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The first topological insulator: the quantum 
Hall state 

•  Topological origin of the 
quantized Hall conductance:  
•  Bulk gap (Landau level gap) 
•  The first Chern number  
(Laughlin PRB 1981, Thouless, Kohmoto, 
Nightingale, den Nijs (TKNN), PRL 1982) 

QH 

•  Chiral edge states on the 
boundary 

E 

x 



•  Topological states are gapped (incompressible) 
states with protected gapless states on the 
boundary which are robust against arbitrary 
small perturbation respecting a given symmetry 

•  Topological states in different symmetry classes 
•  Example: Quantum Spin Hall state, a topological 

state with time-reversal symmetry (Kane&Mele, PRL ‘05, 
Bernevig&Zhang, PRL ‘06) 

Topological insulators 

QH 

QH σH=-(2n+1)e2/h 

QH σH=(2n+1)e2/h 

CHIRAL 
NO STOP 

QSH= Kramers theorem 
(Kane&Mele, PRL ’05) 



•  Topological superconductors are fully gapped 
superconductors with protected surface states 

•  First example: (p+ip) superconductor with chiral 
Majorana edge states (Read&Green PRB 2000) 

From topological insulators to topological 
superconductors 
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Time-­‐reversal	
  invariant	
  topological	
  superconductors	
  

p-ip 

p+ip 

TSC= Kramers 
theorem 



•  Similar	
  to	
  3d	
  topological	
  insulators,	
  there	
  are	
  3d	
  T-­‐
invariant	
  Topological	
  superconductors	
  

•  2d	
  Majorana	
  surface	
  state	
  

•  Topological	
  classifica2on:	
  Z	
  rather	
  than	
  Z2	
  (Schnyder	
  et	
  al	
  
PRB	
  ’08,	
  Kitaev	
  arxiv	
  ’09)	
  

(3+1)d	
  Time-­‐reversal	
  invariant	
  topological	
  
superconductors	
  

Topological	
  
insulator	
  

Topological	
  
superconductor	
  



•    

(3+1)d Time-reversal invariant topological 
superconductors 
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•    

Generalization to interacting Topological 
superconductors 



•    
Approach 1: gravitational response theory  

Qi et al PRB 2008 



•    

Approach 1: gravitational response theory  

(See also Ryu et al 1010.0936) 



•    
Approach 1: gravitational response theory  

or 



•    

Approach 2: s-wave proximity effect 



•    
Surface state picture 
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Surface state picture 

TSC 

TSC 



•    

Approach 2: s-wave proximity effect 



•    

T-invariant SC �

IE 

Measuring the topological integer by s-wave 
proximity effect 



•  For interacting superconductors the number of 
chiral modes induced by s-wave pairing junction 
can be used as a general definition of the 
topological invariant 

•  Since the topological invariant is related to a 
physical observable, discrete and robust 
quantity, it is robust in the interacting system. 

•  Key point: to probe the Z invariant one needs to 
consider external field which breaks both time-
reversal and charge conservation. 

Measuring the topological integer by s-wave 
proximity effect 



•  Topological superconductors in 3d is classified 
by integer, which can be probed by a proximity 
effect with s-wave superfluid. 

•  The Z2 part of the topological invariant leads to a 
topological gravitational response. 

Summary 



•  T-invariant SC is classified by Z in 3d and Z2 in 
2d and 1d, with gapless non-chiral Majorana 
edge states (Qi et al, PRL ‘09; Roy, arxiv ‘08; Schnyder et al, PRB ‘08) 

•  Weak pairing limit: topological invariant of TSC is 
determined solely by the neighborhood of Fermi 
surface 

Fermi surface criteria of TRI topological SC  

normal state SC 

Fermi 
surface 

Qi et al PRB 2010 



•  Topological invariant of 3d TSC (integer class) 

•  Example: He3B. Two fermi surfaces with opposite 
sign of pairing and opposite Chern number 

Sign of pairing at s-th 
Fermi surface 

Chern number of each Fermi surface 

Fermi surface criteria of TRI topological SC  
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•  Topological insulators and superconductors have 
been generalized to generic symmetry classes 
and dimensions (Qi et al PRB ‘08, Schnyder et al PRB ’08, Kitaev 
arxiv ’09) 

•  Kitaev’s topological periodic table 

General classification of TI and TSC  

Z2 
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(from Freedman et al 2010) 



•  BCS Superconductors are similar to insulators 
•  Superconducting gap plays the role of insulating 

gap 
•  Some superconductors may be topological states 

of matter---topological superconductors 

From topological insulators to topological 
superconductors 

Ek 

k 

Ek 

k 

Fermi liquid (normal 
state) 

Superconducting state 
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