —Re

Three-body scattering length (L"4)

tan 64 (k
%’li)] Pathways for Elastic (a>0)

A:())E)\) = — lim Re

k—0
I
() . . o
E=01 ———
(a) a >0 Y I A —— R
I | I I6; «._f‘
! To a
LA+ 4) +15/4
_ R (1)
E:/ NSV :I/ R i Waﬁlf*_a
WA :‘ 52—|—1/4 Waﬁl E1>x;0+(+) ;‘“‘»\,‘_ :) —€ : ﬁ
Woy 1 50 i 21 R2
Wor Wer ! 9 2L :
: Paecay=(1—e741) 1 o
\ 1 : 1+ 1)
Ly = {91,72, - ! jony
: | e

To

IS
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Pathway analysis for three-body collisions

Three-body Elastic Collisions Pathway analysis [D'Incao & Esry PRL (2005)]

— — Re[T] = —Re Z |Aj|ei¢’j = — Z |A;| cos ¢;
J J
= Re [tan d3p]
Three-body scattering length (L"4)
tan 65 (k
Ag;)\) = — llin% Re %’jrf)] Pathways for Elastic (a>0)
—
) .
| |
Amplitudes and phases (WKB) E=0 i | > n
—_—— e === — - |J= = = - -
| | a
|AS|2 = A% (ka)* 8, i) A

|Aionz 2 — B46_4"(ka)4/\+8,

[Phases: ¢1 = 0, W) N
¢II:2[301H(G/T0)—|—(I)]—7T/2] - E) - :IE____B



http://jilawww.colorado.edu

Pathway analysis for three-body collisions

Three-body Elastic Collisions Pathway analysis [D'Incao & Esry PRL (2005)]

J J

= Re [tan dsp]
Three-body scattering length (L"4)

AN = —lim R tan &3, (k) Three-body Elastic (a>0)
N L2A+4 ree-body Elastic (a
) BBB(JT = 0%, >0
Aéz):|:(A2—B2€_2n) Y ' 1 T 1 T T -|_ o ]
0572 | ey
+ 2B2%e %" sin? [soln(a/ay) — 7r/4]] a2t | S :7;2(.)4

[(A%? — B?) ~ 1.22(47 — 3V/3)/(2V/37),
2B2 ~ 0.021 (47 — 3v/3)/(2v/37)]

[Braaten, Hammer, & Mehen, PRL (2002);
Braaten & Hammer, PRep (2006);
Shina Tan (DAMOP2010)] 0.56 -

Al fa*
o
(o)
&

| | | | l%l

eﬂ'/SO

0.556 L

N N N N N N L N N L L L L
1 10 100 1000 10000
a/ro


http://jilawww.colorado.edu

Pathway analysis for three-body collisions

Three-body Elastic Collisions Pathway analysis [D'Incao & Esry PRL (2005)]
Z |Aj|ei¢j:| = — Z |A;| cos ¢;
J J

= Re [tan dsp]

— — Re[T] = —Re

Three-body scattering length (L"4)

tan 64 (k
%’li)] Pathways for Elastic (a<0)

A:())E)\) = — lim Re

k—0
@ L0
: | 3 ‘
1 1 R
(b)a<0 ! : .
I S H ~
: v
! r
A+ 4) +15/4 0 al
! 2uR* (1) .8
@: NNy / :I = : >—& : >
2 \. ‘\ " I. ./ e et | / 1 H
=\ LI M, R i .
A g .
Wﬁj?/[/'m i p 2uR? i
| ! N
: Pdec:ay:<1 - €_4n) : 7o
Ly = {172} i Y
: : E'Ul + 2,uR2

o lal
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Pathway analysis for three-body collisions

Three-body Elastic Collisions Pathway analysis [D'Incao & Esry PRL (2005)]
Z |Aj|ei¢j:| = — Z |A;| cos ¢;
J J

= Re [tan dsp]

— — Re[T] = —Re

Three-body scattering length (L"4)

tan 64 (k
%’li)] Pathways for Elastic (a<0)

A:())E)\) = — lim Re

k—0
(1) ! i s
Amplitudes and phases (WKB) ! !—>-(—R
b R &
ATPP = A% (K[al) A, ! "y
AFLP = BHe ) (Kla) 5, Coo
(j=1,2,...,00) (1I) | - | )_ﬁ(
[Phases: ¢1 =0, i i
¢11,5 = (27)[s0In(lal/ro) + @] — 7/2] T R


http://jilawww.colorado.edu

Pathway analysis for three-body collisions

Three-body Elastic Collisions Pathway analysis [D'Incao & Esry PRL (2005)]

J J

= Re [tan dsp]
Three-body scattering length (L"4)

tan 60 (k
%] Three-body Elastic (a<0)

BBB(J™ =0",a < 0)

A:())E)\) = — llli% Re

B2 sin[25 ln(]a/a_|)]
A A A 0 +4
Z())b) |: ’ A c 2 : ]2 |2)\

[A% ~ 1.23(47 — 3/3)/(2V/37),
B?/4 ~ 3.16(47 — 3v/3)/(2V/37)]
[Braaten, Hammer, & Mehen, PRL (2002);

Braaten & Hammer, PRep (2006);
Shina Tan (DAMOP2010)]

L L L L L L | L L | L L L
1 10 100 1000 10000

lal/7o
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Summary

— ¥ g e Efimov physics plays an important role in determining the
iy = reaw - \ J o=r stability and lifetime of atomic gases as well as the nature of few-
o body interactions.
»=5m/3
\ e Experimental advances inspired new theoretical insights on
| p=/3 unexpected universal properties of atomic few-body systems which
opened up new avenues to more quantitative predictions.
ADVERTISEMENTS
—TvdW/ho rvaw/ano (quench)
_ o\“” s \ ¢ Interesting universal few-body physics in 85Rb
Ngs M \ quenched BEC experiment at JILA (Eric Cornell).
X Formation of Efimov trimers, coherent association
s . To W, effects, etc.
R vl Y
é -0.04f 13\'
BT 01 005 z\ 0\ 005 o1 o1
Tvaw/a

e Few-body physics in a microgravity environment [Eric
Cornell (JILA) & Peter Engles (WSU)]. Extremely low
temperatures (T~10pK) and atomic densities (n~1078/
cm”3). Explore excited Efimov resonances.


http://jilawww.colorado.edu

