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Hard particle fluids:

• Interaction potential 0 or ∞ — no intrinsic

energy scale.

• Temperature just sets velocity scale.

• Zero interaction time — collisional interac-

tions.

• Athermal — no random noise.

• Static state: Isostatic packing. (D+1) con-

tacts per perticle (apart from rattlers).

• Slight decrease in volume fraction — binary

contact regime.
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Jamming by compression:

Soft particle fluids:

Quench (lower temperature)

without permitting system to

equilibrate to a crystal.

Hard particle fluids:

Compress (reduce volume) with-

out permitting system to equili-

brate to a crystal.

L. V. Woodcock, J. Chem. Soc.,

Farady Trans. 2 72 1667 (1976).



Hard disks 2D:

Ordered state ν = 0.78:
Disordered state ν = 0.78:



Random states in 3D:

• Random close packing volume

fraction φrcp = 0.64.

• Empirical pair distribu-

tion function at constact

(Torquato 1995).

χ(φ) =
(2 − φf )

2(1 − φf )3
φc − φf

φc − φ

χ(φ) ∼ 1

φc − φ
φ

χ(φ)
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Jamming by shear: Dynamical arrest.

Finite stiffness:
σ

γ

Hard particles:

ρ ρ
rcp

ρ
da

γ = 0γ = 0
..

σ
γ
.2

σ

(1/ρ)(1/ρ   )rcp (1/ρ   )da

Dynamical equivalent of Mode-coupling theories.



Sheared flow of hard parti-

cles:

µγ̇2 = D

T = Mean sq. fluc. vel.

µ ∼ (T 1/2/d2)

D ∝ (ρ2T 1/2d2)(1 − e2)T

Energy balance

γ̇d ∼ ǫT 1/2

ǫ = (1 − e2)1/2

Hard-particle fluid at equilibrium:

P (E) = exp (−βE)/Q

f(v) =
( m

2πT

)

exp (−mv2/2T )

Near equilibrium:

η =
β

V
lim
k→0

∫

∞

0

dt〈σxy(k, t)σxy(−k, 0)〉

Structure — pair distribution function

at contact χ(φ).



Hard particles — instanteneous collisions:

Dimensional variables

• Particle mass m,

• Particle diameter d,

• Strain rate Gxy.

(u,  )ω
(u ,   )ω* *

ω*(u ’,   ’)*(u’,  ’)ω

Dimensionless variables

• Volume fraction φ,

• Coefficients of restitution

en, et.

Constitutive relation σxy = md−1G2
xyF (φ, e).



Structure:

θ

• 2D: q6 =
∑N

i=1 exp (6ıθ)

q6 = 1 for hexagonal packing.

• 3D Icosahedral order parameter:

Ql =

(

2l + 1

4π

l
∑

m=−l

|〈Ylm(θ, φ)〉|2
)1/2

Q6 = 0.6 for FCC/HCP.
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Structure:

Sheared inelastic fluid:

Balance between shear production

and inelastic dissipation.

µγ̇2 = D

T = (dγ̇)2F (φ, en, et)
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∇ en = 0.8; ⊲ en = 0.9; ⊳ en = 0.95; ⋄ en = 0.98; Box en = 1.0.

System size: n = 256, n = 500.



Diffusion:

0.4 0.44 0.48 0.52 0.56 0.6 0.64
φ

0

0.1

0.2

0.3

0.4

0.5

0.6

Q
6

en = 0.9.
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Solid — flow direction; Dashed — gradi-

ent direction; Dotted — vorticity direc-

tion. en = 0.9, φ = 0.58

n = 256 n = 500.

Dense flowing granular material is a gas, not a solid/liquid.



No cage effect in shear flow:
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Sheared steady state:

Collision freq. & stress diverge at lower volume fraction than RCP

(0.64).
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Important correlation effect

Distribution of relative velocities w = u− u∗

Not a Gaussian!

u’

u

u ’*

*u

w=u−u*

wn

Relative velocity distribution:
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Fast decay of velocity correlations:

Elastic

10-3 10-2 10-1 1
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|ψ
(t

)|

(tT 1/2/d)

△φ = 0.45;∇φ = 0.5, ⋄φ = 0.55

ψ(t) ∼ t−3/2.

Sheared inelastic e = 0.9
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Fast decay of velocity correlations (Orpe et al 2007):



Dynamical arrest in sheared hard-particle fluids:

• Volume fraction φda < φrcp, function of e.

• Motion diffusive, fast decay of autocorrelation function.

• Strong correlation effect on relative velocity distribution of

colliding particles.
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Kinetic theory — elastic hard spheres

• Velocity distribution

f(x,u)dxdu.

• Fluctuating velocity

c = u− U

dxdu

x

u

Boltzmann eq
∂(ρf)

∂t
+
∂(ρcif)

∂xi
+
∂(ρaif)

∂ci
− ∂Ui

∂xj

∂(ρcjf)

∂ci
=
∂c(ρf)

∂t

x

u

u

u’

u*

u*’



Boltzmann equation:
∂(ρf)

∂t
+
∂(ρcif)

∂xi
− ∂Ui

∂xj

∂(ρcjf)

∂xi
=
∂c(ρf)

∂t

Equilibrium (no gradients)

∂cf

∂t
= 0

Solution — Maxwell-Boltzmann distribution

f = (2πT )−3/2 exp (−mu2/2T )



Non-equilibrium — Chapman-Enskog procedure:

∂(ρf)

∂t
+
∂(ρcif)

∂xi
− ∂Ui

∂xj

∂(ρcjf)

∂ci
=
∂c(ρf)

∂t

T 1/2ρf

L
Gxyρf

T 1/2ρ(f − feq)

λ

Asymptotic expansion in parameter ǫ = (λ/L); f = f0 + ǫf1 + . . .

Leading order
∂c(ρf)

∂t
= 0 → f = fMB .

First correction

∂(ρf0)

∂t
+
∂(ρcif0)

∂xi
− ∂Ui

∂xj

∂(ρcjf0)

∂ci
=
∂c(ρf1)

∂t



Steady homogeneous shear flow of inelastic particles:

−Gij
∂(ρcjf)

∂ci
=
∂c(ρf)

∂t

Nearly elastic collisions:

en ≪ 1 → Dissipation ≪ Particle energy

Expand in ǫ = (1 − en)1/2.

Leading order
∂c(ρf0)

∂t
= 0 → f = fMB .

Rate of energy production ∼ µG2
xy ∼ (T 1/2/d2)G2

xy.

Rate of energy dissipation ∼ ρ2T 3/2(1 − e2n).

→ Gxy ∼ (1 − e2n)1/2T 1/2 ∼ ǫT 1/2.



Collision rules — smooth particles

u

u’

u*

u*’

k

Relative velocity w = u − u∗

w′

k = −enwk = −(1 − ǫ2)wk

w′

t = wt

Energy conserved for ǫ = 0.



Boltzmann collision integral — dense gases

Enskog approximation:

∂cρf

∂t
= χ(φ)

∫

k

∫

c∗

(f(c′)f(c∗′) − f(c)f(c∗)) ((u− u∗).k)

Pair distribution function χ(φ)

Accounts for the finite volume of

partilcles.
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Conservation equations:

∂ρ

∂t
+ ∇.(ρu) = 0

ρ

(

∂u

∂t
+ u.∇u

)

= −∇.σ

ρCv

(

∂T

∂t
+ u.∇T

)

= −∇.q + σ :(∇u) −D

σ = −pφT I + µφT
1/2S +B1S.S +B2(S.A − A.S) +B3A.A



Moments of Boltzmann-Enskog equation

• ‘Slow’ Mass, Momentum & Energy, conserved in collisions.

• Other ‘fast’ moments decay over time scales ∼ collision time.

Linear response

• f(c) = f0(c) + f̃(c)e(st+ıkx)

• Linearised Boltzmann equation
[

s+ ıkcx −Gij
∂ci
∂cj

]

f̃ = L[f̃ ]

• f̃(c) =
∑N

i=1Aiψi(c)

• (sIij + ıkXij −Gij − Lij)Aj = 0

λ =(2   /k)π



Hydrodynamic modes for elastic system

• Number of eigenvalues de-

pends on number of basis

functions chosen.

• For k → 0,

Transverse momenta st =

−(µ/ρ)k2.

Energy se = −DTk
2.

Mass & longitudinal mom.

sl = ±ık√pρ − ρ−1(µb +

4µ/3)k2.

• All other modes with neg-

ative eigenvalues, indicating

that other transients decay.
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Hydrodynamic modes for smooth inelastic spheres

• Energy not conserved.

• Rate of conduction

(λMT 1/2/L2).

• Rate of dissipation

((1 − e)T 1/2/λM ).

• Conduction length Lc =

(λM/(1 − e)1/2).

• Energy conserved L ≪
Lc(k ≫ ǫ).

• Adiabatic approx. L ≫
Lc(k ≪ ǫ).

Local balance between source

and dissipation. (1−e  )n
1/2

h

λ
M λ

M

δ

δ



Correlations in dense elastic fluids:

Partly incorporated in the divergence

of the pair correlation function as close

packing is approached.

Time correlation — long time tail:

∂tux(k) = −ηk2ux(k)

ux(k, t) = exp (−ηk2t)ux(k, 0)

Velocity correlation:
∫

dk〈ux(k, t)ux(−k, 0)〉

∼
∫

dk exp (−ηk2t)

∼ t−d/2



Linear response

Infinite sheared granular material

• Mean flow ūx = Ḡy, ūy = 0, ūz = 0.

• Small dissipation ǫ = (1 − en)1/2 ≪ 1.

• Length L≫ Lc(k ≪ ǫ).

• Mass conservation

∂tρ+ ∇.(ρu) = 0.

• Momentum conservation

ρ(∂tu + u.∇u) = ∇.σ.

• Perturbations




ρ(x, t)

u(x, t)



 =





ρ̃(t)

ũ(t)



 exp (ıkx+ ıly + ımz)

k

m

l

x

z

y



Linear response

• Infinite shear flow — not ho-

mogeneous.

• Time dependent wave vector

k = k0, l = l0−k0Ḡt,m = m0.

• ‘Linear’ response equations

∂t





ρ̃(t)

ũ(t)



+ (L0 + tL1 + t2L2)





ρ̃(t)

ũ(t)



 = 0





ρ̃(t)

ũ(t)



 = exp (−tL0 − (t2/2)L1 − (t3/3)L2)





ρ̃(0)

ũ(0)





For k0 = 0, L1 = 0, L2 = 0.



Linear response — flow plane

Short time t≪ Ḡ−1:








ρ̃(t)

ũx(t)

ũy(t)









= exp (sρxy)









ρ̃(0)

ũx(0)

ũy(0)









where

s3ρxy = −Ḡ2k2
0µ̄ρ + k0l0Ḡ

(

p̄ρ − Ḡ2

4
(Āρ + 2C̄ρ)

)

• Three solutions — two propagating, one diffusive.

• For l0 = 0, sρxy ∝ −(−1, (−1)1/3, (−1)2/3)Ḡ2/3k
2/3
0 µ̄

1/3
ρ .

• For l0 6= 0, sρxy ∝ (−1, (−1)1/3, (−1)2/3)k
1/3
0 l

1/3
0 p̄

1/2
ρ



Collective motion: growth and decay of fluctuations:



Linear response — flow plane

sρxyρ̃+ ρ̄ık0ũx + ρ̄ıl0ũy = 0

ρ̄(sρxyũx + Ḡũy) = 0

ρ̄sρxyũy − (ıḠk0µ̄ρρ̃+ ıl0p̄ρ)ρ̃ = 0



Summary — Flow plane:

k ≪ ǫ k ≫ ǫ

Propagating spr −k2/3 −k2

spi ±k2/3 ±k
Diffusive sd +k2/3 −k2

Transverse sz −k2 −k2

Energy sT −k0 −k2

Vorticity direction

m≪ ǫ m≫ ǫ

Diffusive sρz +m −m2

sρz −m ±ım
Transverse sxy +m −m2

sxy −m −m2

Energy sT −m0 −m2



Effect of correlations:

Time correlation in elastic sheared fluid:

Sheared system:

(∂t +Gxykx
∂

∂ky
)ux = −ηk2ux

ux(t) = ux(0) exp

[

−Dt
(

k2 −Gxytkxky +
1

3
G2

xyt
2k2

x

)]

ux(t) ∼ exp (−1/3G2
xyk

2
xt

3)

log(<u (k,t)u (k,0)>)x x

−1

t
Gxy

−1

−3

.



Green-Kubo relation:

η =
β

V

∫

dk′

∫ G−1

xy

0

dt t−d/2

Two dimensions:

η = η0 + η1 log (Gxy)

Three dimensions:

η = η0 + η1|Gxy|1/2

log(<u (k,t)u (k,0)>)x x

−1

t
Gxy

−1

−3

(First calculated Ernst et al 1978).



Viscosity from Green-Kubo formula:

η =
β

V
lim
k→0

∫

∞

0

dt〈σxy(k, t)σxy(−k, 0)〉

Inelastic fluid:

Decay rates λ ∝ (−k2/3), (−kz).

η = ∼
∫

dt

∫

dk exp (−λt)

∼ (

∫

dt(t−5d/4))

2D — η ∝ γ̇3/2

3D — η ∝ γ̇11/4.

However: Large transient growth.

0 1 2
x
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-4
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0
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Experimental evidence of fast decay (Orpe et al 2007):



Effect of correlations:

• Assume binary collisions.

• Include correlations between

colliding particles.

fα = ρ̄Fα(1 + gα)

fαβ = ρ̄2FαFβ(1 + gα + gβ + gαβ)

fαβγ = ρ̄3FαFβFγ(1 + gα + gβ + gγ + gαβ + gβγ + gαγ + gαβγ)

where Fα is the Maxwell-Boltzmann distribution.



Effect of correlations:

One-particle equation:

Fα(∂t + Sα)(1 + gα) =

∫

γ

CE
αγ [FαFγ(1 + gα + gγ + gαγ)]

where CE
αγ is the collision operator, and the streaming operator Sα

is,

Sα(ψ) = cα.
∂ψ

∂xα
+ ǫγ̇

(

yα
∂ψ

∂xα

)

− ǫγ̇

(

cαy
∂ψ

∂cαx
− ǫcαxcαy

)



Effect of correlations:

Two-particle equation:

FαFβ

(

∂

∂t
+ ǫγ̇yαβ

∂

∂xαβ
+ cα.

∂

∂xα
+ cβ .

∂

∂xβ
+ ǫγ̇(Sα + Sβ)

)

gαβ

= ρ̄−1δ(xαβ)CE
αβ [FαFβ(1 + gα + gβ + gαβ)]

+

∫

γ

CE
αγ [FαFβFγ(gαβ + gβγ)] +

∫

γ

CE
βγ [FαFβFγ(gαγ + gαβ)]



Effect of correlations:

Rewrite:

FαFβ

(

∂

∂t
+ ǫγ̇yαβ

∂

∂xαβ
+ Lα + Lβ

)

gαβ

= ρ̄−1δ(xαβ)CE
αβ[FαFβ(1 + gα + gβ + gαβ)]

where Lα and Lβ are the linear operators

Lα(ψ) = Sα(ψ) −
∫

γ

CE
αγ((1 + Pαγ)(Fγψ))

Linear operator Lα is the operator for hydrodynamic mode

equations,

Fα(∂t + Lα)ψ = 0

For conserved modes, Lαψ → 0 for k → 0.



Effect of correlations:

FαFβ

(

∂

∂t
+ ǫγ̇yαβ

∂

∂xαβ
+ Lα + Lβ

)

gαβ

= ρ̄−1δ(xαβ)CE
αβ[FαFβ(1 + gα + gβ + gαβ)]

Divergent contribution to gαβ from products of conserved modes,

gαβ =
∑

AIJφαIφβJ

Using this, can show Green-Kubo relation in leading approximation

in small ǫ,

η =
β

V
lim
k→0

∫

∞

0

dt〈σxy(k, t)σxy(−k, 0)〉



Effect of correlations:

Define

L̂α
k
(ξαM ) = λM (k)ξαM = λMEMNφαN

Dual of eigenfunctions

∫

α

FαξαMηαN = δMN

Solution of the Chapman-Enskog equations:

fα = Fα(1 + ǫh(1)
α + ǫ2h(2)

α + . . .)

σ(1)
xy = ρ̄−1XIJK

LM
IJ XLM



Correlation for conserved modes:

XIJ = ρ

∫

α

FαcαxcαyφαIφαJ

+
ρ2χ

2

∫

α

∫

β

∫

a

(φαIφβJ − (1/2)φαIφαJ −

(1/2)φβIφβJ)(c′αx − cαx)ay(cα − cβ).a



Effect of correlations:

σ(2)
xy = −ρ̄−1XIJK

LM
IJ XLM − ρ̄−1XIJΘKL

IJ KMN
KL XMN

KLM
IJ =

(

ρ̄−1ǫγ̇

2

∫ t

−∞

dt′
∫

k

E−1
PI (k(t), t)E−1

QJ(−k(t), t)

×e−
∫

t

t′
dt′′(λP (k(t′′))+λQ(−k(t′′)))

E+
PL(k′(t′), t′)E+

QM (−k′(t′), t′)
)

ΘKL
IJ =

(∫

α

FαφIφJSα(φKφL)
ρ̄2χ

2

∫

α

∫

β

φIφJC
(0)
αβ [FαFβ

+ (φαKφβL − (1/2)φαKφαL − (1/2)φβKφβL)])



Effect of correlations:

Dyson equation:

σxy = −ρ̄XIJ

(

IMN
IJ − ΘKL

IJ KMN
KL

)−1
XKL

Divergent stress at

|IMN
IJ − ΘKL

IJ KMN
KL | = 0.

ΘKL
IJ ∼ γ̇, KMN

KL ∼ χ ∼ (φc − φ)−1

(φc − φ) ∼ γ̇ ∼ (1 − e2)1/2.

10-1

(1-e2)

10-2

10-1

(φ
c-

φ a
d)



Single-particle:

(∂t + Sα)fCEα =
∫

β
Cαβ[fCEαfCEβ]

=+

Single-particle: fα = fCEα(1 + gα).

Equation:

(∂t + Sα)(fCEα(1 + gα)) =

∫

β

Cαβ [fCEαfCEβ(1 + gα + gβ + gαβ)]

= + +

+ = + +++

+

+



Two-particle: fαβ = fCEαfCEβ(1 + gα + gβ + gαβ)

(∂t + Sα + Sβ)(fCEαfCEβ(1 + gα + gβ + gαβ))

= ρ̄−1δ(xαβ)Cαβ[fCEαfCEβ(1 + gα + gβ + gαβ)]

+

∫

γ

(Cαγ + Cβγ)[fCEαfCEβfCEγ(1 + gα + gβ + gγ

+gαβ + gαγ + gβγ + gαβγ)]

+ ++

=

+ ++ +

+ + ++

+

+ +

+ +

+

+ += + +++



Two-particle: Express in terms of operator

Lα = Sα −
∫

γ
(1 + Pαγ)Cαγ :

+ += + +++

= + +++



Three-particle and higher:

+ = + + +

=+ ++

=+ ++



Conclusions

Dynamics matters ...

... but we can still calculate some things.


