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Hard particle fluids:

Interaction potential 0 or oo — no intrinsic

energy scale.
Temperature just sets velocity scale.

Zero interaction time — collisional interac-

tions.

Athermal — no random noise.

Static state: Isostatic packing. (D+1) con-

tacts per perticle (apart from rattlers).
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Athermal — no random noise.

Static state: Isostatic packing. (D+1)

tacts per perticle (apart from rattlers)
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Jamming by compression:

Soft particle fluids:

Hard particle fluids:

Compress (reduce volume) with

Quench (lower temperature) | out permitting system to equili

without permitting system to | brate to a crystal.

equilibrate to a crystal.

L. V. Woodcock, J. Chem. Soc.
Farady Trans. 2 72 1667 (1976).
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Random states in 3D:

e Random close packing volume

fraction ¢g.p = 0.64. X(@))

e FEmpirical pair  distribu-
tion function at constact
(Torquato 1995).
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Jamming by shear: Dynamical arrest.

O%e?

Hard partlcles

Finite stiflness:

0)

Y

(W) (Upm) (1)

Dynamical equivalent of Mode-coupling theories.




Sheared flow of hard parti-

cles:
s

T = Mean sq. fluc. vel.
o~ (T2 )d?)

D o (p?TY2d?)(1 — )T
Energy balance

Ad ~ eT1/?
e=(1—e2)l/2

Hard-particle fluid at equilibrium:

P(E) = exp (—fE)/Q

F(v) = (57 ) exp (—mv?/2T)

Near equilibrium:

_ B [
n=1v ]llir(l) i dt(ogy(k, )05y (—k,0)

Structure — pair distribution functio
at contact x(¢).




Hard particles — instanteneous collisions:
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Dimensional variables

e Particle mass m, Dimensionless variables

e Particle diameter d, e Volume fraction ¢,

e Strain rate G,. e Coefficients of restitution

€n, Et.

Constitutive relation 0., = md~'G%, F(¢,e).




Structure:

¢ 2D: g5 = Y., exp (610)
ge = 1 for hexagonal packing.

e 3D Icosahedral order parameter:

l
Qi = (”;1 > |<Ylm<e,¢>>|2>

m=—I

Q¢ = 0.6 for FCC/HCP.
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Structure:
Sheared inelastic fluid:

%8)80

0.5

0.4 H

Balance between shear production ©°°

and inelastic dissipation. 0.2 A

0.1

2

04 044 048 052 056 0.6 0.64
¢

T= (d,}/)ZF(gb? Cn, et)

Ve,=08rmp>e,=009;<¢, =0.95; ¢e, =0.98; Box e, = 1.0.
System size: , n = 500.




Diffusion:
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e, = 0.9. ent direction; Dotted — vorticity direc-
tion. e,, = 0.9, ¢ = 0.58
n = 500.
Dense flowing granular material is a gas, not a solid /liquid.




No cage effect in shear flow:

¢ = 0.55, ¢, = 0.9

10.6(d/T*/?)
13.24 71

Elastic Sheared inelastic




Sheared steady state:

Collision freq. & stress diverge at lower volume fraction than RC'P
(0.64).
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e, = 0.98 (0), e, =0.95 (A), e, =
(>), en = 0.6 (0),

Smooth particles (open symbols), rough particles (filled symbols).




Important correlation effect

Distribution of relative velocities w = u — u*

Not a Gaussian! /

Relative velocity distribution: Single-particle distribution

17

U, ,

(Box).




Fast decay of velocity correlations:
Elastic

102

1073 1

A¢ = 0.45; Ve = 05,00 =0.55 A¢p = 0.45; Ve = 0.5,0¢ = 0.55
Y(t) ~ 17372, e =0.9; Y(t) ~ t=15/472,




Fast decay of velocity correlations (Orpe et al 2007):
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Dynamical arrest in sheared hard-particle fluids:

e Volume fraction ¢4, < @rp, function of e.

e Motion diffusive, fast decay of autocorrelation function.

e Strong correlation effect on relative velocity distribution of
colliding particles.




Dynamical arrest in sheared hard-particle fluids:
e Volume fraction ¢4, < ¢rcp, function of e.

e Motion diffusive, fast decay of autocorrelation function.

e Strong correlation effect on relative velocity distribution of
colliding particles.




Kinetic theory — elastic hard spheres

O dxdu

e Velocity distribution
f(x,u)dxdu.

e Fluctuating velocity
c=u—U

Apf)

Boltzmann eq ———— +

ot

u




(pf)
or

Equilibrium (no gradients)

Boltzmann equation:

Solution — Maxwell-Boltzmann distribution

f= (27TT)_3/2 exp (—mu2/2T)




Non-equilibrium — Chapman-Enskog procedure:

d(pf) N ~0U; O(pesf) — Oc(pf)

ot (%zj 8(31' ot

T1/2/0(f o feq)
A

Gaypf
Asymptotic expansion in parameter e = (A/L); f = fo+€f1 + ...

de(pf)

ot =0— f=fuB.

Leading order

First correction

I(pfo) N _ oy d(pcifo)  Oclpfr)
ot 8513]' (9(37; - ot




Steady homogeneous shear flow of inelastic particles:

S
o
d(pcif) _ Oclpf) %%)g%go

—Gij = o
de; ot 00 (59(980%

v O
OOOOOOO &

Nearly elastic collisions:

en < 1 — Dissipation < Particle energy

Expand in € = (1 —e,)/2.

3c(((,90tfo) =0—f=JuB-

Rate of energy production ~ pG2, ~ (T*/?/d*)G2,.

Leading order

Rate of energy dissipation ~ p?T3/2(1 — e2).

n

Gy ~ (1= €2)12TY2 o (T2,




Collision rules — smooth particles

) \ /

(K

/ S

Relative velocity w = u — u*

Wy, = —en W

Energy conserved for € = 0.




Boltzmann collision integral — dense gases

Enskog approximation:

cpf //c

Pair distribution function y(¢)
Accounts for the finite volume of

partilcles.




Boltzmann collision integral — dense gases

Enskog approximation:

o e

Pair distribution function y(¢)
Accounts for the finite volume of

partilcles.




Conservation equations:

dp
a + v.(pu) =0

ou
P (E + u.Vu) = —V.o

oT
pCly (E + u.VT) =—-V.q+o0:(Vu)—-D

0= —psTT+ pugT?S + B1S.S + By(S. A — A.S) + BsA.A




Moments of Boltzmann-Enskog equation
e ‘Slow’ Mass, Momentum & Energy, conserved in collisions.
e Other ‘fast’ moments decay over time scales ~ collision time.

Linear response

o f(c) = fo(c)+ f(c)elsttika)

e Linearised Boltzmann equation

o,
gt | F =117

fle) =ik, Awi(e)
o (Slz'j + ’LkXZ'j — Gij — LZJ)A]

s +1kc, —




Hydrodynamic modes for elastic system

e Number of eigenvalues de-

pends on number of basis

functions chosen.

For k — 0,

Transverse momenta s; =

—(n/p)k>.

Energy s, = —D7k?.
Mass & longitudinal mom.

= $kp, — p (e +
4u/3)k>.

All other modes with neg-
ative eigenvalues, indicating

that other transients decay.




Hydrodynamic modes for smooth inelastic spheres

Energy not conserved.

Rate of conduction
()\MTl/z/LQ).

Rate of dissipation
(1= e)T"2/An).

Conduction length L.

(Aar/(1—e)'/?).
Energy conserved L <K
L.(k > e).

Adiabatic approz. L
L.(k < €).
Local balance between source

and dissipation.




Correlations in dense elastic fluids:

Partly incorporated in the divergencf
of the pair correlation function as closf
packing is approached.

Time correlation — long time tail:
Oz (K) = —nk*uy (k)

Ug (kv t) — €Xp (—nth)% (k7 O)

Velocity correlation:

/ dk (1, (k, )y (—k, 0))

~ / dk exp (—nk?t)
p—d/2




Linear response

Infinite sheared granular material

Mean flow 4, = Gy, u, =0, u, = 0.

Small dissipation € = (1 —e,)"/? <« 1.
Length L > L.(k < €).

Mass conservation

Momentum conservation
p(Oiu +u.Vu) = V.o.

Perturbations

exp (tkx + iy + 1mz)




Linear response
e Infinite shear flow — not ho-
mogeneous.

e Time dependent wave vector
k = ]f(), [ = lo—koét, m = 1my.

e ‘Linear’ response equations

+ (ﬁo +tL1 + t2£2)

— eXp (—tﬁo — (t2/2)£1 — (t3/3)£2)

ForkO:O,[,l:O,EQ:O.




Linear response — flow plane

Short time t <« G~ 1:

p(t

G2

simy = —G?k§fi, + koloG (pp — T( p+2 p))

e Three solutions — two propagating, one diffusive.
o For lg =0, 8ppy x —(—1,(=1)1/3, (—1)2/3)@2/%3/3/1;/3.

o For Iy # 0, 85y X (—1,(=1)1/3, (_1)2/3)]{3/3%/3@1)/2




Collective motion: growth and decay of fluctuations:




Linear response — flow plane

SpayP + Prhoty + prloty =0

(5 py i + Giiy) = 0

ﬁspxy”&y — (Zékoﬂpﬁ + Zloﬁp)ﬁ =0




Summary — Flow plane: Vorticity direction

k< e m <K €

Propagating s, k2/3 Diffusive s,, | +m

2/3
Spi K2/ Spz m

Diffusive s; | +k2/3 Transverse Sz, +m

Transverse s, k? Szy

Energy st K Energy st




Effect of correlations:

Time correlation in elastic sheared fluid:
Sheared system: log(<y (k,)u (k,0)>)

0

(O + Gagha gy

= —nk’u,

1
Uy () = ug(0) exp [—Dt (k2 — Gyythiky + gGithkiﬂ

uz(t) ~ exp (—1/3G2 k3t3)

xy'vx




Green-Kubo relation:

8 G s
n=— /dk’/ dt ¢t~
4 0

log(<y (kyu (k,0)>)
Two dimensions:

= To + m lOg (Ga:y)

Three dimensions:

=10 + 1 |Gay|"/?

(First calculated Ernst et al 1978).




Viscosity from Green-Kubo formula:

B [T

n = — lim dt(ozy(k,t)oy(—k,0))
0

V k—o0

Inelastic fluid:

Decay rates A o< (—k2/3), (k).

/dt/dkexp —\t)
(/ dt(t=5/4Y)

2D—770<f'y3/2

3D—770<’y”/4

Howewver: Large transient growth.




Experimental evidence of fast decay (Orpe et al 2007):
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Effect of correlations:

e Assume binary collisions.

e Include correlations between

colliding particles.

Joa = ﬁFa(l ‘|'goz)

Jag = /52FaFB(1 + 9o + 98 + 90)

faﬁw — ﬁSFaFﬁFv(l + go T gp =+ g~ + 9dap + g3~ + Jory + gaﬁv)

where F,, is the Maxwell-Boltzmann distribution.




Effect of correlations:

One-particle equation:

Fa(0y + Sa) (1 + ga) / CF [FuFy (1 + ga + g + gor)
Y

where C’O% is the collision operator, and the streaming operator S,

18,

0y

Sa (V) = ca.axa

+ €7 (ya v
X

/
O




Effect of correlations:

Two-particle equation:

0 . 0 0
fﬂ}Fb (Zﬁ:%—evyag +—Ca.ax:

= "6(xap)CLs[FaFs(1 + ga + 93 + gap)]

9,
+_CB°____%_Eﬁ(555+'5b)).9a5

axag 8Xﬁ

T / CE [FoF3F, (gap + 95)] + / CE [FoF3F: (gary + gop)]
Y Y

S
T \‘/ C‘)/
/‘\ <t ™

‘V-a>

® .




Effect of correlations:

Rewrite:

0

FaFﬁ (E + eﬁyag + La + Lﬁ) 9ap

= 0(xap)ClslFaFs(l+ ga + 93 + gap)]

8xa5

where L, and Lg are the linear operators

L)) = Sa(t)) — / C (1 + o) (Fy))

Linear operator L, is the operator for hydrodynamic mode
equations,
Fa(at —|— La)w — 0

For conserved modes, L,v — 0 for k — O.




Effect of correlations:

0 .
FaFB (E + EYYap

+ Lo+ L o
833a5 6) Jof

= 7 10(xap)Oop[FaFp(l+ ga + g + gap))
Divergent contribution to g,s from products of conserved modes,

Jop = Y _Arsbardp

Using this, can show Green-Kubo relation in leading approximation

in small e,

dt<a$y(k7 t)ny(—k, O)>




Effect of correlations:

Define

L (€anr) = M (K)ans = A Ervrndan

Dual of eigenfunctions

/ FoloanmMan = 0N

Solution of the Chapman-Enskog equations:

fo = Fou(1+ehD + 0P 4.0




Correlation for conserved modes:

p/F Camcay¢al¢aj

///¢al¢ﬁj— (1/2)bardas —

(1/2 D3108.7)(Cozy — Caz)ay(Ca — Cg).a




Effect of correlations:

= —__1X[JK]L}WXLM — ﬁ_lXIJ@f]LK%I{VXMN

(ﬁ_;w /_ ; dt’ /k Epy(k(t),t)Eg (—k(t),t)

o f; dt"” (Ap(k(t"))+Xq (=k(t")))

B (K (#), ) B (K (1), )

oKL — ( [ FubiouSalénon) )Px / / 016,C ) [FoF
(gbaquﬁL - (1/2>¢aK¢aL - 1/2 gbﬁKgbﬁL)])




Effect of correlations:

Dyson equation:

—1
Ony = —pX15 (I17" — OV KED) Xk

101

Divergent stress at

THN — oKL KMY| = 0.

O~ K ~x ~ (¢e—¢)7!
(¢ — @) ~ 7 ~ (1 —€”)!/2




Single-particle:

(o0 +
(at + Sa)fCEa — fﬁ COtﬁ[fCEafCEﬁ] \9’

Single-particle: fo, = fopa(l+ ga).

Equation:

(at + Sa)(fCEa(l + ga)) — Acaﬁ[fCEafCEﬁ(l + Jo + gp + gaﬁ>]




Two-particle: fog = fopafors(1+ 9o + 98 + 9as)

0y + Sa + S3)(fecrEafcEs(l + ga + 98 + 9ags))
= p '0(xap)CaplfcEafcrs(l+ ga + g8 + gap)]

+ /(Cow+Cﬁ7)[fCEafCEﬂfCE'y(1+ga +gﬁ+97
~

+9aB T Gay T 98~ T gaﬂ'y)]

‘ee +te[®]= 00 +te—o0 + 0o +o—o+./:|.+<f.




Two-particle: Express in terms of operator
La = Sa — f,y(]_ + Paf),)OafyZ




Three-particle and higher:

- N - -
/ \ + |‘ —
@@ '@
N _ v — I

..-I-g.




Conclusions

Dynamics matters ...

... but we can still calculate some things.




