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What: Quasi linear theory = stellar version of dissipation-fluctuation theorem
 = How do orbital structure of galaxies diffuse away from mean field locked trajectory.

How: time decoupling + matrix method (long range : non local + resonances)

Why: 
✴Non-linear: qualify perturbation properties as well as equilibrium: 

              (address nature - nurture conundrum or probe DH). 
✴Break the pb by scale (cf zoom simulation) or by component (BL - FP);
✴Statistical     ensemble average of sims  (cf cosmology, because NL) 
✴Captures  climate not weather;
✴Theory  (can be parametrised, expressed in WKB limit, switch off gravity etc..).
✴ BL version provide correct description of Chandrasekhar friction

Cons: 
✴Time decoupling, doesn't capture today's weather; 
✴Assumes integrability (but...)
✴Technically not trivial to implement in its full glory (but ...)

For gaia : account for NLs+ resonances for streams + thick disc+ bars+cusp-core

⌘

Bring Home Messages
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Why Secular Dynamics?

What happens to stable self-gravitating galactic discs on a Hubble time?

How does a galaxy respond

• to its environment? Nurture

Dressed Fokker Planck di↵usion

• to its internal graininess? Nature

Balescu-Lenard di↵usion

- Which process matters most on cosmic timescales?

Of interest for galactic chemodynamics (GAIA), Galactic Centre,
planetesimals, DM haloes...

Powerful quasi-linear theories accounting for non-linear gravity for t � t
dyn

Move along
Hubble Fork

Provide
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Fluctuations and dissipation
• Einstein (1905) and Perrin (1908): we know how ink di↵uses in water.

• Fluctuation-Dissipation Theorem

Di↵usion
rate

() Power spectrum
fluctuating forces

• Stars in cold galaxies undergo the same process
=) But, gravity is a long-range interaction.

I To di↵use, stars need to resonate, otherwise follow the mean field.
I Fluctuations are boosted by collective e↵ects.

How do stars’ orbits distort on cosmic times?
2 / 47
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@F

@t
+ [H,F ] = 0 with H =

v

2
+  

F = f(I, t) + �f(I, ✓, t) with
@�f

@t
� @f

@tBalescu-Lenard eqn

I Easy to derive
@f

@t
= �h[�f, ��]i

where [, ] a Poisson bracket and h.i is ensemble average
I f evolves because fluctuations in f and � correlated

I �f depends on �� through eqns of motion
I �� depends on �f through Poisson eqn

I Easy to show

h[�f, ��]i = � @

@J
· F

which guarantees star conservation
I

F is flux of stars through action space

Heuristic derivation
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Nature

At resonance

@f(J, t)

@t
=

@

@J
·
⇣
D · @f

@J

⌘
Diffusion Tensor
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Di↵usion is anisotropic
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=
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m Fm(J , t)

�
. m : Resonance vector
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Anything  (e.g. Sgr) making the potential fluctuate at low 
frequency will create ridges in phase space

 as found e.g. by Gaia.
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PROSPECTS

Powerful frameworks applicable to a whole range of nested scales

• Galactic discs
I Radial migration, chemistry

and galactic archeology (GAIA)
I Disc thickening

• Galactic centres
I BH feeding/spin up
I 2�body relaxation
I Protoplanetary discs

• Galactic haloes
I Cusp-core and feedback
I Impact of cosmic environment

• Future generalisations
I Mean motion resonances, chaos, varying N
I Higher order kinetic equation: 1/N2 e↵ects

GAIA

Rebekka Bieri - IAP

47 / 47

EMRI via SMBH binary

Galactic Streams
Probe properties of DHs
Impact of SgrA on MW

Last parcsec pb
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Halle et al 2018.

Radial migration: churning and  blurring and 
thickening

traced by stellar time capsules
Time reverse  cosmic evolution of  MW?
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Galactic Center stellar cluster 

• BH diet 
• BH spin up 
• Cluster dark component

simulation of future survey

Wednesday, 3April, 19



Diffusion of Streams to probe  Dark Halo

• DH clumpiness  (through diffusion)
• DH flattening (through induced stochasticity)

 Broadening of stream with phase = measure of Dm (J) 1

Dm(J) =
⌦�� tot

m (!)
��2↵

(!=m·⌦) =

⌦�� ext

m (!)
��2↵

��"m(J ,!)
��2 (!=m·⌦)

Dressed fluctuations Nurture

Nature

At resonance

Stochastic Langevin "Ito" Process

@I

@t
/

p
D ⇠

for streams, diffusion at fixed orbital parameters
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Galaxies are perturbed
• ⇤CDM paradigm =) Live cosmic environment

500 kpc

• Recent theoretical works to describe the e↵ects of fluctuations:
I External perturbations =) Dressed Fokker-Planck

(e.g., large scale structures, satellites)

I Internal perturbations =) Balescu-Lenard
(e.g., graininess, GMCs)

Nature vs. Nurture?
Self -induced vs. Externally-induced?

12 / 47
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The fate of self-gravitating systems

Initial

conditions

Relaxation

========)
⇠ T

dyn

Quasi-stationary

states

Phase mixing

Violent relaxation

(Baryon. dissip.)

Self-gravity

Perturbations

External

FP

Internal

BL

Secular evolution

=============)
T
sec

�T
dyn

Linear

instability

“Equilibrium”

Gravitational
wake

Test
star

Quasi-periodic
motion

Field
stars

Other
population

(e.g. GMCs)

External
perturbations
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Small (dressed) resonant effect drive secular evolution (via orbital distorsion)

SMBH
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Galaxies are self-gravitating
• Self-gravitating amplification

Collective e↵ects

� ext Boltzmann
�F

Z
dv

�⇢self

Poisson

� self

Secular Evolution
===================)

(or linear instability)

• Matrix method - (Kalnajs (1976))

=) Representative basis ( (p), ⇢(p))
to solve Poisson once for all.

8
<

:

� (p)= 4⇡G⇢(p) ,Z
dx (p)⇤(x) ⇢(q)(x) = ��qp .

 (p)

10 / 47

(for linear  response)

also Weinberg (1989)
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Galaxies are self-gravitating

• Discs strongly amplify perturbations, e.g. swing amplification

Toomre (1981)
9 / 47

x1002 amplification from gravitational wake for diffusion
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Self-gravitating dressing
• Represent the potential perturbations on the basis
(
� ext(x, t) =

P
p bp(t)  (p)(x) Imposed external perturbation.

� self(x, t) =
P

p ap(t)  (p)(x) Amplified response of the system.

• Non-Markovian amplification mechanism

a(t) =

Z t

�1
d⌧M(t�⌧)

⇥
a(⌧) + b(⌧)

⇤
.

• Dressing of the perturbations

⇥
b
a + b

b

⇤
(!)

| {z }
Total

perturbations

=
⇥
I�cM(!)

⇤�1

| {z }
Dressing

· b
b(!)
| {z }

External
perturbations

• System’s response matrix

cMpq(!) = (2⇡)d
X

m2Zd

Z
dJ

m·@F/@J
!�m·⌦

 (p)⇤
m (J) (q)

m (J) .

=) Resonances at the intrinsic frequencies: !=m·⌦ .

11 / 47Secularly, gravitational susceptibility is squared!

gravitational susceptibility
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The dressed Fokker-Planck equation

• Describe the secular evolution driven by external perturbations for a
system

I inhomogeneous
I stable
I self-gravitating
I collisionless
I perturbed

• Some references:
I Binney,Lacey (1980): No dressing
I Weinberg (2001): Spherical case
I Pichon, Aubert (2006): Environment e↵ects
I Fouvry, Pichon, Prunet (2015): 2D WKB limit
I Fouvry, Pichon, Chavanis, Monk (2016): 3D WKB limit

61 / 49

Kuzmin 1957 

See also Kuzmin 1957,  B+T 2008, and references in Heyvearts 2017
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Dressed Fokker-Planck equation
• Dressed Fokker-Planck equation

@ F (J , t)

@t
=

@

@J
·
X

m

m Dm(J) m· @F
@J

�
.

• Dressed di↵usion coe�cients

Dm(J) =
1

2

X

p,q

 (p)
m (J) (q)⇤

m (J)

 ⇥
I�M

⇤�1 · bC ·
⇥
I�cM

⇤�1
�

pq

(!=m·⌦) .

• Some properties:
I F (J , t) : Orbital distorsion in action space.

I @/@J
1

· : Divergence of a flux, i.e. conservation.

I
m

1

: Discrete Fourier vectors - Anistropic di↵usion.

I D
m

(J) : Anisotropic di↵usion coe�cients.

I
⇥
I�cM

⇤�1

: Self-gravitating dressing.

I bC : Power spectrum of external perturbations.

I
m

1

·⌦
1

: Fluctuations at resonance.

=) Master equation for externally-induced orbital distortion.
62 / 49
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The inhomogeneous Balescu-Lenard equation

• Describe the secular evolution driven by finite�N e↵ects for a system
I inhomogeneous
I stable
I self-gravitating
I isolated
I discrete

• Some references:
I Balescu (1960), Lenard (1960): Plasma case
I Weinberg (1993): Homogeneous approximation
I Heyvaerts (2010): Angle-Action - BBGKY
I Chavanis (2012): Angle-Action - Klimontovitch
I Fouvry, Pichon, Chavanis (2015): 2D WKB limit
I Fouvry, Pichon, Magorrian, Chavanis (2015): 2D with full amplification
I Fouvry, Pichon, Chavanis, Monk (2016): 3D WKB limit
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(2017): Kepler solution

see also Luciani Pellat (1987)

see also Polyachenko & Shukhman 1982; Luciani & Pellat 1987; Mynick 1988; Chavanis 2013 
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Resonant encounters

• Resonance condition �D(m1 ·⌦1�m2 ·⌦2) =) Distant encounters.

21 / 47

The idea behind resonant relaxation (in one cartoon).

The two (blue and red) sets of orbits satisfy the resonance condition m1·Ω1=m2·Ω2, 
and therefore will interact consistently, driving a significant distortion of their shapes. 

Here     and    resonate
in some rotating frame
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The two (blue and red) sets of orbits satisfy the resonance condition m1·Ω1=m2·Ω2, 
and therefore will interact consistently, driving a significant distortion of their shapes. 

The idea behind resonant relaxation.
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 Luciani Pelat 1987

Generalizes Laudau's equation to self 
gravitating systems

Resonant stellar encounters

• Resonance condition: �D(m1 ·⌦1�m2 ·⌦2)

Fouvry et al. (2015)
22 / 47

The idea behind resonant relaxation.

No Torque Net Torque

Through resonances 
departure from axial symmetry

Here     and    resonate
in some rotating frame

resonance drives recurrence
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Resonant stellar encounters

• Resonance condition: �D(m1 ·⌦1�m2 ·⌦2)

Fouvry et al. (2015)
22 / 47

The two (blue and red) sets of orbits satisfy the resonance condition m1·Ω1=m2·Ω2, 
and therefore will interact consistently, driving a significant distortion of their shapes. 

Map of 
fluctuations

in orbital space

The idea behind secular evolution: shot noise fluctuations resonate!
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Resonant stellar encounters

• Resonance condition: �D(m1 ·⌦1�m2 ·⌦2)

Fouvry et al. (2015)
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The two (blue and red) sets of orbits satisfy the resonance condition m1·Ω1=m2·Ω2, 
and therefore will interact consistently, driving a significant distortion of their shapes. 

Map of 
fluctuations

in orbital space

Small recurrent (resonant) effects drive secular evolution (via orbital distorsion)

The idea behind secular evolution: shot noise fluctuations resonate!
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Resonant stellar encounters

• Resonance condition: �D(m1 ·⌦1�m2 ·⌦2)

Fouvry et al. (2015)
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The two (blue and red) sets of orbits satisfy the resonance condition m1·Ω1=m2·Ω2, 
and therefore will interact consistently, driving a significant distortion of their shapes. 

Map of 
fluctuations

in orbital space

Small recurrent (resonant) effects drive secular evolution (via orbital distorsion)

x 10 000 via self-gravity !!

The idea behind secular evolution: shot noise fluctuations resonate!
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Inhomogeneous Balescu-Lenard equation
• Inhomogeneous Balescu-Lenard equation

Heyvaerts (2010), Chavanis (2012)

@ F (J1, t)

@t
= ⇡(2⇡)d

Mtot

N

@

@J1
·
 X

m
1

,m
2

m1

Z
dJ2

�D (m1 ·⌦1�m2 ·⌦2)

| Dm
1

,m
2

(J1,J2, m1 ·⌦1 )|2

m1 ·

@

@J1
�m2 ·

@

@J2

�
F (J1, t) F (J2, t)

�
.

• Some properties:
I F (J , t) : Orbital distorsion in action space.

I 1/N : Driven by finite�N e↵ects.

I @/@J
1

· : Divergence of a flux, i.e. conservation.

I
m

1

: Discrete Fourier vectors - Anistropic di↵usion.

I �
D

: Resonance condition for distant encounters.

I 1/D
m

1

,m
2

: Self-gravitating dressing (squared).

I
m

1

·⌦
1

: Secular di↵usion at resonance.

=) Master equation for self-induced orbital distortion.
20 / 47
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Individual stochastic di↵usion

• Self-consistent di↵usion of the system as a whole

=) Anisotropic Balescu-Lenard equation

@F

@⌧
=

@

@J s
·

A(J , ⌧)F (J , ⌧) +D(J , ⌧)· @F

@J s

�
.

A(F ) drift vector, D(F ) di↵usion tensor.

• Individual dynamics of a wire at position J (⌧)

=) Stochastic Langevin equation - (Risken (1996))

dJ
d⌧

= h(J , ⌧) + g(J , ⌧)· �(⌧) .

h and g vector and tensor, and � stochastic Langevin forces.

=) Dual equation, whose ensemble average gives back BL.

• In the Langevin’s rewriting, particles are dressed orbits.

=) Huge gains in timesteps for integration.

44 / 47

g(J , ⌧) /
p
D
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Di�culties of the Balescu-Lenard equation
• Balescu-Lenard equation

@ F (J1, t)

@t
= ⇡(2⇡)d

Mtot

N

@

@J1
·
 X

m
1

,m
2

m1

Z
dJ2

�D(m1 ·⌦1�m2 ·⌦2)

|Dm
1

,m
2

(J1,J2,m1 ·⌦1)|2

m1 ·

@

@J1
�m2 ·

@

@J2

�
F (J1, t) F (J2, t)

�
.

• Dressed susceptibility coe�cients
1

Dm
1

,m
2

(J1,J2,!)
=

X

p,q

 (p)
m

1

(J1)
⇥
I�cM(!)

⇤�1

pq
 (q) ⇤
m

2

(J2) .

Di�culties:

• Inhomogeneous system
I Angle-action (x,v) 7! (✓,J).

• Long-range system
I Basis elements  (p).

• Self-gravitating system
I Response matrix cM(!).

• Resonant encounters
I Resonance �

D

(m
1

·⌦
1

�m

2

·⌦
2

).
25 / 47

Wednesday, 3April, 19



Balescu-Lenard - Global approach
• Balescu-Lenard equation

@ F (J1, t)

@t
= ⇡(2⇡)d

Mtot

N

@

@J1
·
 X

m
1

,m
2

m1

Z
dJ2

�D(m1 ·⌦1�m2 ·⌦2)

|Dm
1

,m
2

(J1,J2,m1 ·⌦1)|2

m1 ·

@

@J1
�m2 ·

@

@J2

�
F (J1, t) F (J2, t)

�
.

• Dressed susceptibility coe�cients
1

Dm
1

,m
2

(J1,J2,!)
=

X

p,q

 (p)
m

1

(J1)
⇥
I�cM(!)

⇤�1

pq
 (q) ⇤
m

2

(J2) .

Di�culties:

• Inhomogeneous system
I Angle-action (x,v) 7! (✓,J) =) 2D discs are explicitly integrable.

• Long-range system
I Basis elements  (p) =) Global basis elements.

• Self-gravitating system
I Response matrix cM(!) =) Numerical linear theory.

• Resonant encounters
I Resonance �

D

(m
1

·⌦
1

�m

2

·⌦
2

) =) Integrate along resonant lines.
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Balescu-Lenard - Global approach
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Di�culties:

• Inhomogeneous system
I Angle-action (x,v) 7! (✓,J) =) 2D discs are explicitly integrable.

• Long-range system
I Basis elements  (p) =) Global basis elements.

• Self-gravitating system
I Response matrix cM(!) =) Numerical linear theory.

• Resonant encounters
I Resonance �

D

(m
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·⌦
1

�m

2

·⌦
2

) =) Integrate along resonant lines.

cMpq(!)⇠
X

m

Z
dJ

m·@F/@J
!�m·⌦  (p)⇤

m (J) (q)
m (J) .

Fouvry et al. (2015)

Resonant lines
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N-body alternative 

How: Ensemble average rate of change of action to compute secular flux
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Ensemble average flux in action space
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An example of secular evolution

• Sellwood’s 2012 numerical experiment
I Stationnary stable tapered Mestel disc

I N�body code with 500M particles

I Appearance of transient spiral waves

I Archetype of radial migration

Initial stable/stationary DF Evolved DF

Sellwood (2012)J�

Jr

J�

Jr

Secular di↵usion in action-space
15 / 47

Action/orbital space

Angular momentum

Ra
di
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 a

ct
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n

Surface density

Excess of eccentric
orbit

Depletion of circular orbit
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An example of secular evolution
• In configuration space

• Spontaneous appearance of uncorrelated transient spiral waves.
16 / 47?
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An example of secular evolution
• In orbital space

J�

Jr

Jr

J�

• Long-term appearance of a dominant narrow resonant ridge.
17 / 47
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The fate of secular evolution

Sellwood (2012)

Phase
Transition

Collisional - BL

Unstable
Vlasov

1p
N

Poisson
shot noise

Initial
swing amp.
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The fate of secular evolution

Sellwood (2012)

Phase
Transition

Collisional - BL

Unstable
Vlasov

1p
N

Poisson
shot noise

Initial
swing amp.

36 / 47

stellar discs are so (dynamically) unlikely they will drive themselve out of equibriium
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Balescu-Lenard Global - Application

• Di↵usion flux in action space

@F

@t
= div

�
F tot(J)

�
.

• Predicted contours for div
�
F tot

�
(t=0+)

Sellwood (2012) Balescu-Lenard

Fouvry et al. (2015)

Positive flux

Negative flux

ILR resonance

Positive flux

Negative flux

ILR resonance
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Balescu-Lenard Global - Application

• Di↵usion flux in action space

@F

@t
= div

�
F tot(J)

�
.

• Predicted contours for div
�
F tot

�
(t=0+)

Sellwood (2012) Balescu-Lenard

Fouvry et al. (2015)

Positive flux

Negative flux

ILR resonance

Positive flux

Negative flux

ILR resonance

32 / 47Solves a long standing puzzle of galactic dynamics: uncorrelated swing-amplified 
spiral sequences secularly induce formation of very specific families of distorted 

(churned and blurred) orbits forming a resonant ridge.

Expensive N body simulation 
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Scaling with N
• Two entangled sources of fluctuations

I Unavoidable Poisson shot noise
I Irreversible secular evolution

• Quantify the amount of evolution

h̃(t,N)=

⌧Z
dJ

⇥
F (t,J ,N)�

⌦
F (0,J ,N)

↵⇤2
�

• Initial behaviour

h̃(t,N)' h̃N
0 + t h̃N

1 +
t2

2
h̃N
2 =)

8
><

>:

h̃N
0 / N�1 (Poisson shot noise)

h̃N
1 =0

h̃N
2 / N�2 (Collisional scaling)

• N�body measurements

53 / 49

Process displays characteristic scaling with N and cosmic time
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Balescu-Lenard Global - Timescale

• Normalised Balescu-Lenard equation

@F

@t
=

1

N
CBL[F ] =) @F

@⌧
= CBL[F ] with ⌧ =

t

N
.

• Comparison with S12’s simulation

�⌧S12
�⌧BL

⇠ 1 .

Balescu-Lenard

Fouvry et al. (2015)

Positive flux

Negative flux

ILR resonance

=) Appropriate timescales.

33 / 47

 In Mestel disc 1 Mo polarize 102 Mo

       104 =(102)2 =10 000 !!

Secularly, gravitational susceptibility is squared!
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The role of swing amplification
• Removing loosely wound basis elements

• Turning o↵ collective e↵ects 1/|D|2! |A|2

=) Self-gravitating amplification of loosely wound perturbations

 (p)

Fouvry et al. (2015)

Fouvry et al. (2015)

No loosely
wound

No self-gravity

34 / 47

Proof in importance of self-gravity+ flexibility of Kinetic formalism
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Late time evolution

• Phase transition: BL =) Vlasov.

Fouvry et al. (2015)

N

Initial times

Late times

• 2-body (resonant) relaxation =) small-scale structures in the DF
Destabilisation at the collisionless level

.
35 / 47

'Radial migration' drives the system to a new state of equilibrium which  turns out to be 
unstable: the system then redistributes AM on a dynamical timescale
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The WKB approach

• Di�culty: � 
Poisson(======)
non-local

�⇢ =

Z
dv �F .

) Restriction to tightly wound perturbations (WKB approximation).

• New wavelet basis

 (p) =  [kr,k�,R0

](R,�) = A ei(krR+k��) exp


� (R�R0)2

2�2

�
.

=) Explicit, biorthogonal and both local and global.

R

 

Rp
0

�

1/kp
r

Rq
0

�

1/kq
r

Fouvry et al. (2015)

Rp
0

Rq
0

�

�

27 / 47
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The WKB calculation
• Diagonal response matrix

cMpq = cM[kp
r ,k

p
�,R0

],[kq
r ,k

q
�,R0

] = �
kq
r

kp
r
�
kq
�

kp
�
�[kp

r ,k
p
�,R0

] .

(recovers the Toomre-Lin-Shu dispersion relation).

• Restriction to local resonances: �D(m1 ·⌦1�m2 ·⌦2)(
m1 ·⌦1(R1)�m2 ·⌦2(R2)=0

|R1�R2|  (few)�
=)

(
m2=m1 ,

R2=R1 .

• Explicit quadratures for the dressed di↵usion flux

Amplification of
tightly wound waves

Fouvry et al. (2015)
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Balescu-Lenard WKB - Application

• Di↵usion flux in action space

@F

@t
= div

�
F tot(J)

�
.

• Predicted contours for div
�
F tot

�
(t=0+)

Positive flux

Negative flux

Fouvry et al. (2015)
29 / 47

Radial migration + disc heating
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WKB - Case of application
• Importance of the response eigenvalues

�(kr, k�, R0

) =
2⇡G⇠⌃

2(1� s2)
F(s,�)

8
>><

>>:

⇤ s = !�k�⌦

 ,

⇤� = �2

rk
2

r
2

,

⇤F(s,�) (reduction factor) .

• Increase of the active fraction ⇠
I Transition: ILR �! COR .

I heating �! radial migration .

IRL CORangular momentum

ra
di

al
 a

ct
io

n

|F
lu

x|

The effect of the Halo mass

|Flux| |Flux| |Flux|

Blurring Churning

less massive more massive

Illustration of flexibility of WKB solution

Wednesday, 3April, 19



A&A proofs: manuscript no. LB_Thick

Fig. 1: Evolution of an epicyclic orbit (top panel) as one respectively
increases its radial action Jr (middle panel) or its vertical action Jz
(bottom panel). As expected, the radial (resp. vertical) excursions of the
orbit increase with increasing Jr (resp. Jz).

defined by the implicit relation

@ e↵

@R

�����
(Rg,0)
= 0 , (14)

so that Rg(J�) corresponds to the radius for which stars with an
angular momentum J� are on exactly circular orbits. In addition,
this circular orbit is described at the angular fequency ⌦� given
by

⌦2
�(Rg) =

1
Rg

@ 0

@R

�����
(Rg,0)
. (15)

In the neigborhourhood of circular orbits, the Hamiltonian from
equation (12) may be expanded as

H0 =
1
2


p2

R+p2
z

�
+ e↵(Rg, 0)+

2

2
(R�Rg)2+

⌫2

2
z2 , (16)

where the symmetry of the potential  0 w.r.t. the plane z=0 was
used. In equation (16), the epicyclic frequencies  and ⌫ were
introduced as

2(Rg) =
@ e↵

@R2

�����
(Rg,0)

; ⌫2(Rg) =
@2 e↵

@z2

�����
(Rg,0)
. (17)

In equation (16), one should note that the radial and vertical mo-
tions have been decoupled and correspond to harmonic librations.
Therefore, up to initial phases, there exist two amplitudes AR and
Az such that R(t)=Rg+AR cos(t) and z(t)=Az cos(⌫t). The two
corresponding actions Jr and Jz are then given by

Jr =
1
2
A2

R ; Jz =
1
2
⌫A2

z . (18)

Therefore, (Jr, Jz)= (0, 0) corresponds to exactly circular orbits.
Increasing Jr (resp. Jz) tends to increase the amplitude of the
radial (resp. vertical) oscillations, corresponding to hotter or-
bits, see figure 1. One should also note that within the epicyclic
approximation, the intrinsic frequencies ⌦= (⌦�, , ⌫) only de-
pend on Rg and are assumed to be independent of Jr and Jz.
Such a degeneracy significantly simplifies the resonance condi-
tion �D(m1 ·⌦1�m2 ·⌦2) present in the Balescu-Lenard equa-
tion (2). The final step is now to construct an explicit map-
ping between the physical coordinates (R, �, z, pR, p�, pz) and

(✓R, ✓�, ✓z, Jr, Jz, J�) (Lynden-Bell & Kalnajs 1972; Palmer 1994;
Binney & Tremaine 2008) which at first order takes the form
8>>>>>><
>>>>>>:

R = Rg+AR cos(✓R) ,

� = ✓��
2⌦�


AR

Rg
sin(✓R) ,

z = Az cos(✓z) .

(19)

This mapping will be used to compute the Fourier transform
w.r.t. the angles as defined in equation (6). Finally, throughout the
calculations, it will be assumed that the disc’s quasi-stationary
DF takes initially the form of a quasi-isothermal DF (Binney &
McMillan 2011) given by

F(Rg, Jr, Jz) =
⌦�⌃

⇡�2
r

exp

� Jr

�2
r

� ⌫

2⇡�2
z

exp

� ⌫Jz

�2
z

�
, (20)

where the functions ⌃, ⌦�, , ⌫, �r and �z have to be evaluated at
Rg. Equation (20) involves ⌃ the projected active surface density
of the disc associated with the system’s density ⇢, such that
⌃(R)=

R
dz ⇢(R, z). It also involves �r (resp. �z), which quantifies

the radial (resp. vertical) velocity dispersion of the stars at a given
radius. Such a DF becomes the Schwarzschild DF in the epicyle
limit (see (4.153) in Binney & Tremaine 2008).

3.2. Thick WKB basis

FPC15, in the context of razor-thin discs, showed how one could
construct a biorthonormal basis of tightly wound potential and
density elements and use it to obtain explicit expressions for the
drift and di↵usion coe�cients of the Balescu-Lenard equation. In
the current paper, these results will be generalised to thick discs
by constructing their vertical components. Some of the upcoming
calculations will not be detailed as they can be found in FPC15,
and we will mainly focus on the new vertical component. In the
context of collisionless secular evolution, Fouvry et al. (2016b)
presents a similar generalisation of the WKB formalism to thick
discs: details on some of the upcoming calculations may be found
therein. Using the cylindrical coordinates (R, �, z), let us define
the basis elements

 [k�,kr ,R0,n](R, �, z) = A 
[k�,kr ,R0]
r (R, �) [kr ,n]

z (z) . (21)

In equation (21), A is an amplitude which will be determined
later on to ensure the correct normalisation of the basis elements,
and  

[k�,kr ,R0]
r corresponds to the same in-plane dependence of

the razor-thin tightly wound basis elements introduced in FPC15,
which reads

 
[k�,kr ,R0]
r (R, �) = ei(k��+krR) BR0 (R) , (22)

where the radial window function BR0 is defined as

BR0 (R) =
1

(⇡�2)1/4 exp

� (R�R0)2

2�2

�
. (23)

The thickened basis elements from equation (21) are indexed by
four numbers: k� is an integer which quantifies the number of
azimuthal patterns of the basis elements, kr corresponds to the
radial frequency of the basis elements, while R0 is the radius
within the disc around which the window BR0 is centred. Finally,
in this thick context, a final integer index n�1 was introduced,
which numbers the vertical dependences, as detailed below. In
equation (23), a decoupling scale�was also introduced, which, as
explained in FPC15, ensures the biorthogonality of the basis. The
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one can write the expression of the drift coe�cients as

A
m1 (J1) = � 8⇡4µ

(m1 ·⌦1)0

Z
dJ2

r dJ2
z

m1 ·@F/@J(J1
�, J

2
r , J

2
z )

|D
m1,m1 (J1, J2,m1 ·⌦1)|2 . (67)

Similarly the di↵usion coe�cients are given by

D
m1 (J1) =

8⇡4µ

(m1 ·⌦1)0

Z
dJ2

r dJ2
z

F(J1
�, J

2
r , J

2
z )

|D
m1,m1 (J1, J2,m1 ·⌦1)|2 . (68)

In equations (67) and (68), the susceptibility coe�cients are given
by equation (64), or equation (65) within the approximation of
the small denominators (or their antisymmetric analogs depend-
ing on the parity of mz

1). In particular, they have to be evaluated
for J2

�= J1
�. In the case where the DF takes the form of a quasi-

isothermal DF as in equation (20) and where the susceptibility
coe�cients are obtained via the approximation of the small de-
nominators from equation (65), the integrations on J2

r and J2
z

in equations (67) and (68) may be explicitly computed (see Ap-
pendix C of FPC15 for an illustration in the razor-thin limit).

The simple and tractable expressions of the drift and di↵usion
coe�cients from equations (67) and (68) constitute one of the
main results of this paper. Let us insist on the fact that the WKB
formalism presented in this section is self-contained and that
no ad hoc fittings were required. Finally, except for the explicit
recovery of the amplification eigenvalues in equation (41), the
previous calculations are not restricted to the quasi-isothermal
DF from equation (20). As a consequence, the drift and di↵usion
coe�cients from equations (67) and (68) are valid for any tepid
disc’s DF, provided that the epicyclic angle-action mapping from
equation (19) is applicable.

4. Validation: vertical ridges

Let us now implement the thick WKB Balescu-Lenard di↵usion
equation derived in the previous section, so as to understand the
various resonant processes at play during the secular evolution of
a thick disc. The formalism will be validated by recovering quali-
tatively the vertical ridges in action space found in the numerical
experiments of Solway et al. (2012).

4.1. The disc model

In a recent numerical work, Solway et al. (2012), hereafter So12,
presented simulations of unconstrained isolated stable thick discs,
which were let to evolve for numerous dynamical times. In these
simulations, So12 observed the appearance of transient spirals
leading on secular timescales to a thickening of the disc, as ob-
served via localised increases of the particles’ vertical actions
(see figure 9). The same numerical parameters as in their sim-
ulation called UCB (keeping only the most massive of its two
components) will be considered. This disc corresponds to a thick-
ened tapered Mestel disc, that we will now describe in detail. We
start by considering a razor-thin Mestel disc of surface density
⌃M(R)=V2

0/(2⇡GR), where V0 is a constant independent of the
radius. By assuming a vertical density profile, this surface density
may then be thickened so as to build up a density ⇢M. We define
⇢M(R, z) as

⇢M(R, z) = ⌃M(R)
1

4z0(R)
sech2

 z
2z0(R)

�
, (69)

where a Spitzer’s vertical profile (Spitzer 1942) was used, after
introducing z0 the local thickness of the mean disc. This profile

corresponds to an isothermal vertical distribution, i.e. to a vertical
statistical and thermodynamical equilibrium. One should note
that the thickening from equation (69) has been made so thatR

dz ⇢M(R, z)=⌃M(R). Of course, one could have considered a
di↵erent vertical profile, such as exponential. Indeed, this only
requires to accordingly adapt the relations between h, z0 and �z/⌫
from equations (27) and (73). Thanks to this thickened density,
one may then determine numerically the associated potential
 M(x)=�

R
dx1G⇢M(x1)/|x�x1|. Using the axisymmetry of the

system, it reads

 M(R, z) =
Z

dR1dz1
�4GR1⇢M(R1, z1)
p

(R�R1)2+(z�z1)2

⇥ Fell

⇡
2
,� 4RR1

(R�R1)2+(z�z1)2

�
, (70)

where the elliptic integral of the first kind was introduced as
Fell[�,m]=

R �
0 d�0[1�m sin2(�0)]�1/2. Thanks to the thickened po-

tential  M, one may then rely on equations (14), (15), and (17)
to numerically construct the mapping Rg! J� and determine the
intrinsic frequencies ⌦�,  and ⌫. For a su�ciently thin disc, one
expects these mappings to be close to the razor-thin Mestel case,
for which one has

J� = V0 Rthin
g ; ⌦thin

� =
V2

0

J�
; thin =

p
2⌦thin

� . (71)

Thanks to the thickened mean density ⇢M, one may finally use the
one-dimensional Jeans equation (see, e.g., Eq. (4.271) in Binney
& Tremaine (2008)) to determine the equilibrium value of the
vertical velocity dispersion �z. It reads

@(⇢M�2
z )

@z
= �⇢M

@ M

@z
. (72)

Di↵erentiating this relation once w.r.t. z, evaluating it at z=0,
while using the definition of ⌫ from equation (17) and the vertical
profile from equation (69), yields

�z(R)
⌫(R)

=
p

2 z0 . (73)

This illustrates the fact that �z is imposed by equation (73) once
the vertical profile has been specified. Here, the velocity disper-
sion �z is independent of z, as the Spitzer’s profile from equa-
tion (69) corresponds to an isothermal distribution (statistical
equilibrium). One should note that the potential  M introduced
in equation (70) corresponds to the total potential of the system
thanks to which the intrinsic frequencies may be determined.
However, only the secular dynamics of the dynamically active
component of the system is of interest, i.e. the stars, whose den-
sity ⌃star is only a component of ⌃M, while the other contributions
(coming from the halo, the bulge, etc.) are assumed to be static. In
order to construct a stable disc and deal with the central singular-
ity and infinite extent of the Mestel disc, two tapering functions
Tinner and Touter are introduced via

Tinner(J�) =
J⌫t
�

(RiV0)⌫t+J⌫t
�

; Touter(J�) =

1 +
 J�
RoV0

�µt��1
, (74)

where ⌫t and µt are two indices controlling the sharpness of the
tapers, and Ri and Ro are two scale parameters. These tapers
mimic the bulge and the replacement of the outer disc by the dark
halo. It is finally assumed that only a fraction ⇠ of the disc is
active, while the missing component will be a static contribution
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Stellar disc thickening
• Thick discs are not guaranteed to be integrable
=) Generalisation of the WKB approximation

R

 

Rp
0

�

1/kp
r

Rq
0

�

1/kq
r

R

 

Rp
0

�

1/kp
r

Rq
0

�

1/kq
r
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• Same results hold
I Biorthogonal basis
I Diagonal cM
I Local resonances
I New thickened Q factor
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Fouvry et al. (2016)
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Stellar disc thickening
• Spontaneous thickening via Poisson shot noise/GMCs

J�

Jz

Initial times
Solway (2012)

J�

Jz

Vertical ridge

Late times (N�body)
Solway (2012)

J�

Jz

|F
tot

(J)|

BL - WKB
Fouvry et al. (2016)

• Timescale mismatch

�⌧So12
�⌧WKB

' 10�5 =) Importance of swing amplification.

• The role of GMCs (Multi-components BL)(
N?'1011 ; m?'1M� ,

NGMC'104 ; mGMC'105M� ,
=) �⌧?+GMC =

�⌧?
103

.
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Resonant thickening of self-gravitating discs 13

Figure 15. Illustration of the expected increase in the vertical velocity dis-
persion &

z

(R
g

, t) as a function of the position within the disc, at various
stages of the diffusion. For t=0, one has &

z

(R
g

, t=0)=�
z

(R
g

), while
for larger values of t (here �T is an arbitrary timestep), we used the esti-
mation &
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, t)'�
z

(R
g

)+t @&
z

/@t|
t=0, and equation (79).
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Thanks to the epicyclic approximation from equations (18)
and (19), one immediately has v2

z

=2J
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⌫ sin2
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). In equa-
tion (77), one can perform the integrations over ✓0 and J 0
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to obtain
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Because for t=0, F (J

0, t) is given by the quasi-
isothermal DF from equation (20), one immediately recovers
&2
z
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, t=0)=�2
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). One can also compute the initial time
derivative of &2
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. After some simple algebra, it reads
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where @F/@t=div(F tot) is given by the diffusion equation (11).
Using the fact that @&2

z

/@t=2&
z

@&
z

/@t, one can anticipate
a secular increase in the vertical velocity dispersion &

z

un-
der the effect of the Poisson shot perturbations from equa-
tion (76). This is illustrated in figure 15, where we represented
&
z

(R
g

, t)'�
z

(R
g

)+t @&
z

/@t|
t=0. Consistently with figure 13,

the most significant increase in the vertical velocity dispersion oc-
curs in the inner region of the disc.

4.2.4 Radial migration

Let us also emphasise how these results are in qualitative agree-
ment with what was observed in Sellwood (2012) and recovered
in Fouvry & Pichon (2015); Fouvry et al. (2015a) in the case of
a razor-thin Mestel disc. Indeed, in order to study the diffusion in
the (R

g

, J
r

)�plane, similarly to equation (74), one may define the

Figure 16. Illustration of the initial contours of @FR/@t|
t=0 from equa-

tion (81), when considering a shot noise perturbation as in equation (76),
using the same conventions as in figure 13. The background contours cor-
respond to the initial contours of FR(t=0), spaced linearly between 95%
and 5% of the function maximum and determined for the quasi-isothermal
DF from equation (20). This figure is in agreement with the result obtained
in Fouvry & Pichon (2015); Fouvry et al. (2015a) for a razor-thin Mestel
disc, for which a narrow ridge of increased radial actions was observed in
the inner region of the disc along the direction of the rILR.
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As in equation (75), the time derivative of FR is immediately given
by

@FR
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= (2⇡)3
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, J
r

, J 0
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By marginalising over J 0
z

, the function FR allows us to get rid of
the vertical dependence of the diffusion and mimic what would be
observed in a razor-thin system. Using the same shot noise per-
turbation as in equation (76), the initial contours @FR/@t|t=0 are
shown in figure 16. It illustrates in the (R

g

, J
r

)�plane the presence
of a narrow ridge of resonant orbits in the inner region of the disc,
along the direction of the rILR. Such a strong diffusion feature was
observed in Sellwood (2012) for a razor-thin Mestel disc, similar
to the thick one introduced in section 4.1. Such a ridge was also
predicted by Fouvry & Pichon (2015); Fouvry et al. (2015a), while
using the infinitely thin WKB limit of the diffusion equation (2),
as obtained in FPP15. This similarity confirms that the thick WKB
formalism presented in section 3 is fully consistent with the razor-
thin case presented in FPP15, as shown in Appendix G.

4.3 Thickening induced by bars

In order to investigate another mechanism of secular thickening,
one may modify the perturbations sourcing the diffusion coeffi-
cients. Instead of considering the effect of shot noise as in equa-

c� 0000 RAS, MNRAS 000, 1–26

J. B. Fouvry et al.: Secular di↵usion in discrete self-gravitating tepid discs

Fig. 12: Illustration of the norm of the di↵usion flux |NF Z|(t=0) in
the (J�, Jz)�plane. The contours are spaced linearly between 90% and
10% of the maximum norm. The background contours correspond to the
initial contours of FZ(t=0), spaced linearly between 95% and 5% of the
function maximum, and determined for the initial quasi-isothermal DF
from equation (20). One can clearly note the presence of an enhanced
di↵usion flux in the inner region of the disc, compatible with the localised
increase of the vertical actions observed in figure 9.

one can clearly note how the di↵usion flux F Z is localised in
the inner region of the disc and tends to be in agreement with
the localised increased of vertical actions observed in figure 9
via numerical simulations. In order to better assess this secular
increase of the vertical actions induced by finite�N e↵ects, let us
consider the induced increase in the vertical velocity dispersion
&2
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Relying on the epicyclic approximation from equation (18)
and (19), one immediately has v2z =2Jz⌫ sin2(✓z). As a conse-
quence, in equation (82), one can perform the integrations w.r.t.
✓0 and J0� to write
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For t=0, the DF F(J

0, t) is given by the Schwarzshild DF from
equation (20). One then immediately recovers &2

z (Rg, t)=�2
z (Rg).

To probe the secular evolution, we may then compute the initial
time derivative of &2

z . Straightforward calculations give
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Fig. 13: Illustration of the increase of the velocity dispersion &z(Rg, t),
as a function of the position within the disc, for various stages of the
secular evolution. For t=0, one has &z(Rg, t=0)=�z(Rg), while for larger
values of t, we used the estimation &z(Rg, t)'�z(Rg)+t@&z/@t|t=0. Here
�⌧WKB is a timestep introduced in section (4.3).

where @F/@t is given by the Balescu-Lenard equation from equa-
tion (11). Thanks to the definition from equation (81) and using
the definition of the quasi-isothermal DF from equation (20), one
can rewrite equation (84) as
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Using the fact that @&2
z /@t=2&z@&z/@t, and the approximation

&z(Rg, t)=�z(Rg)+t@&z/@t, one can study the e↵ect of collisional
resonant e↵ects on the secular increase of the vertical velocity dis-
persion within the disc, as illustrated in figure 13. In figure 13, one
recovers qualitatively the formation of localised resonant ridges
of increased vertical actions Jz in the inner regions of the disc, as
was observed in So12. This illustrates how discrete Poisson shot
noise may lead on secular timescales to a thickening of the disc,
and that such a mechanism is e�ciently captured by the thick
WKB limit of the Balescu-Lenard di↵usion equation derived in
section 3. This qualitative agreement between So12’s numerical
measurements and the thick WKB Balescu-Lenard predicitions
is impressive considering the variety of assumptions which were
introduced in section 3 to obtain the explicit expressions (67)
and (68) of the drift and di↵usion coe�cients. Recall that the
Balescu-Lenard formalism is self-contained and does not involve
any ad hoc fittings of the system’s perturbations.

One can finally emphasise how these predictions are also in
agreement with what was observed in the numerical simulations
from Sellwood (2012) and recovered in Fouvry et al. (2015b,c) in
the case of a razor-thin Mestel disc. To study the radial di↵usion
in the (J�, Jr)�plane, similarly to equation (78), we define the
function FR(Rg, Jr, t) as

FR(Rg, Jr, t) =
Z

d✓0dJ
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Following equation (80), the di↵usion in the (J�, Jr)�plane is
immediately captured by the flux FR= (F �R ,F r

R) so that
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Disc thickening - Bars
• The e↵ect of central decaying bars

bC[J�,!] / Ab(J�) exp
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2 �2
p

�
=)

8
><

>:

Ab : Bar profile
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�p : Decay frequency

Fast bars Slow bars
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The role of resonances

• Perturbations evaluated at resonance: bC(!=m·⌦)

mp⌦p

m=(m�,mr,mz)

J�
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The role of external perturbations

• Di↵usion sourced by stochastic fluctuations

� ext(x, t) =
X

p

bp(t) 
(p)(x) =) Cpq(t1�t2) =

⌦
bp(t1) b

⇤
q(t2)

↵
.

• Exemple of perturbations: Halo () Disc.

I Dark matter clumps
Halo  Disc

I Supernova feedback
Disc  Halo

500 kpc
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galactic stellar discs to globular clusters and halos. It will  be a game changer to model statistically the 
long-term evolution of galaxies on multiple scales.

The key novel and unifying methodological ingredient  will be proper 
accounting of the self-gravity of these galactic components in open 
environments. By relying on the corresponding orbital diffusion 
framework and its stochastic or finite element  formulation as an 
alternative to classical N-body approaches, our project  aims to put this 
breakthrough to use, and quantify the secular evolution of galactic 
populations. The holistic value of SEGAL lies in its capacity to 
propagate statistics through galactic and nuclear scales. Only a 
multiscale approach can connect  gravitational interactions that  involve 
so different dynamical times.
  This strategy is desirable both for its conceptual point of view, 
but also for its practical usefulness. From a conceptual point of view, 
these new quasi-linear kinetic theories capture all the wealth and 
complexity of the long-term dynamics of self-gravitating discs, via 
departure from the mean-field equilibria controlled by gravitational 
fluctuations which induce diffusion/distortion of the orbital structure. 

From a practical point  of view, they explicitly account for gravitational wakes, which considerably accelerate the 
diffusion in cold discs (through the square of the gravitational susceptibility). They also have a stochastic 
(Langevin) counterpart, which allows for much larger timesteps than standard N-body iterations. Between two 
such timesteps, a series of swing amplifications can take place without the need to resolve them individually: we 
will treat a galaxy on multiple orbital times at  once, while accounting for the complexity of its dynamical 
response. 
 Kinetic theory is extremely flexible: it  will be straightforward and useful to scan the parameter space of 
both environment and equilibria. Such theory will allow us to propagate statistics, which would otherwise 
require to run numerous extremely costly full-scale simulations. Indeed the diffusive kinetic formulation 
describes the mean response of the system’s DF to ensemble-averaged fluctuation statistics.  This framework has 
implications throughout astrophysics and beyond, which is reflected in the consortium involving observatories 
and theoretical physics institutes.

II Organisation and means

 Understanding the long-term evolution of the components of galaxies such as stellar discs and galactic 
centres is now a subject of intensive research. In this context, the purpose of SEGAL is to establish kinetic 
theory as mean to enlighten observations and as an addition to N-body simulations to probe statistically the 
cosmic fate of galaxies on multiple scales over cosmic time:  i) with the present public release of the Gaia  data, a 
detailed theoretical modelling of the long-term evolution of the Milky-Way’s internal structure is in order. The 
cross-validation of N-body simulations via kinetic theory on secular timescales is now also of prime importance 
for upcoming projects like DESI, LSST, Euclid, 4MOST, MOONS etc, which rely heavily on modeling the 
dynamics of galaxies to mock their surveys. ii) we will also be able to gauge the roles of nature vs. nurture in 
establishing the observed properties of galaxy population on small and large scales, something currently out  of 
reach of standard N-body techniques. iii) finally, gravity, with its rich phenomenology, is ideally suited to help us 
understand in detail the secular implications of collective modes, shot  noise and resonances. As such, it will 
continue to guide our understanding of the underlying mathematics, capturing generic processes such as entropy 
production, anisotropic resonant diffusion, secular phase transition etc, stimulating fascinating research in 
theoretical physics. 
  To achieve its goals SEGAL will federate four research institutes with specific expertise around two 
work-packages (WP),  corresponding to self-gravitating processes occurring on two nested scales. 
 WP-I The  vicinity of supermassive black holes In February 2015, LIGO has detected the first 
gravitational waves emitted by colliding black holes, opening an unprecedented new window onto the cosmos. 
Inevitably, astronomers will be able to listen to gargantuan black holes swallowing stars from their surrounding 
stellar clusters through these ripples in the fabric of space-time. It  is therefore essential to understand now the 
extreme mass ratio inspirals and BH-binaries merging rates around massive black holes. SEGAL will therefore 
implement kinetic theories to quasi-Keplerian systems while accounting both for internal and external sources of 
potential fluctuations, following Fouvry+‘16,17,18ab. It  will focus on the galactic centres’ secular dynamics, 

The  Secular Evolution of GALaxies        SEGAL       Le destin cosmique des galaxies

 ANR 2019 SEGAL (Pichon)      2

Why Kinetic Theory?Why Kinetic Theory?

Universal Applied throughout science.

Statistical Mean response & fluctuations/
Parameter space exploration.

Modular/flexible Add/remove physical processes: 
metals+sinks+mass spectrum.

Very large 
timesteps

Gravitational polarization built in.

Multi-scale Nurture/nature split.Non-linear

Method: quasi-linear theory
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CONCLUSIONS

• From linear response to secular evolution.

Galactic dynamics enters the cosmic framework.

• Frameworks for the e↵ects of external and internal perturbations.

Nature vs. Nurture

• First implementation of Balescu-Lenard in (astro)physics

• Approach complementary to N�body and Monte Carlo methods

46 / 47

BL = master equation describing self-consistently resonant relaxation

Stellar
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What: Quasi linear theory = stellar version of dissipation-fluctuation theorem
 = How do orbital structure of galaxies diffuse away from mean field locked trajectory.

How: time decoupling + matrix method (long range : non local + resonances)

Why: 
✴Non-linear: qualify perturbation properties as well as equilibrium: 

              (address nature - nurture conundrum or probe DH). 
✴Break the pb by scale (cf zoom simulation) or by component (BL - FP);
✴Statistical     ensemble average of sims  (cf cosmology)
✴Captures  climate not weather;
✴Correct description of Chandrasekhar friction
✴Theory  (can be parametrised, expressed in WKB limit, switch off gravity etc..).

Cons: 
✴Time decoupling, doesn't capture today's weather; 
✴Assumes integrability (but...)
✴Technically not trivial to implement in its full glory (but ...)

For gaia : account for NLs+ resonances for stream+ thick disc+ bars+cusp-core

⌘

Bring Home Messages
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The case of quasi-Keplerian systems

• Describe the secular evolution driven by finite�N e↵ects
for a quasi-Keplerian system

I inhomogeneous

I dynamically degenerate

I stable

I self-gravitating

I discrete

• How e�ciently are BHs fed?

• Some references:
I Rauch, Tremaine (1996): Resonant relaxation
I Meritt et al. (2011): Schwarzschild barrier
I Bar-Or, Alexander (2014, 2016): ⌘�formalism
I Sridhar, Touma (2016): Gilbert’s method for Landau
I Fouvry, Pichon, Magorrian (2016): BBGKY approach
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Last parsec pb? EMRI? TDE??

Application 2

Chavanis 7 First Implementation
Wednesday, 3April, 19



Galactic Center stellar cluster 

• BH diet 
• BH spin up 
• Cluster  dark component

simulation of future survey

Wednesday, 3April, 19



q-K systems are dynamically degenerate
• SMBH dominates the potential: "=M?/M•⌧1

=) Keplerian orbits are closed.

Dynamical degeneracy: 8J,n·⌦Kep(J)=0 .

KECK Observations N-body simulations (B. Bar-Or)

• Orbit-Average: Stars =) Wires
35 / 43
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Quasi-Keplerian systems
• BH dominates the dynamics: "=M?/M•⌧1

=) Keplerian orbits are closed.

• Dynamical degeneracy: 8J ,n·⌦Kep(J)=0 .

=) Delaunay variables

J =
�
I=Jr+L| {z }
Fast J f

, L , Lz| {z }
Slow J

s

�
; ✓ =

�
✓f|{z}

Kep.
phase

, ✓

s

|{z}
Int. of
motion

�

⌦Kep = (⌦Kep, 0, 0) .

• Orbits characterised by wires’ coordinates

E = (J ,✓s) .

• System phase-mixed w.r.t. the Kep. phase

F (J ,✓) ' F (E) .
• Keplerian wires precess in ✓

s

⌦s =
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@J s
=

@[�self+�rel+�ext ]

@J s
.
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Disc has mass SMBH relativistic correction
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The degenerate Balescu-Lenard equation
• The master equation of resonant relaxation
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• Some properties:

I F (J , ⌧) : Orbital distorsion.

I @⌧ : ⌧= tM?/M•, BH dominance.

I 1/N : 1/N resonant relaxation.

I @/@J s

1

· : Adiabatic conservation.

I �
D

: Resonance on precessions.

I 1/D
m

s

1

,ms

2

: Self-gravity.

Fouvry et al. (2016)
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A&A proofs: manuscript no. Paper_Theory_LB_Keplerian
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Disc

Fig. 2: (To do.)
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Fig. 3: (To do.)

Conversely, the contribution from the fictive forces read

⌦s
fic = . (110)

while contribution from the system’s self-consistent potential
obey

⌦s
self = . (111)

The scalings with the BH’s mass in equations (109)-(111) imply
that the system undergoes anomalous di↵usion to be proven!
when orbits reach a critical set of actions. This allows us to
identify a so-called “barrier” in action space (Bar-Or & Alexander
2016), which when crossed changes the rate at which the orbits
di↵use in action space. Given that Jd is adiabatically invariant, it
follows that the di↵usion will occur at fixed I= Jr+L so that as the
stars move in they increase their eccentricity (given equation (83)).

- Discuss effect of spin of BH in tempering result;
- Discuss mass/AM flux at boundary
- Attempt to demonstrate direction of diffusion in mass and AM;
cf accretion disk

- Link with Langevin equation; freeze diffusion/drift as time de-
pendent bath?

7. Conclusion

Specialising the recently published kinetic theory (Heyvaerts
2010; Chavanis 2012) of self-gravitating systems of N particles
to quasi-Keplerian systems partially dominated by a massive cen-
tral component, we derived the equation governing their secular
evolution to leading order in 1/N. The self-consistent dressed
equations (equation (56) and its multi-component counterpart,
equation (67)) presented in the present paper account for their
dynamical degeneracy, i.e. the fact that in the Keplerian limit,
the particles’ orbit are closed ellipses, so that the azimuthal and
radial oscillation frequencies are equal. Because purely Keplerian
orbits do not precess, the dynamical evolution of such degenerate
systems may significantly di↵er from that of fully self-gravitating
discs.

The quasi-Keplerian Balescu-Lenard equation is quadratic
in the phase averaged distribution function and describes i) the
self-gravity of the orbiting particles, ii) the discreteness of the
cluster, iii) the resonances between such orbits, iv) a full spec-
trum of masses, via equation (67), and v) possible post-Newtonian
corrections, including relativistic precession induced by the ro-
tation of the central black hole, if present. These last e↵ects are
encoded in the frequency shifts occurring in the resonance condi-
tion from the di↵usion and drift coe�cients. It is the quasi-linear
self-consistent master equation quantifying the e↵ect of resonant
relaxation. Hence it provides a very rich framework to describe
the evolution of galactic centers for cosmic times, or the secular
evolution of debris discs — which is an interesting venue in the
context of planet formation.

The main ingredient in this derivation involved phase averag-
ing the first two equations of the BBGKY hierarchy over the fast
angles associated with the orbital motion of the bodies on their
Keplerian orbits. In order to derive equations (56) and (67), we
assumed that the (spherical or coplanar) cluster was dynamically
relaxed at every stage of its secular evolution. As the equations
are averaged over the Keplerian fast angles, the corresponding
actions are adiabatically preserved.2 Hence a limitation of the
present formalism is that it is restricted to non-chaotic systems,
e.g., when symmetry warrants integrability. It is speculated that
as long as the regular islands dominate the structure of phase
space, equation (56) will remain the master equation, with ac-
tions constructed perturbatively (via, e.g., Binney & McMillan
2016).

Following point III of Section 4, Appendix B investigates the
secular evolution of the quasi-Keplerian system when the source
of fluctuation is external to the cluster and driven by potential
fluctuations, e.g., from the near neighbourhood of the galactic
center. Equation (B.31) was also presented somewhat di↵erently
via the so called ⌘�formalism in Bar-Or & Alexander (2014)
in the limit of zero self-gravity. In contrast, equation (56) does
not need to assume some model for the structure of the noise,
as the discreteness of the system is described self-consistently.
Very recently, Sridhar & Touma (2016b,a) presented a derivation
of equations (49) and (50) following a slightly di↵erent route,
inspired by Gilbert (1970) (which itself extended the work of
Balescu 1960; Lenard 1960, from plasma physics). Eventually,
one could evolve jointly the BH and its environment, which would
2 Because of this phase average, the Keplerian Balescu-Lenard equation
cannot capture mean motion resonances.
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addition, the symmetry of the system is expected to be such that
the collisionless equilibria are of the form

F(J, ✓s) = F(J) , (52)

so that during its secular evolution, the system’s averaged DF
does not have any static angle dependences. Notice however that
despite the hypothesis from equation (52), the averaged autocor-
relation C evolving according to equation (50) still depends on
the two static angles ✓s

1 and ✓s
2. We also assume that the symmetry

of the system is such that

F = F(J) ) � = �(J) and �a = �a(J) . (53)

As we will see later on in sections 6.1 and 6.3, such symmetry is
satisfied, e.g., for razor-thin axisymmetric discs and 3D spherical
clusters (see Appendix A for the expression of the relativistic
precession frequencies). Thanks to equations (52) and (53), the
equilibrium condition from equation (51) is immediately satisfied.
Let us finally introduce the precession frequencies ⌦s as

⌦s =
@[�+�a]
@J

s . (54)

These frequencies correspond to the precession frequencies of the
static angles due to the joint contributions from the system’s self-
consistent potential, the relativistic corrections, and any quasi-
stationary additional external component. Notice that they do not
involve the Keplerian frequencies from equation (22) anymore,
hence are not degenerate a priori. With them, one can for example
easily rewrite the collisionless precession advection term from
equation (50) as

⇥C(R1,R2),�(R1)+�a(R1)
⇤
(1) = ⌦

s
1 ·
@C(R1,R2)

@✓s
1

. (55)

where the precession frequencies ⌦s
1 associated with the static

angles ✓s come into play.
The two coupled evolution equations (49) and (50) are now

quasi-identical to the traditional coupled BBGKY equations con-
sidered in Heyvaerts (2010) to derive the inhomogeneous Balescu-
Lenard equation for non-degenerate inhomogeneous systems. To
derive the closed kinetic equation satisfied by F, various methods
have been proposed in the literature. Heyvaerts (2010) proposed
a direct resolution of the BBGKY equations, based on the Bogoli-
ubov’s ansatz. Chavanis (2012) considered a rewriting of equa-
tions (49) and (50) using the Klimontovich equation (Klimon-
tovich 1967), and relied on a quasi-linear approximation. Finally,
in the limit where collective e↵ects are not accounted for, Fouvry
et al. (2016a) recently presented a new derivation of the relevant
kinetic equation based on functional integrals.

In the present paper, the derivation proposed by Heyvaerts
(2010) will be followed, by directly solving the two first averaged
BBGKY equations (49) and (50). The basic idea of this approach
is to solve equation (50), so as to obtain the system’s autocorre-
lation C as a functional of the system’s 1�body DF F. Injecting
this expression in equation (49), yields finally a closed kinetic
equation quadratic in F. The detailed calculations required to
derive the inhomogeneous degenerate Balescu-Lenard equation
are presented in Appendix C.

5.1. The one component BL equation

In its explicitly conservative form, the degenerate Balescu-Lenard
equation reads

@F
@⌧
=
⇡(2⇡)2k�d

N
@

@J

s
1
·
 X

m

s
1,m

s
2

m

s
1

Z
dJ2

�D(m

s
1 ·⌦s

1�m

s
2 ·⌦s

2)
|D

m

s
1,m

s
2
(J1, J2,ms

1 ·⌦s
1)|2

⇥
✓
m

s
1 ·

@

@J

s
1
�m

s
2 ·

@

@J

s
2

◆
F(J1) F(J2)

�
. (56)

In equation (56), recall that d is the dimension of the physical
space, and k the number of degeneracy of the underlying zeroth-
order potential. The r.h.s. of equation (56) is the degenerate inho-
mogeneous Balescu-Lenard collision operator, which describes
the secular di↵usion induced by dressed finite�N fluctuations.
It describes the distortion of the Keplerian orbits as their action
di↵use thanks to their self-interaction. As expected, it vanishes in
the large N limit. Notice the presence of the resonance condition
operating on their precession frequencies encapsulated by the
Dirac delta �D(m

s
1 ·⌦s

1�m

s
2 ·⌦s

2) (where the shortened notation
⌦s

i =⌦
s(Ji) was used), where m

s
1, m

s
2 2Zk are integer vectors. In

fact, equation (56) shows that the di↵usion occurs along preferred
discrete directions labeled by the resonances m

s
1. The integration

over the dummy variable J2 scans action space for regions where
the resonance condition is satisfied, and such resonant (possibly
distant) encounters between orbits are the drivers of the colli-
sional evolution. The resonance condition is illustrated in fig-
ure 1. Notice that equation (56) involves the antisymmetric oper-
ator, m

s
1 ·@/@J

s
1�m

s
2 ·@/@J

s
2, which when applied to F(J1) F(J2)

“weighs” the relative number of pairwise resonant orbits caught in
this resonant configuration. In this equation, the dressed suscep-
tibility coe�cients were also introduced as 1/D

m

s
1,m

s
2
(J1, J2,!),

so that each distribution entering the r.h.s. of equation (56) is
boosted by this susceptibility. In order to solve Poisson’s non-
local equation relating the DF’s perturbations and the induced
potential perturbations, Kalnajs’ matrix method (Kalnajs 1976)
was used to implement a biorthonormal basis of potentials and
densities  (p) and ⇢(p) such that

 (p) =

Z
dx

0 ⇢(p)(x

0) U(|x�x

0|) ;
Z

dx (p)(x) ⇢(q)⇤(x) = ��q
p . (57)

where U stands for the rescaled interaction potential from equa-
tion (16). The dressed susceptibility coe�cients appearing in
equation (56) are then given by

1
D

m

s
1,m

s
2
(J1, J2,!)

=
X

p,q

 (p)
m

s
1
(J1)
⇥
I�bM(!)

⇤�1
pq  

(q)⇤
m

s
2

(J2) , (58)

where I is the identity matrix, and bM is the system’s averaged
response matrix defined as

bMpq(!) = (2⇡)k
X

m

s

Z
dJ

m

s ·@F/@J

s

!�m

s ·⌦s  
(p)⇤
m

s (J) 
(q)
m

s (J) . (59)

In equation (59), the averaged basis elements  
(p)

were defined
following equation (31). Their Fourier transform w.r.t. the static
angles was also defined using the convention

 
(p)

(R)=
X

m

s

 
(p)
m

s(J) eims·✓s
;  

(p)
m

s(J)=
Z

d✓s

(2⇡)k e�ims·✓s
 

(p)
(R) . (60)

The susceptibility coe�cients from equation (58) quantify the
polarisation cloud around each orbit which triggers sequences of
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relying on the relation Lz=L cos(i). Hence the Hamiltonian
H1.5PN

rel which accounts for the rotation of the BH reads

H1.5PN
rel (I, L, Lz) =

2s(GM•)5

c3
Lz

I3L3 . (A.6)

Paying a careful attention to the normalisation prefactors used in
equations (2), (17), and (44), one finally gets the expression of
the averaged 1PN and 1.5PN relativistic corrections �a appearing
in equations (49) and (50). These read

�a(I, L, Lz) =
1

(2⇡)d�k
M•
Mtot


H1PN

rel (I, L)+H1.5PN
rel (I, L, Lz)

�
. (A.7)

From this potential correction, following equation (54), one can
immediately compute the associated precession frequencies ⌦s

w.r.t. the static angles ⌦s. They read

⌦s
rel=

@�a

@J

s =
M•

(2⇡)d�k
(GM•)4

Mtotc2
@

@J

s


� 3

I3L
+

2GM•
c

sLz

I3L3

�
. (A.8)

Note finally that gravitational waves emissions are not considered
here.

Appendix B: The degenerate collisionless equation

In this Appendix, let us consider the situation where the long-term
evolution of the system is driven by an external forcing rather than
by finite e↵ects. In this collisionless approach, any contributions
from the collisional term in 1/N appearing in equation (49) will
be neglected, and it will be assumed that the system undergoes
external stochastic perturbations. In the context of non-degenerate
galactic systems, such long-term evolutions were studied in Bin-
ney & Lacey (1988); Weinberg (2001); Pichon & Aubert (2006);
Fouvry et al. (2015c). See also Bar-Or & Alexander (2014) for
similar considerations on the role played by correlated back-
ground fluctuations on the secular evolution of galactic nuclei, in
the limit where the self-gravitating dressing is not accounted for.

In our present context, the system’s dynamics is given by
the collisionless equation (49), which when truncated to neglect
collisional e↵ects reads

@F
@⌧
+
⇥
F,�+�a

⇤
= 0 . (B.1)

In order to study the evolution of the DF and potential fluctuations,
let us assume that

F(J, ✓s, ⌧) = F0(J, ⌧)+ f (J, ✓s, ⌧) ,
⇥
�+�a

⇤
(J, ✓s, ⌧) =  0(J, ⌧)+ (J, ✓s, ⌧) , (B.2)

where

f⌧F0 ;
Z

d✓s

(2⇡)k f = 0 ;  ⌧ 0 ;
Z

d✓s

(2⇡)k  = 0 . (B.3)

In the decomposition from equation (B.2), we introduce two types
of potentials. Here,  0 encompasses all the quasi-stationary po-
tential components and depends only on the actions. As assumed
in equation (53), we assume that the symmetry of the system is
such that the self-consistent potential satisfies �(F0)=�(F0)(J),
so that it contributes only to  0. The quasi-stationary potential
 0 can then be written as  0=�(F0)+�0

a(J), where �0
a encom-

passes all the quasi-stationary external potentials, e.g., the rela-
tivistic corrections (see equation (3)). In the decomposition from
equation (B.2), we also introduced  , which encompasses all the

remaining fluctuating perturbations and depends on the full ring
coordinates R= (J, ✓s). This potential can be rewritten as

 =  ext +  self , (B.4)

where  ext corresponds to the external stochastic perturbations,
while  self =�( f ) is associated with the system’s self-gravitating
self-response (see, e.g., Weinberg 2001), and is defined following
the convention from equation (42). This additional perturbation
is essential to capture the system’s gravitational susceptibility, i.e.
its ability to amplify perturbations. Injecting the decompositions
from equations (B.2) into the evolution equation (B.1) yields

@
⇥
F0+ f

⇤

@⌧
+
⇥
F0+ f , 0+ 

⇤
= 0 . (B.5)

Multiplying equation (B.5) by
R

d✓s/(2⇡)k, given equation (B.3),
one gets

@F0

@⌧
= �
Z

d✓s

(2⇡)k
⇥
f , 
⇤
=

@

@J

s ·
Z d✓s

(2⇡)k f
@ 

@✓s

�
, (B.6)

relying on the definition of the reduced Poisson bracket from
equation (47). Equation (B.6) shows that @F0/@⌧ is a second order
term as it is the product of two fluctuations. Keeping only first
order terms in equation (B.5) yields a second evolution equation
of the form

@ f
@⌧
+⌦s · @ f

@✓s �
@F0

@J

s ·
@ 

@✓s = 0 , (B.7)

where, as in equation (54), the quasi-stationary precession fre-
quencies ⌦s are defined as

⌦s =
@ 0

@J

s . (B.8)

The two coupled evolution equations (B.6) and (B.7) should be
seen as the direct collisionless analogs of equations (49) and (50)
from the collisional framework. They are indeed the two essential
coupled evolution equations from which one may obtain the sec-
ular degenerate collisionless di↵usion equation. Equation (B.7)
describes the evolution of the perturbation f on the precession
timescale 1/⌦s, while equation (B.6) describes the long-term
evolution of the quasi-stationary DF F0 on secular timescales.
In order to derive a closed evolution equation for F0, we will
first solve equation (B.7) to obtain an estimation of f and  ,
and describe the dynamical amplification of the perturbations.
Its solution, when injected in equation (B.6), will then allow for
the description of the secular evolution of the system’s mean
quasi-stationary DF F0.

Relying on the same convention as in equation (60), let us
take the Fourier transform of equation (B.7) w.r.t. the angles ✓s

to get

@ f
m

s

@⌧
+ ims ·⌦s f

m

s � ims · @F0

@J

s  m

s = 0 . (B.9)

Following the path of the collisional approach, let us assume
timescale decoupling (Bogoliubov’s ansatz). The fluctuations
(e.g., f and  ) are expected to evolve rapidly on dynamical
timescales, while the mean quasi-stationary quantities (e.g., F0
and  0) only evolve on secular timescales, i.e. over many dynam-
ical times. Consequently, in equation (B.9), which describes the
evolution of fluctuations, we may push the secular time to infinity,
and assume that @F0/@J=cst. Dropping transients, bringing the

Article number, page 14 of 22

Physical origin of
Schwarzschild barrier

relativistic potential

BH spin

adiabatic action

BH mass

radius

As stars move inward, precession frequencies increase 
up to a point where it essentially prevents any 

resonant coupling with the disc’s region.

Friday, 2June, 17

One PN and 1.5PN relativistic correction 

Effect scale like the square density of wires 

Resonant condition

Black 
Hole

Wednesday, 3April, 19



Balescu-Lenard and Schwarzschild barrier
• Precession frequencies: self-consistent + relativistic - (Kocsis et al. (2011))
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I Precession frequencies increase.
I Resonant coupling with the disc becomes impossible.
I Schwarzschild barrier - (Merritt et al. (2011), Bar-Or et al. (2016)).
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Individual stochastic di↵usion

• Self-consistent di↵usion of the system as a whole

=) Anisotropic Balescu-Lenard equation

@F

@⌧
=

@

@J s
·

A(J , ⌧)F (J , ⌧) +D(J , ⌧)· @F

@J s

�
.

A(F ) drift vector, D(F ) di↵usion tensor.

• Individual dynamics of a wire at position J (⌧)

=) Stochastic Langevin equation - (Risken (1996))

dJ
d⌧

= h(J , ⌧) + g(J , ⌧)· �(⌧) .

h and g vector and tensor, and � stochastic Langevin forces.

=) Dual equation, whose ensemble average gives back BL.

• In the Langevin’s rewriting, particles are dressed orbits.

=) Huge gains in timesteps for integration.
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Langevin view of the Schwarzschild barrier
• Langevin stochastic di↵usion of orbits
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where g�1(0)= {x | g(x)=0} is the hypersurface of (generically) di-
mension (d�1) defined by the constraint g(x)=0, and d�(x) is its
surface measure. In the present context, the resonance condition
is given by the function

g(J2) = ⌦s(J1)�⌦s(J2) . (38)

For any given value of J1, and introducing !=⌦s(J1), one may
then define the critical resonant curve �(!) as

�(!) =
�
J2

���⌦s(J2)=!
 
. (39)

This curve corresponds to the location in action space of all the
wires which are in resonance with the precessing wire of action J1.
This is illustrated in figure 2 for the disc from section 2.2. Once

Fig. 2: Illustration of the total precession frequencies ⌦s=⌦s
self+⌦

s
rel

in action space in the neighbourhood of the razor-thin quasi-Keplerian
disc introduced in section 2.2. The disc being typically 0.4 pc away
from the central BH, the precession frequencies are dominated by the
mass precession frequencies ⌦s

self . These mass precession frequencies
are retrograde, so that ⌦s(J)<0. The contours in this plot are spaced
linearly between 95% and 5% of the minimum precession frequency
satisfying ⌦s

min'�0.2. Because the degenerate Landau equation (19)
does not involve any resonance vectors, the contours levels of ⌦s also
correspond to the critical resonant line �(!) introduced in equation (39).

these resonant lines have been identified, the Landau drift and
di↵usion coe�cients from equation (25) may straightforwardly
be computed, and read

A(J1)=
Z

�(⌦s(J1))
d�

GA(J1, J2)
|r(⌦s(J2))| ; D(J1)=

Z

�(⌦s(J1))
d�

GD(J1, J2)
|r(⌦)s(J2)| .

(40)

Equation (40) introduced the two functions GA and GD as

GA(J1, J2) = � ⇡
N?

���Atot(J1, J2)
���2 @F?
@L2
,

GD(J1, J2) =
⇡

N?

���Atot(J1, J2)
���2 F?(J2) , (41)

as well as the resonant contribution |r(⌦s(J2))| given by

|r(⌦s(J2))| =
s

@⌦s

@L2

�2
+

@⌦s

@I2

�2
. (42)

3.2. Self-induced resonant diffusion

Following the method presented in the previous section, one may
then study how the disc’s DF, F?, from equation (8) will get to dif-
fuse on secular timescales under the e↵ect of its own discreteness.
This asks us to evaluate the pairwise interaction potential U12 on
the grid elements following the Gauss method from Appendix A.
One may then determine the precession frequencies (illustrated in
figure 2), as well as the disc’s total bare susceptibility coe�cients
|Atot|2. Integrating equation (40) along the associated resonant
lines, one can compute the disc’s self-consistent drift and dif-
fusion coe�cients, A(J) and D(J). This allows finally for the
computation of the total di↵usion flux FL, introduced in equa-
tion (26). The contours of this flux are illustrated in figure 3. Let

Fig. 3: Illustration of the di↵usion flux, FL, predicted by the degenerate
Landau equation (26) for the razor-thin quasi-Keplerian disc introduced
in section 2.2. Following the convention from equation (26), the direction
of di↵usion of individual particles in action space is given by �FL. Red
contours, for which FL<0, correspond to regions where particles tend to
di↵use towards larger L, i.e. decrease their eccentricity. Blue contours,
for which FL>0, are associated with regions in action space, where
individual particle tend to di↵use towards smaller L, i.e. increase their
eccentricity. The contours are spaced linearly between the minimum
and the maximum of FL. Within the units of equation (6), the maximum
value for the positive blue contours is given by F max

L '10�10, while the
minimum value for the negative red contours reads F min

L '�3⇥10�10.

us first recall that because the equations of motion were aver-
aged w.r.t. the fast Keplerian orbital motion, i.e. w.r.t. w the angle
associated with the action I, the di↵usion is one-dimensional
and only occurs w.r.t. L. As a consequence, individual Keplerian
wires conserve their fast action I (i.e. conserve their semi-major
axis), and can only di↵use in the L�direction (i.e. change their
eccentricity). In figure 3, this translates to the fact that particles
di↵use along horizontal lines. Following the convention from
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the contributions from the di↵usion coe�cient in equation (58)
lead to a Langevin drift coe�cient h taking both positive and
negative values in figure 10.

Figures 9 and 10 recover the di↵usion barrier for a particle
test wire of fast action It. The location of this quenching of the
resonant di↵usion can be interpreted as given by the value of the
slow action LSchw., such that

⌦s(LSchw., It) ' ⌦max
disc , (62)

where ⌦max
disc is the typical maximum precession frequency in the

disc region, i.e. the maximum value of ⌦s in figure 2. For a test
wire such that Lt.LSchw., its relativistic Schwarschild precession
makes it precess too fast to allow for a resonant coupling with
the disc and the di↵usion quenches. Following the criteria from
equation (62), the location of the barrier is then given in action
space by the curve �Schw., such that

�Schw. =
⇢
(Lt, It)

��� ⌦s(Lt, It) = ⌦max
disc

�
. (63)

The location of this barrier is illustrated in figure 8, where it is
given by the left-most level contours of ⌦s. Test particles below
this barrier are precessing too fast to resonate anymore with the
disc. Di↵erent test particles having di↵erent fast actions It will
therefore see their stochastic di↵usion quench for di↵erent values
of their slow action Lt.

Having computed the Langevin coe�cients h and g in fig-
ure 10, it is then straightforward to integrate the Langevin equa-
tion (57) forward in time. Such realisations are illustrated in
figure 11, which shows again that particles cannot di↵use be-

Fig. 11: Illustration of the stochastic motion, t 7!Lt(t), of a test star of
mass µt=µ? for di↵erent initial conditions. The trajectory of the star is
described by the Langevin equation (57), with the Langevin coe�cients
h and g obtained in figure 10. Because these coe�cients tend to 0 for
low enough angular momentum (Lt2.7⇥103), test stars cannot di↵use
closer to the BH. This quenching of the resonant di↵usion in the inner
regions of the system is associated with the Schwarzshild barrier and is
illustrated with the gray region.

low the Schwarzschild barrier. These evolution equations share
some similarities with the equations of motions of individual stars.
However, the significant gain of this framework is that it directly
describes the stochastic motion of Keplerian wires, so that the Ke-
plerian motion of stars along their quasi-Keplerian ellipses does
not have to be resolved anymore. This allows for much larger
timesteps in equation (57), which are orders of magnitude larger
than those required to solve the individual trajectories of stars.
Relativistic e↵ects and the associated post-Newtonian corrections
are also e↵ortlessly accounted for.

Not only can one use the Langevin equation (57) to describe
the evolution of an individual test particle, but also the secular
di↵usion of a population of wires as a whole. This is illustrated in
figure 12, which shows how the long-term di↵usion of the PDF of
a population of test particles may also be estimated. The method

Fig. 12: Illustration of the di↵usion of a population of test wires of
individual mass µt=µ? as a function of time. The evolution of each star is
driven by the Langevin equation (57). The initial PDF of the population is
represented by the red histogram, while the colored histograms describe
the statistics of the population after a time �T =300 and 2�T . Solving
the dynamics of this population via the Langevin equation (57) allows for
the integration forward in time of the Fokker-Planck equation (56), which
describes the di↵usion of the test particles’ PDF as a whole, without
resorting to direct N�body simulations.

followed in figure 12 allows indeed for the e↵ective integration
forward in time of the Fokker-Planck equation (56). To do so,
one samples the test particle’s PDF, P, with test particles. The
stochastic motion of each test particle is then integrated forward
in time via the Langevin equation (57) for a time �T that can
be much larger than the Keplerian dynamical time of the system.
After a time �T , the population of test particles is then distributed
according to the PDF P(t=�T ), illustrated in figure 12. In this
figure, even if the considered time of integration was short, one
can already note that some particles tend to accumulate at the
“Schwarzschild barrier”, where the di↵usion quenches.

The sampling method used in figure 12 may also be used to
integrate forward in time the self-consistent Landau equation (19).
To do so, one has to estimate the disc’s drift and di↵usion coe�-
cients A(J) and D(J). The disc’s initial DF, F? is then sampled
by a finite number of test stars Nsamp.. Assuming temporarily that
the drift and di↵usion coe�cients are frozen, one may then inte-
grate the motion of these Nsamp. test stars following the Langevin
equation (57). This allows us to estimate P(t=�T )'F?(t=�T ),
provided that �T is not too large compared to the timescale of
resonant relaxation. Having estimated the disc’s new DF at the
time �T , one may then recompute the new drift and di↵usion
coe�cients of the disc, A(J,�T ) and D(J,�T ). Sampling once
again this new DF with Nsamp. test stars, one can proceed further.
Provided that the timestep �T is chosen accordingly, i.e. pro-
vided that the disc’s self-consistent drift and di↵usion coe�cients
do not change much on the timescale �T , the present step-by-
step approach allows therefore to integrate forward in time the
self-consistent Landau equation (19).

4.3. Resonant dynamical friction on a massive perturber

The previous section described the stochastic di↵usion of an
individual test star, whose individual mass is identical to that
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Figure 6.1.1: Extracted from figure 16 of Gillessen et al. (2009). Observations of the individual trajectories of twenty
stars orbiting in the vicinity of Sgr A⇤, the super massive black hole at the centre of the Milky Way. Because of the
dominant mass of the central BH, the stars follow quasi-Keplerian orbits.

of particles, the Balescu-Lenard formalism, presented in section 2.3, appears as perfectly well suited.
However, in the context of quasi-Keplerian systems, the application of the Balescu-Lenard formalism in
its original form raises two additional di�culties, which ask for a particular attention. The first di�culty
comes from the fact that one has to describe the dynamics of a system within a possibly non-inertical
set of coordinates. This requires to pay a careful attention to canonical changes of coordinates as will be
emphasised in section 6.2. The second di�culty arises from the intrinsic dynamical degeneracies of the
Keplerian problem, i.e. the fact that the Keplerian frequencies⌦Kep satisfy commensurability conditions
of the form n·⌦Kep'0, for some vectors of integers n=(n1, n2, n3), as will be discussed in section 6.3.
Indeed, the Balescu-Lenard formalism in its original form assumes that resonances are localised in action
space and are not degenerate. As a consequence, it must be re-examined before it can be applied to the
degeneracies inherent to quasi-Keplerian systems.

In the upcoming sections, we will show how one can account for these degeneracies in the case of
a cluster of N particles orbiting a massive, possibly relativistic, central body. This will require to first
average the equations of motion over the fast Keplerian angle associated with the orbital motion of stars
around the BH. Once such an averaging is carried out, we will emphasise how the generic Balescu-
Lenard formalism applies straightforwardly and yields the associated degenerate secular collisional
equation. As will be detailed in the upcoming sections, this equation captures the drift and di�usion
of particles’ actions induced by their mutual resonant interaction at the frequency shifts present in ad-
dition to the mean Keplerian dynamics, e.g., possibly induced by the cluster’s self-gravity or relativistic
e�ects. This new equation will be shown to be ideally suited to describe the secular evolution of a large
set of particles orbiting a massive central object, by capturing the secular e�ects of sequences of polarised
wire-wire interactions (associated with scalar or vector resonant relaxation) on the underlying cluster’s
orbital structure.

This chapter is organised as follows. Section 6.2 specifies the BBGKY hierarchy to systems with
a finite number of particles orbiting a central massive component, by using canonical coordinates to
account adequately for the motion of the central body. Section 6.3 describes the angle-action coordinates
appropriate for such quasi-Keplerian systems and discusses how the dynamical degeneracies should be
dealt with. Section 6.4 averages the corresponding dynamical equations over the fast Keplerian angles
and discusses the newly obtained set of coupled evolution equations. Section 6.5 presents in detail the
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where g�1(0)= {x | g(x)=0} is the hypersurface of (generically) di-
mension (d�1) defined by the constraint g(x)=0, and d�(x) is its
surface measure. In the present context, the resonance condition
is given by the function

g(J2) = ⌦s(J1)�⌦s(J2) . (38)

For any given value of J1, and introducing !=⌦s(J1), one may
then define the critical resonant curve �(!) as

�(!) =
�
J2

���⌦s(J2)=!
 
. (39)

This curve corresponds to the location in action space of all the
wires which are in resonance with the precessing wire of action J1.
This is illustrated in figure 2 for the disc from section 2.2. Once

Fig. 2: Illustration of the total precession frequencies ⌦s=⌦s
self+⌦

s
rel

in action space in the neighbourhood of the razor-thin quasi-Keplerian
disc introduced in section 2.2. The disc being typically 0.4 pc away
from the central BH, the precession frequencies are dominated by the
mass precession frequencies ⌦s

self . These mass precession frequencies
are retrograde, so that ⌦s(J)<0. The contours in this plot are spaced
linearly between 95% and 5% of the minimum precession frequency
satisfying ⌦s

min'�0.2. Because the degenerate Landau equation (19)
does not involve any resonance vectors, the contours levels of ⌦s also
correspond to the critical resonant line �(!) introduced in equation (39).

these resonant lines have been identified, the Landau drift and
di↵usion coe�cients from equation (25) may straightforwardly
be computed, and read

A(J1)=
Z

�(⌦s(J1))
d�

GA(J1, J2)
|r(⌦s(J2))| ; D(J1)=

Z

�(⌦s(J1))
d�

GD(J1, J2)
|r(⌦)s(J2)| .

(40)

Equation (40) introduced the two functions GA and GD as

GA(J1, J2) = � ⇡
N?

���Atot(J1, J2)
���2 @F?
@L2
,

GD(J1, J2) =
⇡

N?

���Atot(J1, J2)
���2 F?(J2) , (41)

as well as the resonant contribution |r(⌦s(J2))| given by

|r(⌦s(J2))| =
s

@⌦s

@L2

�2
+

@⌦s

@I2

�2
. (42)

3.2. Self-induced resonant diffusion

Following the method presented in the previous section, one may
then study how the disc’s DF, F?, from equation (8) will get to dif-
fuse on secular timescales under the e↵ect of its own discreteness.
This asks us to evaluate the pairwise interaction potential U12 on
the grid elements following the Gauss method from Appendix A.
One may then determine the precession frequencies (illustrated in
figure 2), as well as the disc’s total bare susceptibility coe�cients
|Atot|2. Integrating equation (40) along the associated resonant
lines, one can compute the disc’s self-consistent drift and dif-
fusion coe�cients, A(J) and D(J). This allows finally for the
computation of the total di↵usion flux FL, introduced in equa-
tion (26). The contours of this flux are illustrated in figure 3. Let

Fig. 3: Illustration of the di↵usion flux, FL, predicted by the degenerate
Landau equation (26) for the razor-thin quasi-Keplerian disc introduced
in section 2.2. Following the convention from equation (26), the direction
of di↵usion of individual particles in action space is given by �FL. Red
contours, for which FL<0, correspond to regions where particles tend to
di↵use towards larger L, i.e. decrease their eccentricity. Blue contours,
for which FL>0, are associated with regions in action space, where
individual particle tend to di↵use towards smaller L, i.e. increase their
eccentricity. The contours are spaced linearly between the minimum
and the maximum of FL. Within the units of equation (6), the maximum
value for the positive blue contours is given by F max

L '10�10, while the
minimum value for the negative red contours reads F min

L '�3⇥10�10.

us first recall that because the equations of motion were aver-
aged w.r.t. the fast Keplerian orbital motion, i.e. w.r.t. w the angle
associated with the action I, the di↵usion is one-dimensional
and only occurs w.r.t. L. As a consequence, individual Keplerian
wires conserve their fast action I (i.e. conserve their semi-major
axis), and can only di↵use in the L�direction (i.e. change their
eccentricity). In figure 3, this translates to the fact that particles
di↵use along horizontal lines. Following the convention from

Article number, page 5 of 15

J.-B. Fouvry et al.: The secular evolution of quasi-Keplerian systems. II. Razor-thin discs.

the contributions from the di↵usion coe�cient in equation (58)
lead to a Langevin drift coe�cient h taking both positive and
negative values in figure 10.

Figures 9 and 10 recover the di↵usion barrier for a particle
test wire of fast action It. The location of this quenching of the
resonant di↵usion can be interpreted as given by the value of the
slow action LSchw., such that

⌦s(LSchw., It) ' ⌦max
disc , (62)

where ⌦max
disc is the typical maximum precession frequency in the

disc region, i.e. the maximum value of ⌦s in figure 2. For a test
wire such that Lt.LSchw., its relativistic Schwarschild precession
makes it precess too fast to allow for a resonant coupling with
the disc and the di↵usion quenches. Following the criteria from
equation (62), the location of the barrier is then given in action
space by the curve �Schw., such that

�Schw. =
⇢
(Lt, It)

��� ⌦s(Lt, It) = ⌦max
disc

�
. (63)

The location of this barrier is illustrated in figure 8, where it is
given by the left-most level contours of ⌦s. Test particles below
this barrier are precessing too fast to resonate anymore with the
disc. Di↵erent test particles having di↵erent fast actions It will
therefore see their stochastic di↵usion quench for di↵erent values
of their slow action Lt.

Having computed the Langevin coe�cients h and g in fig-
ure 10, it is then straightforward to integrate the Langevin equa-
tion (57) forward in time. Such realisations are illustrated in
figure 11, which shows again that particles cannot di↵use be-

Fig. 11: Illustration of the stochastic motion, t 7!Lt(t), of a test star of
mass µt=µ? for di↵erent initial conditions. The trajectory of the star is
described by the Langevin equation (57), with the Langevin coe�cients
h and g obtained in figure 10. Because these coe�cients tend to 0 for
low enough angular momentum (Lt2.7⇥103), test stars cannot di↵use
closer to the BH. This quenching of the resonant di↵usion in the inner
regions of the system is associated with the Schwarzshild barrier and is
illustrated with the gray region.

low the Schwarzschild barrier. These evolution equations share
some similarities with the equations of motions of individual stars.
However, the significant gain of this framework is that it directly
describes the stochastic motion of Keplerian wires, so that the Ke-
plerian motion of stars along their quasi-Keplerian ellipses does
not have to be resolved anymore. This allows for much larger
timesteps in equation (57), which are orders of magnitude larger
than those required to solve the individual trajectories of stars.
Relativistic e↵ects and the associated post-Newtonian corrections
are also e↵ortlessly accounted for.

Not only can one use the Langevin equation (57) to describe
the evolution of an individual test particle, but also the secular
di↵usion of a population of wires as a whole. This is illustrated in
figure 12, which shows how the long-term di↵usion of the PDF of
a population of test particles may also be estimated. The method

Fig. 12: Illustration of the di↵usion of a population of test wires of
individual mass µt=µ? as a function of time. The evolution of each star is
driven by the Langevin equation (57). The initial PDF of the population is
represented by the red histogram, while the colored histograms describe
the statistics of the population after a time �T =300 and 2�T . Solving
the dynamics of this population via the Langevin equation (57) allows for
the integration forward in time of the Fokker-Planck equation (56), which
describes the di↵usion of the test particles’ PDF as a whole, without
resorting to direct N�body simulations.

followed in figure 12 allows indeed for the e↵ective integration
forward in time of the Fokker-Planck equation (56). To do so,
one samples the test particle’s PDF, P, with test particles. The
stochastic motion of each test particle is then integrated forward
in time via the Langevin equation (57) for a time �T that can
be much larger than the Keplerian dynamical time of the system.
After a time �T , the population of test particles is then distributed
according to the PDF P(t=�T ), illustrated in figure 12. In this
figure, even if the considered time of integration was short, one
can already note that some particles tend to accumulate at the
“Schwarzschild barrier”, where the di↵usion quenches.

The sampling method used in figure 12 may also be used to
integrate forward in time the self-consistent Landau equation (19).
To do so, one has to estimate the disc’s drift and di↵usion coe�-
cients A(J) and D(J). The disc’s initial DF, F? is then sampled
by a finite number of test stars Nsamp.. Assuming temporarily that
the drift and di↵usion coe�cients are frozen, one may then inte-
grate the motion of these Nsamp. test stars following the Langevin
equation (57). This allows us to estimate P(t=�T )'F?(t=�T ),
provided that �T is not too large compared to the timescale of
resonant relaxation. Having estimated the disc’s new DF at the
time �T , one may then recompute the new drift and di↵usion
coe�cients of the disc, A(J,�T ) and D(J,�T ). Sampling once
again this new DF with Nsamp. test stars, one can proceed further.
Provided that the timestep �T is chosen accordingly, i.e. pro-
vided that the disc’s self-consistent drift and di↵usion coe�cients
do not change much on the timescale �T , the present step-by-
step approach allows therefore to integrate forward in time the
self-consistent Landau equation (19).

4.3. Resonant dynamical friction on a massive perturber

The previous section described the stochastic di↵usion of an
individual test star, whose individual mass is identical to that
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Figure 6.1.1: Extracted from figure 16 of Gillessen et al. (2009). Observations of the individual trajectories of twenty
stars orbiting in the vicinity of Sgr A⇤, the super massive black hole at the centre of the Milky Way. Because of the
dominant mass of the central BH, the stars follow quasi-Keplerian orbits.

of particles, the Balescu-Lenard formalism, presented in section 2.3, appears as perfectly well suited.
However, in the context of quasi-Keplerian systems, the application of the Balescu-Lenard formalism in
its original form raises two additional di�culties, which ask for a particular attention. The first di�culty
comes from the fact that one has to describe the dynamics of a system within a possibly non-inertical
set of coordinates. This requires to pay a careful attention to canonical changes of coordinates as will be
emphasised in section 6.2. The second di�culty arises from the intrinsic dynamical degeneracies of the
Keplerian problem, i.e. the fact that the Keplerian frequencies⌦Kep satisfy commensurability conditions
of the form n·⌦Kep'0, for some vectors of integers n=(n1, n2, n3), as will be discussed in section 6.3.
Indeed, the Balescu-Lenard formalism in its original form assumes that resonances are localised in action
space and are not degenerate. As a consequence, it must be re-examined before it can be applied to the
degeneracies inherent to quasi-Keplerian systems.

In the upcoming sections, we will show how one can account for these degeneracies in the case of
a cluster of N particles orbiting a massive, possibly relativistic, central body. This will require to first
average the equations of motion over the fast Keplerian angle associated with the orbital motion of stars
around the BH. Once such an averaging is carried out, we will emphasise how the generic Balescu-
Lenard formalism applies straightforwardly and yields the associated degenerate secular collisional
equation. As will be detailed in the upcoming sections, this equation captures the drift and di�usion
of particles’ actions induced by their mutual resonant interaction at the frequency shifts present in ad-
dition to the mean Keplerian dynamics, e.g., possibly induced by the cluster’s self-gravity or relativistic
e�ects. This new equation will be shown to be ideally suited to describe the secular evolution of a large
set of particles orbiting a massive central object, by capturing the secular e�ects of sequences of polarised
wire-wire interactions (associated with scalar or vector resonant relaxation) on the underlying cluster’s
orbital structure.

This chapter is organised as follows. Section 6.2 specifies the BBGKY hierarchy to systems with
a finite number of particles orbiting a central massive component, by using canonical coordinates to
account adequately for the motion of the central body. Section 6.3 describes the angle-action coordinates
appropriate for such quasi-Keplerian systems and discusses how the dynamical degeneracies should be
dealt with. Section 6.4 averages the corresponding dynamical equations over the fast Keplerian angles
and discusses the newly obtained set of coupled evolution equations. Section 6.5 presents in detail the
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of the stars forming the discrete quasi-Keplerian disc. Inspired
by the multi-component calculations presented in section 3.3,
one could also consider the individual di↵usion of a massive
perturber whose mass would not be the same as the particles
from the discrete bath. Noting the mass of this test perturber as
µt and the individual mass of the particles of the bath as µ?, the
Fokker-Planck equation (56) becomes

@P
@⌧
=
@

@L

 µt

µ?
A(J) P(J) + D(J)

@P
@L

�
, (64)

where P is the PDF of the massive perturber. In equation (64),
the drift and di↵usion coe�cients, A(J) and D(J), were already
introduced in equation (24) and are sourced by the discrete quasi-
Keplerian disc. When accounting for a possible di↵erent mass
for the test particle, the equilibrium solution from equation (60)
immediately becomes

Peq(L, I) = C(I) exp
⇥� (µt/µ?)Veq(L, I)

⇤
, (65)

where the potential Veq(L, I) was introduced in equation (61).
Following equation (58), one can straightforwardly obtain the

Langevin coe�cients associated with the Fokker-Planck equa-
tion (64). They read

h = � µt

µ?
A +

1
2
@D
@L

; g =
p

D . (66)

In equation (66), one can note that only the Langevin drift co-
e�cient h depends on the mass of the test particle. Figure 13
illustrates this coe�cient for a massive test particle of mass
µt=100µ?. Let us note that the definition from equation (25) is

Fig. 13: Illustration of the stochastic Langevin coe�cient Lt 7!h(Lt, It)
associated with the stochastic di↵usion of a massive perturber of mass
µt=100µ? along the gray dashed line, It=cst., identified in figure 8. The
coe�cient g associated with the stochastic of this massive perturber is
the same as in figure 10. Following equation (64), one can note that for a
massive enough perturber (or for light enough bath particles), one has
h(Jt)!�(µt/µ?)A(Jt) and g(Jt)!0. This non-vanishing contribution
is the friction force by polarisation, which drives dynamical friction.

such that the disc’s drift and di↵usion coe�cients, A(J) and D(J),
satisfy A,D/µ?. The larger the number of particles in the disc,
the slower the di↵usion. As a consequence, in the limit of a colli-
sionless bath, i.e. when µ?!0, only the drift component remains
in equation (64). This corresponds to the friction force by polari-
sation, which does not vanish in the collisionless limit (Heyvaerts
et al. 2017). Following equation (66), one can note that in this col-
lisionless limit only the drift coe�cient h(Jt)!�(µt/µ?) A(Jt)

remains in the Langevin equation (57). The evolution of the test
particle is fully deterministic and, following equation (57), reads

dLt

dt
= h(Lt, It) = �µt

A
µ?
, (67)

where, following equation (25), A/µ? is independent of µ?. Equa-
tion (67) is the equation describing dynamical friction. Com-
paring figures 10 and 13, one can note that for a test particle
of individual mass µt=100µ?, the Langevin coe�cients satisfy
g.h. As a consequence, the evolution of such a heavy particle
can be approximated by the deterministic equation (67). Com-
paring figures 10 and 13, one can also note that for a massive
enough test particle, one has h(Lt)>0 for all values of Lt. As a
consequence, the dynamical friction undergone by this massive
perturber induces a drift towards larger Lt, i.e. towards smaller
eccentricities: the orbit of this massive perturber circularises.

Expanding on section 3.3, let us finally investigate the process
of mass segregtion using the Langevin formalism. Having already
estimated the disc’s drift and di↵usion coe�cients in figure 9,
one may now rely on equation (66) to compute the Langevin co-
e�cients of populations of test stars of di↵erent individual mass.
Figure 14 presents the respective di↵usion of two populations of
test stars of individual mass µt=µ? and µt=20µ?, distributed ini-
tially according to the same PDF. In agreement with the findings

Fig. 14: Illustration of the di↵usion of two populations of test stars of
di↵erent individual mass. The two populations are initially distributed
according to the same PDF, illustrated with the black histogram. The
evolution of each test star is described by the Langevin equation associ-
ated with the Fokker-Planck equation (64). After a time �T =300, the
PDF of the light popopulation (of individual mass µt=µ?) is given by the
red histogram, while the heavy population (of individual mass µt=20µ?)
follows the PDF given by the blue histogram. Because of the prefactor
(µt/µ?) present in equation (64), populations of di↵erent individual mass
do not follow the same stochastic motions, and the system undergoes a
mass segregation. Light (red) particles tend to become more eccentric
and heavy (blue) particles tend to become less eccentric.

of section 3.3, figure 14 predicts that populations of test particles
of di↵erent mass segregate in the vicinity of the disc. The heavier
particles will tend towards orbits of larger angular momentum,
i.e. towards less eccentric orbits. One can also note that some
light particles already tend to accumulate at the “Schwarzschild
barrier”, where resonant di↵usion stops.

5. Conclusion

We investigated the secular dynamics of a razor-thin axisymmet-
ric discrete quasi-Keplerian disc surrounding a supermassive BH.
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(n, n′) = (1,−1)
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How to aliment a supermassive black hole? 
 

Stellar diffusion in galactic centers 
     + Origin and structure of SgrA* 
     + Relaxation in eccentricity, orientation 
 

Sources of gravitational waves 
     + BHs-binary mergers 
     + EMRIs, TDE

Context

Galactic centers  
 

Stellar capture rates 
Gravitational waves sources 
 

Galactic discs  
 

Galactic Archeology 
Radial Migration/Thickening

Next steps

Globular clusters  
 

Effect of velocity anisotropy 
Gravitational collapse 
 

Dark Matter halo 
 

Cusp-Core transition 
Environmental forcing

+ New kinetic equation written and implemented 
 

+ Confronted to astrophysical observations 
 

+ Theory in a regime inaccessible to simulations

Novelties
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CONCLUSIONS

• From linear response to secular evolution.

Galactic dynamics enters the cosmic framework.

• Frameworks for the e↵ects of external and internal perturbations.

Nature vs. Nurture

• First implementation of Balescu-Lenard in (astro)physics

• Approach complementary to N�body and Monte Carlo methods
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BL = master equation describing self-consistently resonant relaxation

Stellar
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quasi resonant streams = relative motion
                                tumbling stream

Φ

Tr

Ω = Φ  / Tr

• What is a resonance ?

• Where is a star resonant ? 

• Resonant Orbital Stream =
ensemble of star describing a given resonant  orbit 

 (reduction into dust)

  
Ω −Ω0 =

ℓ
m
κ
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• Why the resonance ? collisionless dynamics

Non Resonant Orbital Stream

Net Torque resonant interaction ?
No net torque

Resonant Orbital Stream
large relative motion = large inertia
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Resonance 101
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• Inertia may repel

How does a given stream  reacts to a given 
torque ?

• Cooperative Streams:     
     positive moment of intertia : ILR

• Donkey Streams:
     negative moment of inertia : CR

Corotation Resonance:
Donkey

Effective potential
rotating frame Ω  

˙ v = −∇ψ eff + 2Ω× v

bar axis

Gyroscopic behaviour - orbit remains 
near equipotential: away from the bar
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Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

Contest: gravity vs inertia : spontaneous evolution ?

Coupling
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Hot
Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

Contest: gravity vs inertia : spontaneous evolution ?

F(Ω)

Ω−Ωmax

σΩ

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

more orbits

less orbits

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

less orbits

more orbits

Coupling

70

Wednesday, 3April, 19



Hot
Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

precession rate

Heat quenches the instability

Cold

Contest: gravity vs inertia : spontaneous evolution ?

F(Ω)

Ω−Ωmax

σΩ

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

more orbits

less orbits

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

less orbits

more orbits

Coupling

70

Wednesday, 3April, 19



Hot
Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

precession rate

Heat quenches the instability

Cold

∂F ∂Ω
Ω −Ωp

d∫ Ω =
−22

4πGA2

∂ 2F ∂Ω2 ≈
M
σΩ
2

precession rate
gravity

mode (m=2)
• Linear (marginal) instability 

Maxwellian

Azimuthal Instability

Contest: gravity vs inertia : spontaneous evolution ?

F(Ω)

Ω−Ωmax

σΩ

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

more orbits

less orbits

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

less orbits

more orbits

Coupling

70

Wednesday, 3April, 19



Hot
Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

precession rate

Heat quenches the instability

Cold

∂F ∂Ω
Ω −Ωp

d∫ Ω =
−22

4πGA2

∂ 2F ∂Ω2 ≈
M
σΩ
2

precession rate
gravity

mode (m=2)
• Linear (marginal) instability 

Maxwellian

Azimuthal Instability

Contest: gravity vs inertia : spontaneous evolution ?

phase velocity  

∂F ∂V / /

V / / −W
d∫ V / / =

−k2

4πG

Jeans Instability

ρ
c2

=
k2

4πG

projected velocity

F(Ω)

Ω−Ωmax

σΩ

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

more orbits

less orbits

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

less orbits

more orbits

Coupling

70

Wednesday, 3April, 19



Hot
Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

precession rate

Heat quenches the instability

Cold

∂F ∂Ω
Ω −Ωp

d∫ Ω =
−22

4πGA2

∂ 2F ∂Ω2 ≈
M
σΩ
2

precession rate
gravity

mode (m=2)
• Linear (marginal) instability 

Maxwellian

Azimuthal Instability

Contest: gravity vs inertia : spontaneous evolution ?

⇒ That’s why some galaxies m � 2 while k > 0

phase velocity  

∂F ∂V / /

V / / −W
d∫ V / / =

−k2

4πG

Jeans Instability

ρ
c2

=
k2

4πG

projected velocity

F(Ω)

Ω−Ωmax

σΩ

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

more orbits

less orbits

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

less orbits

more orbits

Coupling

70

Wednesday, 3April, 19



Hot
Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

precession rate

Heat quenches the instability

Cold

∂F ∂Ω
Ω −Ωp

d∫ Ω =
−22

4πGA2

∂ 2F ∂Ω2 ≈
M
σΩ
2

precession rate
gravity

mode (m=2)
• Linear (marginal) instability 

Maxwellian

Azimuthal Instability

Contest: gravity vs inertia : spontaneous evolution ?

⇒ That’s why some galaxies m � 2 while k > 0

In plasma G⇥ �e2/m

Two stream instability

F(v)

V

Donkey streams ?

phase velocity  

∂F ∂V / /

V / / −W
d∫ V / / =

−k2

4πG

Jeans Instability

ρ
c2

=
k2

4πG

projected velocity

F(Ω)

Ω−Ωmax

σΩ

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

more orbits

less orbits

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

less orbits

more orbits

Coupling

70

Wednesday, 3April, 19



Hot
Tumbling orbit instability (a.k.a. HMF)

•Phase Portrait

?

Ψ12 = A cos(2φ1−2φ2)

precession rate

Heat quenches the instability

Cold

∂F ∂Ω
Ω −Ωp

d∫ Ω =
−22

4πGA2

∂ 2F ∂Ω2 ≈
M
σΩ
2

precession rate
gravity

mode (m=2)
• Linear (marginal) instability 

Maxwellian

Azimuthal Instability

Contest: gravity vs inertia : spontaneous evolution ?

⇒ That’s why some galaxies m � 2 while k > 0

A

kBT
� 2

• Thermodynamical criteria

Maximize Entropy  at L, E  fixed

PHASE TRANSITIONBar

TTc

 Applicable to formation/ dissolution

In plasma G⇥ �e2/m

Two stream instability

F(v)

V

Donkey streams ?

phase velocity  

∂F ∂V / /

V / / −W
d∫ V / / =

−k2

4πG

Jeans Instability

ρ
c2

=
k2

4πG

projected velocity

F(Ω)

Ω−Ωmax

σΩ

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

more orbits

less orbits

φ−Ωmax t

Isocontour of the 
 distribution function 

F(Ω,φ) 

less orbits

more orbits

Coupling

70

Wednesday, 3April, 19



Liouville’s Equation
• System of N identical interacting particles, w = (x,v).

• Hamiltonian of the system: HN =
1

2

NX

i=1

v

2

i +
NX

i<j

U(xi�xj) .

• Individual dynamics governed by Hamilton’s equation

dxi

dt
=

@HN

@vi
;

dvi

dt
= �@HN

@xi
.

• N�body DF f (N)(w
1

, ...,wN , t) governed by Liouville’s equation

0 =
@f (N)

@t
+ div

h
ẇ f (N)

i
continuity equation

=
@f (N)

@t
+

NX

i=1

⇢
vi · @f

(N)

@xi
+Fi · @f

(N)

@vi

�

=
@f (N)

@t
+

NX

i=1
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@HN

@vi
· @f

(N)

@xi
� @HN

@xi
· @f

(N)

@vi

�

=
@f (N)

@t
+
h
f (N), HN

i
.

• Exact and reversible equation but in a 6ND phase-space.

Origin of Balescu-Lenard Equation
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BBGKY Hierarchy
• Reduced DF in 6nD phase space

fn(w1

, ...,wn, t) =
N !

(N�n)!

Z
dwn+1

dwN f (N)(w
1

, ...,wN , t) .

• Reduced n�body Hamiltonian

Hn =
1

2

nX

i=1

v

2

i +
X

i<jn

Ui,j .

• nth�BBGKY equation for fn

@fn
@t

+[fn, Hn] =
nX

i=1

Z
dxn+1

dvn+1

@Ui,n+1

@xi
· @fn+1

@vi
.

• Content
I n�body dynamics: Liouville’s equation and (n+1)th order collision term.
I Exact hierarchy of equation: Requires a truncation.

Origin of Balescu-Lenard Equation
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From BBGKY to Vlasov
• Two-body correlation function

f
2

(w
1

,w
2

) = f
1

(w
1

) f
1

(w
2

) + g
2

(w
1

,w
2

) .

• BBGKY�n=1 equation

@f
1
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+v

1

· @f1
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1

� @f
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1

· @

@x
1

Z
dw

2

U
1,2f1(w2

)

�
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Z
dw
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· @g2
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.

• Separable system with no particle correlation: g
2

= 0 .

8
><
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Z
dv

2

f
1

(x
2
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2

, t) = ⇢(x
2

, t) ,
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dx
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, t)U(x
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�x

2
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1
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=) @f

1

@t
+v

1

· @f1
@x

1

� @�

@x
1

· @f1
@v

1

= 0 .

• We recover Vlasov equation for an uncorrelated system of N particles
to describe the secular collisionless evolution.

Origin of Balescu-Lenard Equation
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From BBGKY to Balescu-Lenard
• Taking into account two-body correlations
but truncation at the order 1/N (i.e. g

3

⌘ 0).

• BBGKY�n=2 equation
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• Complex to solve for f
1

and g
2

, especially in inhomogeneous systems.

• But VERY symmetric.

Origin of Balescu-Lenard Equation
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Relaxation in self-gravitating systems 23

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
J̄

0.0

0.5

1.0

1.5

2.0

2.5

N
×
D
(J̄
)

η−formalism

N−body

Landau

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
J̄

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40
N
×
D
(J̄
)

η−formalism

N−body

Balescu-Lenard

Figure 3. Diffusion coefficients for a non-interacting bath (left) and an self-interacting bath (right) with magnetization M0 = 0.816, as a function of the

rescaled action J (defined in equation (C4)). The thick solid line shows the diffusion coefficients as obtained by the η-formalism, the dashed lines are obtained

from equations (127) and (130), while the dots reproduce the direct measurements of the diffusion coefficients of BM17 performed from N -body simulations.

The vertical dotted line indicates the location of the separatrix (i.e. κ = 1).

diffusion coefficients, as given by equation (48). The HMF diffusion coefficients are shown in Figure 3 as a function of J , as introduced

in equation (C4). In this figure, we show different methods to compute the diffusion coefficients. The first approach is based on the present

η-formalism. As shown in Figure 2, it amounts to characterize the correlations of the fluctuations in the system, over many bath realizations.

Once these perturbations are determined, the diffusion coefficients are immediately given by equation (127). As already computed in BM17,

another approach is to compute the system’s dressed susceptibility coefficients, εcc(ω) and εss(ω), from equation (131). Then, one may

compute the correlation functions from equation (130), which immediately give the diffusion coefficients. Finally, we also reproduced in

Figure 3 the data from BM17, obtained by measuring the diffusion coefficients directly from N -body simulations. As shown in Figure 3, all

three approaches match, which illustrates the versatility of the η-formalism. Let us emphasize that, contrary to the analytical computation

of the diffusion coefficients based on equation (130), the η-formalism approach does not ask for the resolution of the resonant condition

kΩ(κ)− k′Ω(κ′) = 0, nor for the computation of the dressed susceptibility coefficients εcc(ω) and εss(ω) from equation (131), which can

all prove to be cumbersome in generic inhomogeneous self-gravitating systems. The only requirement of the η-formalism is to be able to

perform bath realizations, either non- or self-interacting, from which the correlation of the potential perturbations can be characterized.

To finish this section, let us briefly discuss some of the features of the HMF diffusion coefficients presented in Figure 3. First, comparing

the left and right panels, one cannot that even if the HMF pairwise interaction potential from equation (112) is attractive, this does not

necessarily translate into the dressed (BL) diffusion coefficients being larger than the bare (Landau) ones. Here, for a HMF model with a

large magnetization, collective effects tend to slow down the long-term diffusion. As shown in Figure 9 of BM17, should one consider a

lower mean magnetization, this trend would invert and the BL diffusion coefficients would become larger than the Landau ones. In the case

of razor-thin cold stellar discs, Fouvry et al. (2015c) similarly showed how self-gravity could hasten the long-term diffusion by at least three

other of magnitudes.

In Figure 3, surrounding the separatrix, one can also note the presence of sharp peaks of enhanced diffusion. Such regions were not

presented in BM17 and attributed to numerical instabilities of the computation near the separatrix (B. Marcos, private communication). Here

we show that these peaks are not numerical artifacts, and are recovered in Figure 3 by all three methods. Their origin may be understood

as follows. First, we note that these peaks are associated with orbits J with non vanishing orbital frequencies Ω(J). In that region of

orbital space, the assumption of a dominating mean field motion in the Landau and BL equations therefore applies. Glancing back at the

correlations represented in Figure 2, the origin of these peaks can be understood from the η-formalism. Indeed, as given by equation (C5), at

the separatrix, one has Ω(κ = 1) = 0, and the frequency then grows very rapidly away from the separatrix. As a result, when moving away

from the separatrix, the diffusion coefficient D(J) ∝ Ĉ(Ω(J)) rapidly scans the peak of the correlations represented in Figure 2, leading to

the narrow peaks observed in Figure 3. We finally note that the present formalism cannot be naively applied at the separatrix, as particles there

have Ω(J) ≃ 0, so that the assumption of having a fast orbital motion driven by the mean field potential does not apply there. Characterizing

the properties of the stochastic diffusion at the separatrix requires therefore a more careful and elaborate study, which is beyond the scope of

this work.

9 CONCLUSIONS

A long-range interacting system in which the mean field potential is integrable will evolve on the long-term due to the graininess of the

potential associated with the finite number of particles. For such a system in the statistical limit N ≫ 1, the long-term evolution of the

integrals of motion (conveniently cast into actions J) is stochastic and can be regarded as a diffusion process.

It is then enlightening to consider the evolution of one subject particle whose actions are undergoing a stochastic evolution sourced by
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