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 Ultracold Fermion Collision (S-Wave) 

BCS  fermionic superfluidity  BEC of  molecules 



Global progress (experiment) 
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realization 

(Duke) 
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universal  
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ferromagnetism? 

uniform EoS (FL?) 
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FFLO? 
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Spin-Orbit Coupling 
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Global progress (theory) 

2002 04 06 08 10 12 

T-matrix approximation? Operator product expansion? 

Quantum Monte Carlo? 

Large-N, -expansion, RG? 

Virial expansion 

Tan relations! 

Few-body solutions 

1D exact solutions 

Color: Black (tried, experienced), blue (to be tried), red (interested)  



 Question: Stoner Ferromagnetic Phase Transition ? 

Repulsive:  Weak              Strong 
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Mean Field Model:  

U to W shape 

E = 

Spontaneous spin polarization 

decreases interaction energy 

but increases kinetic energy of 

electrons 

Phase transition for a repulsive Fermi gas (U>0)? 



 Question: How to realize a repulsive Fermi gas? 

Experimentally, severe atom loss!!! 

Feshbach resonance in 6Li between the two lowest hyperfine states. 

The red line shows the molecular binding energy,  

and the blue lines show the scattering length. 

The blue line below the Feshbach resonance represents  

the excited state where the interaction is repulsive. 



 Stoner Ferromagnetic Phase Transition 

Theory:   Phase Transition   at T=0                            kFas 

First order perturbation theory by Stoner 1937                           π/2 

Second order perturbation theory (2nd PT) 

(PRL 95, 230403) 

                         1.054 

Quantum Monte Carlo (PRL 103, 207201; 

105, 030405; PNAS 108, 51); 
 

Variational calculation (PRA 83, 053635); 
 

Non-perturbative  ladder approximation 

(PRA 85, 043624); 

 

                         0.8-0.9 

                 Experiment Results 

MIT              Ketterle  group (Science 2009) ruled out  by spin-density fluctuation 

measurement (PRL 2012) 

Innsbruck     Grimm   group  (Nature 2012) repulsive polaron  suggestion at a narrow FR    

Cambridge    Köhl      group  (Nature 2012) repulsive polaron suggestion at low-dimensions   



 Stoner Ferromagnetic Phase Transition 

No theoretical description at finite temperature, 

apart from the 2nd PT and the polaron limit.  

 

A grand experimental & theoretical challenge!!! 

Phase transition for a strongly interacting Fermi gas? 



 Question: Upper Branch 

3 

1 2 
Two Particles Three Particles 

1 2 

The concept of upper branch is well-defined for a two-particle system, however, an 

unambiguous definition of upper branch is yet to be established 

Phys. Rev. Lett. 102, 160401 (2009) 



Upper Branch: previous works 

Important clarification by Shenoy and Ho  (PRL2011):  

the excluded molecular pole approximation (EMPA), i.e., 

excluding the contribution  

from the molecular states  

Two key features:  

 

(1)A switch from the upper branch 

to ground branch (negative Tan’s 

contact); 

 

(2)The large unstable area at low 

temperatures. 

The first work for upper branch investigated by Engelbrecht and Randeria in 1990 (PRL) 



 Definition of  the Upper Branch 

Scattering problem:  

Knowledge from a two-particle system  

(1) 

(2)  Naively, 

> 0 

< 0 



 Definition of  the Upper Branch 

Scattering problem:  

Knowledge from a two-particle system  

Nozières and Schmitt-Rink, JLTP 59, 195 (1985)  

att 

< 0 

This means that the  shift coming from the bound state should be subtracted 



T-matrix 

… + +… = = (free bosons) 

For Nozieres & Schmitt-Rink (NSR) thermodynamic potential:  (above critical temperature) 

Nozieres &Schmitt-Rink theory 



Phase Shift in the Upper Branch 

Note: apart from the bound state, the contribution to the phase shift from the scattering 

state also decreases by . 

1) No branch switch and there is no violation of  Tan’s adiabatic theorem. 

2) Applied to  arbitrary coupling strength and low-T regime within a large-N expansion 

Previous EMPA prescription: Shenoy and Ho, PRL 107, 210401 (2011) 



Phase Shift in the Upper Branch 

By resuming only the scattering contribution to all order in z, we obtain precisely the 

repulsive phase shift prescription, following the EMPA idea by Shenoy and Ho. 

Proof:  from the viewpoint of  virial expansion 



 Large-N Expansion Theory 

Compute corrections in the small parameter 1/N and obtain a systematic expansion of  the linear dependence   

There is no phase transition with decreasing N 

E(N)=E0+ E1/N+O(1/N ) 



 Large-N Expansion Theory: Benchmark 

Benchmark of  1/N expansion for attractive unitary Fermi gas: 

Comparison with MIT measurement and the 2nd virial expansion 



developed by Nishida and Son Phys. Rev. Lett. 97, 050403 

 є Expansion Theory 

MIT expt. Є expansion  

NSR 

є Expansion Theory: a expansion around four or two spatial dimensions 

Four dimensions: mean field approximation is good 

Two dimensions: a system of  non-interacting composite bosons in 2D.  



 є Expansion Theory: Benchmark 

Benchmark of  є expansion for attractive unitary Fermi gas: 

Comparison with MIT measurement and the 2nd virial expansion 

Liu  Physics Reports 524, 37 (2013).  



Stoner  Ferromagnetism at T=0 

close to the QMC prediction 

1)Stoner ferromagnetic transition 

  

2) agrees with the second-order perturbation 

at the weak coupling  

The energy and spin susceptibility of  a repulsive Fermi gas as a function of  interaction parameter  

QMC data for hard-sphere potential (blue) 

and square-wall potential (red) 

S. Pilati et al PRL 105, 030405(2010) 
 

S. Y. Chang et al PNAS 108, 51 (2011) 

V. M. Galitskii, Sov. Phys. JETP 7, 104 (1958) 

(spin susceptibility diverges) 



Stoner Instability of  a Unitary Fermi Gas in the Upper Branch 

The energy and spin susceptibility of  a unitary Fermi gas as a function of  TF/T 

(2) Ferromagnetic transition  (spin susceptibility diverges) at Tc~ 1.5 TF    large-N expansion  

(1) at  high temperature reproduce the virial expansion predictions  

Tc~ 1.6 TF   є expansion 
   

Liu, et al., PRA 82, 023619(2010) 



 Finite-Temperature Phase Diagram  

Finite-temperature phase diagram: in the shadow area the system favors spin-

domain formation and exhibits Stoner ferromagnetism. 



 by using same method as D. Pekker, et.al., PRL 106, 050402(2011) 

 The pair formation rate 

Decay rate by studying the pair formation rate 

The pair formation rate is determined by  



Taking home messages:  

• New prescription for  the upper branch 

 

 

 

• Strong-coupling theory for the repulsive branch (2nd PT and VE) 
 

• Qualitative Phase diagram for Stoner transition 

 

 

 

 

 

 

 

• New tools for strongly interacting Bose gases and BF mixtures 
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