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... angles + set of non-compact 
coordinates

For a system of few particles ...
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hyperangles           : internal motion

hyperradius     : overall size 
(collective motion)

... the hyperspherical way !!!

(Hyperradial Kinetic
Energy)

(Hyperangular Kinetic
Energy)
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Democratic hyperangles: 
(Smith-Whitten, Johnson, Kuppermann, Aquilanti)

Fragmentation thresholds
Symmetrization is simpler
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coordinates
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Anisotropic interactions 
[Dipolar: Wang, D’Incao & Greene, PRL (2011);

Q2D: D’Incao & Esry, (in preparation)]

More bound states (chemistry)
[Wang, D’Incao & Greene, PRA (2011),

Wang, D’Incao, Esry & Greene, PRL (2012)]

Four-body physics (difficult!)
[D’Incao, Rittenhouse, Mehta & Greene, PRA (2009),

von Stecher, D’Incao & Greene, Nat. Phys. (2009)]
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... the hyperspherical way !!!
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... angles + set of non-compact 
coordinates

For a system of few particles ...
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... the hyperspherical way !!!

(Hyperradial Kinetic
Energy)

(Hyperangular Kinetic
Energy)Adiabatic representation:

(effective potential)
(… solve for fixed R)

http://jilawww.colorado.edu


... angles + set of non-compact 
coordinates

For a system of few particles ...
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... the hyperspherical way !!!

(Hyperradial Kinetic
Energy)

(Hyperangular Kinetic
Energy)
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Bound and Scattering Properties

(Hyperradial Schrodinger Equation)

Ultracold Few-body Collisions
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Bound and Scattering Properties

(Hyperradial Schrodinger Equation)

Three-body Recombination

+

Includes:
- finite energy effects
- finite-range effects
- multiple bound states

http://jilawww.colorado.edu
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Four-bosons Universality

[von Stecher, D’Incao, Greene (2009); D’Incao, 
von Stecher & Greene (2009)]
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Repulsive barrier controlling the universal 
properties of the system.
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How does a simple picture emerge?
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Ultracold Quantum Gases

Three-body Recombination

+

Stability and Lifetime of 
condensates !!!

Inelastic Collisions
D’Incao & Esry PRL (2005)
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Amplitudes and phases (WKB)

Three-body Recombination

+

Pathway analysis [D’Incao & Esry PRL (2005)]

http://jilawww.colorado.edu


Pathway analysis for three-body collisions NIST
University of Colorado
NIST
University of Colorado

Pathways for Recombination (a>0)

Three-body Recombination
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Pathway analysis [D’Incao & Esry PRL (2005)]
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[Nielsen  &  Macek  PRL  (1999);  Esry,  Greene  &  Burke  PRL 
(1999); Bedaque, Braaten & Hammer PRL (2000); Petrov (2005); 
Macek, Ovchinnikov & Gasaneo PRA (2006); Gogolin, Mora & 
Egger PRL (2008); Helfrich, Hammer & Petrov PRA (2010)]
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Three-body Recombination

+

Recombination (a<0)
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Ultracold Quantum Gases

Three-body Elastic Collisions

Correlations and 
Interactions !!!

Elastic Collisions
D’Incao & Esry PRL (2005)

[Amado & Rubin, PRL (1970); Efimov, SJNP (1970);
{Braaten, Hammer, & Mehen, PRL (2002); 
Braaten & Hammer, PRep (2006);
Shina Tan (DAMOP2010)]

Three-body scattering length (L^4)
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Three-body Elastic Collisions

Three-body scattering length (L^4)

Three-body Elastic (a>0)
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Three-body Elastic Collisions

Three-body scattering length (L^4)

Three-body Elastic (a<0)
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• Efimov  physics  plays  an  important  role  in  determining  the 
stability and lifetime of atomic gases as well as the nature of few-
body interactions.

• Experimental  advances  inspired  new  theoretical  insights  on 
unexpected universal properties of atomic few-body systems which 
opened up new avenues to more quantitative predictions.

• Interesting  universal  few-body  physics  in  85Rb 
quenched  BEC  experiment  at  JILA  (Eric  Cornell). 
Formation  of  Efimov  trimers,  coherent  association 
effects, etc.

• Few-body physics in a microgravity environment [Eric 
Cornell  (JILA)  &  Peter  Engles  (WSU)].  Extremely  low 
temperatures  (T~10pK)  and  atomic  densities  (n~10^8/
cm^3). Explore excited Efimov resonances.
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