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i.e., to k dependence of the sum of valence- and conduction-
band energies. The convention for Bloch basis state phase
factors that leads to this form of the Hamiltonian is

!r|k!" = !k!(r) = 1#
NK

!

i

eik(Ri+"l )"(r $ Ri $ "l)#$ ,

(5)

where #$ is the spin part of the wave fucntion, "l is the position
of sublattice l in the unit cell, and NK is the number of unit

cells in the system. The label ! = (l,$ ) combines the lattice
site label l and the spin label $ .

In this basis the Hartree-Fock Hamiltonian is

VHF =
!

k!!%

U!!%

H

!
!

k%

!c†k%!%ck%!% "
"

c
†
k!ck!

$
!

kk%!!%

U!!%

X (k% $ k)!c†k%!%ck%!"c†k!ck!% , (6)

where (dropping the spin index for simplicity)

U!!%

H = !k!k%!%|V |k!k%!%" =
#

dr1dr2|!k!(r1)|2V (|r1 $ r2|)|%k%!%(r2)|2

= 1
N2

K

NK$

i,j

#
dr1dr2|&(r1 $ Ri $ "l)|2V (|r1 $ r2|)|&(r2 $ Rj $ "l% )|2, (7)

U!!%

X (q) = !k!k%!%|V |k%!k!%" =
#

dr1dr2!
&
k!(r1)!k%!(r1)V (|r1 $ r2|)!&

k%!(r2)!k!%(r2)

= 1
N2

K

!

i %j %

ei(k%$k)(Ri% +"l$(Rj %+"l% ))V (|Ri % + "l $ Rj % $ "l% |). (8)

We can simplify the two-body Coulomb integrals in Eqs. (7)
and (8) by combining the momentum-space representation for
the Coulomb interaction [%V ll%(q) = %V (q) = 2'e2/(rq] with
the atomic orbital form factor f (q) =

&
dr e$qr|&(r)|2. We

use the explicit form

f (q) = [1 $ (roq)2]/{[1 + (roq)2]4} (9)

obtained by Fourier transforming the radial charge distribution
of a hydrogenic 2p atomic orbital:

& (r) = 1#
4'

1
#

24%a3/2
o

r

%ao

e$r/2%ao . (10)

The choice %ao = ao/
#

30 Å reproduces the covalent bond ra-
dius of carbon ao = a/(2

#
3). Calculations in bilayer graphene

suggest that a larger effective radius %a0 = 3a0/
#

30 is a
better choice10 because it accounts crudely for sp2 bonding
orbital polarization. The two-body Coulomb integrals are then
given by

Ull%

H = 1
A

!

G

eiG·("l$"l% )|f (|G|)|2 %V (|G|), (11)

Ul l%

X (q) = 1
A

!

G

eiG·("l$"l% )|f (|q $ G|)|2 %V (|q $ G|), (12)

where G are the reciprocal-lattice vectors and A = NK A0 is
the system area.

We will also find it useful to consider an alternate model
for interactions which assigns a value Veff(r) to the interaction
strength between electrons, which depends only on the

distance between the lattice sites on which they reside. When
expressed in terms of Veff(r),

Ull%

H ' 1
N2

K

!

i,j

Veff
'((Lll%

ij

((), (13)

Ull%

X ' 1
N2

K

NK!

ij

ei(k%$k)Lll%
ij Veff

'((Lll%

ij

((). (14)

For this real-space interaction model we use the simple form

Veff(d) = 1
*'

)r

+
a2

o + d2
)
. (15)

Here ao accounts approximately for the reduction of Coulomb
interaction strength at short distances due to $ orbital polar-
ization and delocalization of the ' -charge density on each
lattice site.23 [In this equation energies are in Hartree (e2/aB )
units and lengths are in units of the Bohr radius aB .] In the
real-space model we choose the on-site interaction parameter
U separately from the longer range tail; U has been variously
estimated as having values between U ( 2 and 6 eV,24 and
up to an effective value of U = 9.3 eV.25 For comparison, the
Coulomb interaction energy at the carbon radius length scale
is (20 eV, and an estimate from the first ionization energy
and electron affinity of a cabon atom gives U = 9.6 eV;26 the
effective on-site interaction strength is expected to be greatly
reduced in the solid-state environment because of screening
by polarization of bound orbitals on nearby carbon atoms. For
larger distance interactions we have included a factor 1/)r to
account for dielectric screening, as in the momentum space
version of the interaction model. The value chosen for )r can
be seen as an ad hoc correction for overestimates of exchange
interactions in Hartree-Fock theory. We study a range of values
for this interaction parameter model but we believe that a value
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i.e., to k dependence of the sum of valence- and conduction-
band energies. The convention for Bloch basis state phase
factors that leads to this form of the Hamiltonian is

!r|k!" = !k!(r) = 1#
NK

!

i

eik(Ri+"l )"(r $ Ri $ "l)#$ ,

(5)

where #$ is the spin part of the wave fucntion, "l is the position
of sublattice l in the unit cell, and NK is the number of unit

cells in the system. The label ! = (l,$ ) combines the lattice
site label l and the spin label $ .

In this basis the Hartree-Fock Hamiltonian is

VHF =
!

k!!%
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H
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!c†k%!%ck%!% "
"

c
†
k!ck!
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X (k% $ k)!c†k%!%ck%!"c†k!ck!% , (6)

where (dropping the spin index for simplicity)

U!!%

H = !k!k%!%|V |k!k%!%" =
#

dr1dr2|!k!(r1)|2V (|r1 $ r2|)|%k%!%(r2)|2

= 1
N2

K

NK$

i,j

#
dr1dr2|&(r1 $ Ri $ "l)|2V (|r1 $ r2|)|&(r2 $ Rj $ "l% )|2, (7)

U!!%

X (q) = !k!k%!%|V |k%!k!%" =
#

dr1dr2!
&
k!(r1)!k%!(r1)V (|r1 $ r2|)!&

k%!(r2)!k!%(r2)

= 1
N2

K

!

i %j %

ei(k%$k)(Ri% +"l$(Rj %+"l% ))V (|Ri % + "l $ Rj % $ "l% |). (8)

We can simplify the two-body Coulomb integrals in Eqs. (7)
and (8) by combining the momentum-space representation for
the Coulomb interaction [%V ll%(q) = %V (q) = 2'e2/(rq] with
the atomic orbital form factor f (q) =

&
dr e$qr|&(r)|2. We

use the explicit form

f (q) = [1 $ (roq)2]/{[1 + (roq)2]4} (9)

obtained by Fourier transforming the radial charge distribution
of a hydrogenic 2p atomic orbital:

& (r) = 1#
4'

1
#

24%a3/2
o

r

%ao

e$r/2%ao . (10)

The choice %ao = ao/
#

30 Å reproduces the covalent bond ra-
dius of carbon ao = a/(2

#
3). Calculations in bilayer graphene

suggest that a larger effective radius %a0 = 3a0/
#

30 is a
better choice10 because it accounts crudely for sp2 bonding
orbital polarization. The two-body Coulomb integrals are then
given by

Ull%

H = 1
A

!

G

eiG·("l$"l% )|f (|G|)|2 %V (|G|), (11)

Ul l%

X (q) = 1
A

!

G

eiG·("l$"l% )|f (|q $ G|)|2 %V (|q $ G|), (12)

where G are the reciprocal-lattice vectors and A = NK A0 is
the system area.

We will also find it useful to consider an alternate model
for interactions which assigns a value Veff(r) to the interaction
strength between electrons, which depends only on the

distance between the lattice sites on which they reside. When
expressed in terms of Veff(r),

Ull%

H ' 1
N2

K

!

i,j

Veff
'((Lll%

ij

((), (13)

Ull%

X ' 1
N2

K

NK!
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ei(k%$k)Lll%
ij Veff

'((Lll%

ij

((). (14)

For this real-space interaction model we use the simple form

Veff(d) = 1
*'

)r

+
a2

o + d2
)
. (15)

Here ao accounts approximately for the reduction of Coulomb
interaction strength at short distances due to $ orbital polar-
ization and delocalization of the ' -charge density on each
lattice site.23 [In this equation energies are in Hartree (e2/aB )
units and lengths are in units of the Bohr radius aB .] In the
real-space model we choose the on-site interaction parameter
U separately from the longer range tail; U has been variously
estimated as having values between U ( 2 and 6 eV,24 and
up to an effective value of U = 9.3 eV.25 For comparison, the
Coulomb interaction energy at the carbon radius length scale
is (20 eV, and an estimate from the first ionization energy
and electron affinity of a cabon atom gives U = 9.6 eV;26 the
effective on-site interaction strength is expected to be greatly
reduced in the solid-state environment because of screening
by polarization of bound orbitals on nearby carbon atoms. For
larger distance interactions we have included a factor 1/)r to
account for dielectric screening, as in the momentum space
version of the interaction model. The value chosen for )r can
be seen as an ad hoc correction for overestimates of exchange
interactions in Hartree-Fock theory. We study a range of values
for this interaction parameter model but we believe that a value
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i.e., to k dependence of the sum of valence- and conduction-
band energies. The convention for Bloch basis state phase
factors that leads to this form of the Hamiltonian is

!r|k!" = !k!(r) = 1#
NK

!

i

eik(Ri+"l )"(r $ Ri $ "l)#$ ,

(5)

where #$ is the spin part of the wave fucntion, "l is the position
of sublattice l in the unit cell, and NK is the number of unit

cells in the system. The label ! = (l,$ ) combines the lattice
site label l and the spin label $ .

In this basis the Hartree-Fock Hamiltonian is

VHF =
!

k!!%

U!!%

H
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!c†k%!%ck%!% "
"

c
†
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U!!%

X (k% $ k)!c†k%!%ck%!"c†k!ck!% , (6)

where (dropping the spin index for simplicity)

U!!%

H = !k!k%!%|V |k!k%!%" =
#

dr1dr2|!k!(r1)|2V (|r1 $ r2|)|%k%!%(r2)|2

= 1
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NK$
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dr1dr2|&(r1 $ Ri $ "l)|2V (|r1 $ r2|)|&(r2 $ Rj $ "l% )|2, (7)

U!!%

X (q) = !k!k%!%|V |k%!k!%" =
#

dr1dr2!
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k!(r1)!k%!(r1)V (|r1 $ r2|)!&
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= 1
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ei(k%$k)(Ri% +"l$(Rj %+"l% ))V (|Ri % + "l $ Rj % $ "l% |). (8)

We can simplify the two-body Coulomb integrals in Eqs. (7)
and (8) by combining the momentum-space representation for
the Coulomb interaction [%V ll%(q) = %V (q) = 2'e2/(rq] with
the atomic orbital form factor f (q) =

&
dr e$qr|&(r)|2. We

use the explicit form

f (q) = [1 $ (roq)2]/{[1 + (roq)2]4} (9)

obtained by Fourier transforming the radial charge distribution
of a hydrogenic 2p atomic orbital:

& (r) = 1#
4'

1
#

24%a3/2
o

r

%ao

e$r/2%ao . (10)

The choice %ao = ao/
#

30 Å reproduces the covalent bond ra-
dius of carbon ao = a/(2

#
3). Calculations in bilayer graphene

suggest that a larger effective radius %a0 = 3a0/
#

30 is a
better choice10 because it accounts crudely for sp2 bonding
orbital polarization. The two-body Coulomb integrals are then
given by

Ull%

H = 1
A

!

G

eiG·("l$"l% )|f (|G|)|2 %V (|G|), (11)

Ul l%

X (q) = 1
A

!

G

eiG·("l$"l% )|f (|q $ G|)|2 %V (|q $ G|), (12)

where G are the reciprocal-lattice vectors and A = NK A0 is
the system area.

We will also find it useful to consider an alternate model
for interactions which assigns a value Veff(r) to the interaction
strength between electrons, which depends only on the

distance between the lattice sites on which they reside. When
expressed in terms of Veff(r),

Ull%

H ' 1
N2

K

!

i,j

Veff
'((Lll%

ij

((), (13)

Ull%

X ' 1
N2

K

NK!
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ei(k%$k)Lll%
ij Veff

'((Lll%

ij

((). (14)

For this real-space interaction model we use the simple form

Veff(d) = 1
*'

)r

+
a2

o + d2
)
. (15)

Here ao accounts approximately for the reduction of Coulomb
interaction strength at short distances due to $ orbital polar-
ization and delocalization of the ' -charge density on each
lattice site.23 [In this equation energies are in Hartree (e2/aB )
units and lengths are in units of the Bohr radius aB .] In the
real-space model we choose the on-site interaction parameter
U separately from the longer range tail; U has been variously
estimated as having values between U ( 2 and 6 eV,24 and
up to an effective value of U = 9.3 eV.25 For comparison, the
Coulomb interaction energy at the carbon radius length scale
is (20 eV, and an estimate from the first ionization energy
and electron affinity of a cabon atom gives U = 9.6 eV;26 the
effective on-site interaction strength is expected to be greatly
reduced in the solid-state environment because of screening
by polarization of bound orbitals on nearby carbon atoms. For
larger distance interactions we have included a factor 1/)r to
account for dielectric screening, as in the momentum space
version of the interaction model. The value chosen for )r can
be seen as an ad hoc correction for overestimates of exchange
interactions in Hartree-Fock theory. We study a range of values
for this interaction parameter model but we believe that a value
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i.e., to k dependence of the sum of valence- and conduction-
band energies. The convention for Bloch basis state phase
factors that leads to this form of the Hamiltonian is

!r|k!" = !k!(r) = 1#
NK

!

i

eik(Ri+"l )"(r $ Ri $ "l)#$ ,

(5)

where #$ is the spin part of the wave fucntion, "l is the position
of sublattice l in the unit cell, and NK is the number of unit

cells in the system. The label ! = (l,$ ) combines the lattice
site label l and the spin label $ .

In this basis the Hartree-Fock Hamiltonian is

VHF =
!

k!!%

U!!%

H

!
!

k%

!c†k%!%ck%!% "
"

c
†
k!ck!

$
!

kk%!!%

U!!%

X (k% $ k)!c†k%!%ck%!"c†k!ck!% , (6)

where (dropping the spin index for simplicity)

U!!%

H = !k!k%!%|V |k!k%!%" =
#

dr1dr2|!k!(r1)|2V (|r1 $ r2|)|%k%!%(r2)|2

= 1
N2

K

NK$

i,j

#
dr1dr2|&(r1 $ Ri $ "l)|2V (|r1 $ r2|)|&(r2 $ Rj $ "l% )|2, (7)

U!!%

X (q) = !k!k%!%|V |k%!k!%" =
#

dr1dr2!
&
k!(r1)!k%!(r1)V (|r1 $ r2|)!&

k%!(r2)!k!%(r2)

= 1
N2

K

!

i %j %

ei(k%$k)(Ri% +"l$(Rj %+"l% ))V (|Ri % + "l $ Rj % $ "l% |). (8)

We can simplify the two-body Coulomb integrals in Eqs. (7)
and (8) by combining the momentum-space representation for
the Coulomb interaction [%V ll%(q) = %V (q) = 2'e2/(rq] with
the atomic orbital form factor f (q) =

&
dr e$qr|&(r)|2. We

use the explicit form

f (q) = [1 $ (roq)2]/{[1 + (roq)2]4} (9)

obtained by Fourier transforming the radial charge distribution
of a hydrogenic 2p atomic orbital:

& (r) = 1#
4'

1
#

24%a3/2
o

r

%ao

e$r/2%ao . (10)

The choice %ao = ao/
#

30 Å reproduces the covalent bond ra-
dius of carbon ao = a/(2

#
3). Calculations in bilayer graphene

suggest that a larger effective radius %a0 = 3a0/
#

30 is a
better choice10 because it accounts crudely for sp2 bonding
orbital polarization. The two-body Coulomb integrals are then
given by

Ull%

H = 1
A

!

G

eiG·("l$"l% )|f (|G|)|2 %V (|G|), (11)

Ul l%

X (q) = 1
A

!

G

eiG·("l$"l% )|f (|q $ G|)|2 %V (|q $ G|), (12)

where G are the reciprocal-lattice vectors and A = NK A0 is
the system area.

We will also find it useful to consider an alternate model
for interactions which assigns a value Veff(r) to the interaction
strength between electrons, which depends only on the

distance between the lattice sites on which they reside. When
expressed in terms of Veff(r),

Ull%

H ' 1
N2

K

!

i,j

Veff
'((Lll%

ij

((), (13)

Ull%

X ' 1
N2

K

NK!

ij

ei(k%$k)Lll%
ij Veff

'((Lll%

ij

((). (14)

For this real-space interaction model we use the simple form

Veff(d) = 1
*'

)r

+
a2

o + d2
)
. (15)

Here ao accounts approximately for the reduction of Coulomb
interaction strength at short distances due to $ orbital polar-
ization and delocalization of the ' -charge density on each
lattice site.23 [In this equation energies are in Hartree (e2/aB )
units and lengths are in units of the Bohr radius aB .] In the
real-space model we choose the on-site interaction parameter
U separately from the longer range tail; U has been variously
estimated as having values between U ( 2 and 6 eV,24 and
up to an effective value of U = 9.3 eV.25 For comparison, the
Coulomb interaction energy at the carbon radius length scale
is (20 eV, and an estimate from the first ionization energy
and electron affinity of a cabon atom gives U = 9.6 eV;26 the
effective on-site interaction strength is expected to be greatly
reduced in the solid-state environment because of screening
by polarization of bound orbitals on nearby carbon atoms. For
larger distance interactions we have included a factor 1/)r to
account for dielectric screening, as in the momentum space
version of the interaction model. The value chosen for )r can
be seen as an ad hoc correction for overestimates of exchange
interactions in Hartree-Fock theory. We study a range of values
for this interaction parameter model but we believe that a value
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i.e., to k dependence of the sum of valence- and conduction-
band energies. The convention for Bloch basis state phase
factors that leads to this form of the Hamiltonian is

!r|k!" = !k!(r) = 1#
NK

!

i

eik(Ri+"l )"(r $ Ri $ "l)#$ ,

(5)

where #$ is the spin part of the wave fucntion, "l is the position
of sublattice l in the unit cell, and NK is the number of unit

cells in the system. The label ! = (l,$ ) combines the lattice
site label l and the spin label $ .

In this basis the Hartree-Fock Hamiltonian is

VHF =
!

k!!%

U!!%

H

!
!

k%

!c†k%!%ck%!% "
"

c
†
k!ck!

$
!

kk%!!%

U!!%

X (k% $ k)!c†k%!%ck%!"c†k!ck!% , (6)

where (dropping the spin index for simplicity)

U!!%

H = !k!k%!%|V |k!k%!%" =
#

dr1dr2|!k!(r1)|2V (|r1 $ r2|)|%k%!%(r2)|2

= 1
N2

K

NK$

i,j

#
dr1dr2|&(r1 $ Ri $ "l)|2V (|r1 $ r2|)|&(r2 $ Rj $ "l% )|2, (7)

U!!%

X (q) = !k!k%!%|V |k%!k!%" =
#

dr1dr2!
&
k!(r1)!k%!(r1)V (|r1 $ r2|)!&

k%!(r2)!k!%(r2)

= 1
N2

K

!

i %j %

ei(k%$k)(Ri% +"l$(Rj %+"l% ))V (|Ri % + "l $ Rj % $ "l% |). (8)

We can simplify the two-body Coulomb integrals in Eqs. (7)
and (8) by combining the momentum-space representation for
the Coulomb interaction [%V ll%(q) = %V (q) = 2'e2/(rq] with
the atomic orbital form factor f (q) =

&
dr e$qr|&(r)|2. We

use the explicit form

f (q) = [1 $ (roq)2]/{[1 + (roq)2]4} (9)

obtained by Fourier transforming the radial charge distribution
of a hydrogenic 2p atomic orbital:

& (r) = 1#
4'

1
#

24%a3/2
o

r

%ao

e$r/2%ao . (10)

The choice %ao = ao/
#

30 Å reproduces the covalent bond ra-
dius of carbon ao = a/(2

#
3). Calculations in bilayer graphene

suggest that a larger effective radius %a0 = 3a0/
#

30 is a
better choice10 because it accounts crudely for sp2 bonding
orbital polarization. The two-body Coulomb integrals are then
given by

Ull%

H = 1
A

!

G

eiG·("l$"l% )|f (|G|)|2 %V (|G|), (11)

Ul l%

X (q) = 1
A

!

G

eiG·("l$"l% )|f (|q $ G|)|2 %V (|q $ G|), (12)

where G are the reciprocal-lattice vectors and A = NK A0 is
the system area.

We will also find it useful to consider an alternate model
for interactions which assigns a value Veff(r) to the interaction
strength between electrons, which depends only on the

distance between the lattice sites on which they reside. When
expressed in terms of Veff(r),

Ull%

H ' 1
N2

K

!

i,j

Veff
'((Lll%

ij

((), (13)

Ull%

X ' 1
N2

K

NK!

ij

ei(k%$k)Lll%
ij Veff

'((Lll%

ij

((). (14)

For this real-space interaction model we use the simple form

Veff(d) = 1
*'

)r

+
a2

o + d2
)
. (15)

Here ao accounts approximately for the reduction of Coulomb
interaction strength at short distances due to $ orbital polar-
ization and delocalization of the ' -charge density on each
lattice site.23 [In this equation energies are in Hartree (e2/aB )
units and lengths are in units of the Bohr radius aB .] In the
real-space model we choose the on-site interaction parameter
U separately from the longer range tail; U has been variously
estimated as having values between U ( 2 and 6 eV,24 and
up to an effective value of U = 9.3 eV.25 For comparison, the
Coulomb interaction energy at the carbon radius length scale
is (20 eV, and an estimate from the first ionization energy
and electron affinity of a cabon atom gives U = 9.6 eV;26 the
effective on-site interaction strength is expected to be greatly
reduced in the solid-state environment because of screening
by polarization of bound orbitals on nearby carbon atoms. For
larger distance interactions we have included a factor 1/)r to
account for dielectric screening, as in the momentum space
version of the interaction model. The value chosen for )r can
be seen as an ad hoc correction for overestimates of exchange
interactions in Hartree-Fock theory. We study a range of values
for this interaction parameter model but we believe that a value
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i.e., to k dependence of the sum of valence- and conduction-
band energies. The convention for Bloch basis state phase
factors that leads to this form of the Hamiltonian is

!r|k!" = !k!(r) = 1#
NK

!

i

eik(Ri+"l )"(r $ Ri $ "l)#$ ,

(5)

where #$ is the spin part of the wave fucntion, "l is the position
of sublattice l in the unit cell, and NK is the number of unit

cells in the system. The label ! = (l,$ ) combines the lattice
site label l and the spin label $ .

In this basis the Hartree-Fock Hamiltonian is

VHF =
!

k!!%

U!!%

H

!
!

k%

!c†k%!%ck%!% "
"

c
†
k!ck!

$
!

kk%!!%

U!!%

X (k% $ k)!c†k%!%ck%!"c†k!ck!% , (6)

where (dropping the spin index for simplicity)

U!!%

H = !k!k%!%|V |k!k%!%" =
#

dr1dr2|!k!(r1)|2V (|r1 $ r2|)|%k%!%(r2)|2

= 1
N2

K

NK$

i,j

#
dr1dr2|&(r1 $ Ri $ "l)|2V (|r1 $ r2|)|&(r2 $ Rj $ "l% )|2, (7)

U!!%

X (q) = !k!k%!%|V |k%!k!%" =
#

dr1dr2!
&
k!(r1)!k%!(r1)V (|r1 $ r2|)!&

k%!(r2)!k!%(r2)

= 1
N2

K

!

i %j %

ei(k%$k)(Ri% +"l$(Rj %+"l% ))V (|Ri % + "l $ Rj % $ "l% |). (8)

We can simplify the two-body Coulomb integrals in Eqs. (7)
and (8) by combining the momentum-space representation for
the Coulomb interaction [%V ll%(q) = %V (q) = 2'e2/(rq] with
the atomic orbital form factor f (q) =

&
dr e$qr|&(r)|2. We

use the explicit form

f (q) = [1 $ (roq)2]/{[1 + (roq)2]4} (9)

obtained by Fourier transforming the radial charge distribution
of a hydrogenic 2p atomic orbital:

& (r) = 1#
4'

1
#

24%a3/2
o

r

%ao

e$r/2%ao . (10)

The choice %ao = ao/
#

30 Å reproduces the covalent bond ra-
dius of carbon ao = a/(2

#
3). Calculations in bilayer graphene

suggest that a larger effective radius %a0 = 3a0/
#

30 is a
better choice10 because it accounts crudely for sp2 bonding
orbital polarization. The two-body Coulomb integrals are then
given by

Ull%

H = 1
A

!

G

eiG·("l$"l% )|f (|G|)|2 %V (|G|), (11)

Ul l%

X (q) = 1
A

!

G

eiG·("l$"l% )|f (|q $ G|)|2 %V (|q $ G|), (12)

where G are the reciprocal-lattice vectors and A = NK A0 is
the system area.

We will also find it useful to consider an alternate model
for interactions which assigns a value Veff(r) to the interaction
strength between electrons, which depends only on the

distance between the lattice sites on which they reside. When
expressed in terms of Veff(r),

Ull%

H ' 1
N2

K

!

i,j

Veff
'((Lll%

ij

((), (13)

Ull%

X ' 1
N2

K

NK!

ij

ei(k%$k)Lll%
ij Veff

'((Lll%

ij

((). (14)

For this real-space interaction model we use the simple form

Veff(d) = 1
*'

)r

+
a2

o + d2
)
. (15)

Here ao accounts approximately for the reduction of Coulomb
interaction strength at short distances due to $ orbital polar-
ization and delocalization of the ' -charge density on each
lattice site.23 [In this equation energies are in Hartree (e2/aB )
units and lengths are in units of the Bohr radius aB .] In the
real-space model we choose the on-site interaction parameter
U separately from the longer range tail; U has been variously
estimated as having values between U ( 2 and 6 eV,24 and
up to an effective value of U = 9.3 eV.25 For comparison, the
Coulomb interaction energy at the carbon radius length scale
is (20 eV, and an estimate from the first ionization energy
and electron affinity of a cabon atom gives U = 9.6 eV;26 the
effective on-site interaction strength is expected to be greatly
reduced in the solid-state environment because of screening
by polarization of bound orbitals on nearby carbon atoms. For
larger distance interactions we have included a factor 1/)r to
account for dielectric screening, as in the momentum space
version of the interaction model. The value chosen for )r can
be seen as an ad hoc correction for overestimates of exchange
interactions in Hartree-Fock theory. We study a range of values
for this interaction parameter model but we believe that a value
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FIG. 5. (Color online) Phase diagram showing where spin-
density-wave (SDW) and charge-density-wave (CDW) broken-
symmetry solutions appear in our model as a function of the in-
teraction parameters U and !r . Strong short-distance repulsion (large
U ) favors SDW states, whereas weak short-distance interactions and
strong Coulomb interactions (small !r ) favor CDW states. Below the
the solid line in this figure the Hartree mean-field interaction energy
is lowered by forming a CDW state, which has different densities on
A and B sublattices. The CDW state boundary lies below this line
because the band energy favors uniform densities. The SDW state is
a simple antiferromagnet, as expected at large U on bipartite lattices.
The arrow in the figure shows the critical value U = 2.23|"0| beyond
which SDW solutions appear for the pure Hubbard model. The shaded
regions in the figure indicate the parameter values thought to be most
appropriate for graphene sheets that are suspended and for those that
are supported by a dielectric substrate, as discussed further in the
main text.

over the value of the on-site repulsion U and the Coulomb
interaction tail. We used a model with finite truncation of
the interaction range with a cutoff radius of about six lattice
constants. (Some considerations on optimal cutoff choices are
explained in the Appendix, see Figs. 6 and 7.) Figure 5 shows
the mean-field phase diagram produced by these calculations

FIG. 6. (Color online) Real-space truncation of the interaction
range in graphene as illustrated with two different cutoff values of
Lmax ! 2a and Lmax ! 5a. As we change the value of the cutoff
radius Lmax there are oscillations in the relative number of carbon
lattice sites A and B enclosed within the cutoff distance.
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FIG. 7. (Color online) Longer ranged contributions to the Hartree
energy E

long
DI (Lmax) as defined in Eq. (A7), which shows a strong

cutoff distance Lmax dependent oscillation that converges slowly to
the limiting value represented with the horizontal line whose behavior
is more clearly shown in the inset. We can notice that E

long
DI (Lmax) is

rather close to the asymptotic limit for certain values of Lmax. A better
estimate of the asymptotic limit can be obtained from the behavior of
E

av,long
DI (Lmax) defined in the text.

in which both spin-density-wave (SDW) and charge-density-
wave (CDW) broken symmetry states appear. The solid line
in the middle of the paramagnetic region of this figure follows
!r · U = 10.2838 eV. Along this line the Hartree mean field
corresponding to a charge-density state with different densities
on A and B sublattices vanishes. The ordered states that
appear above this line are spin-density-wave states, which
essentially reflect the physics expected for Hubbard models
on a square lattice. The ordered states that appear below
this line are charge-density-wave states. For large U and
small !r the charge-density-wave boundary is close to the
the !r · U = 10.2838-eV line, indicating that its location is
determined mainly by this simple competition between short-
range and long-range interactions. When this consideration
applies, CDW states cannot occur for U > 10.2838 eV since
!r cannot take a value smaller than 1. A crude estimate
of the on-site repulsion from the carbon atomic radius is
e2/ao ! 20 eV whereas the value of U that can be obtained
from the first ionization potential and electron affinity of
carbon is U ! 9.6 eV.26 The effective electron interaction
strength of the # electrons will be further reduced when
we consider nonlocal polarization effects from neighboring
sites. Hence although screening effects from $ bands can be
accounted for microscopically in simple interaction models
yielding a value of U ! 9.3 eV,25 the physical value of U
remains somewhat uncertain. In our phase diagram CDW
solutions, which are favored when the longer range part of
the interaction is strong but the short-range effective repulsion
is weak, are restricted to values of !r ! 2.2 with small enough
U . We conclude from this sensitivity that it is not possible to
reliably predict the occurrence or absence of broken-symmetry
states on the basis of continuum model calculations alone.
The values of !r and U thought to be appropriate based on
considerations explained elsewhere24,25 are consistent with the
absence of broken-symmetry states in single-layer graphene
samples.
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is lowered by forming a CDW state, which has different densities on
A and B sublattices. The CDW state boundary lies below this line
because the band energy favors uniform densities. The SDW state is
a simple antiferromagnet, as expected at large U on bipartite lattices.
The arrow in the figure shows the critical value U = 2.23|"0| beyond
which SDW solutions appear for the pure Hubbard model. The shaded
regions in the figure indicate the parameter values thought to be most
appropriate for graphene sheets that are suspended and for those that
are supported by a dielectric substrate, as discussed further in the
main text.

over the value of the on-site repulsion U and the Coulomb
interaction tail. We used a model with finite truncation of
the interaction range with a cutoff radius of about six lattice
constants. (Some considerations on optimal cutoff choices are
explained in the Appendix, see Figs. 6 and 7.) Figure 5 shows
the mean-field phase diagram produced by these calculations
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in which both spin-density-wave (SDW) and charge-density-
wave (CDW) broken symmetry states appear. The solid line
in the middle of the paramagnetic region of this figure follows
!r · U = 10.2838 eV. Along this line the Hartree mean field
corresponding to a charge-density state with different densities
on A and B sublattices vanishes. The ordered states that
appear above this line are spin-density-wave states, which
essentially reflect the physics expected for Hubbard models
on a square lattice. The ordered states that appear below
this line are charge-density-wave states. For large U and
small !r the charge-density-wave boundary is close to the
the !r · U = 10.2838-eV line, indicating that its location is
determined mainly by this simple competition between short-
range and long-range interactions. When this consideration
applies, CDW states cannot occur for U > 10.2838 eV since
!r cannot take a value smaller than 1. A crude estimate
of the on-site repulsion from the carbon atomic radius is
e2/ao ! 20 eV whereas the value of U that can be obtained
from the first ionization potential and electron affinity of
carbon is U ! 9.6 eV.26 The effective electron interaction
strength of the # electrons will be further reduced when
we consider nonlocal polarization effects from neighboring
sites. Hence although screening effects from $ bands can be
accounted for microscopically in simple interaction models
yielding a value of U ! 9.3 eV,25 the physical value of U
remains somewhat uncertain. In our phase diagram CDW
solutions, which are favored when the longer range part of
the interaction is strong but the short-range effective repulsion
is weak, are restricted to values of !r ! 2.2 with small enough
U . We conclude from this sensitivity that it is not possible to
reliably predict the occurrence or absence of broken-symmetry
states on the basis of continuum model calculations alone.
The values of !r and U thought to be appropriate based on
considerations explained elsewhere24,25 are consistent with the
absence of broken-symmetry states in single-layer graphene
samples.
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TABLE I. Optimum values of cutoff Lmax and the corresponding
values of EDI

long(Lmax), which give the closest estimates to the asymp-
totic limit EDI

long(!) for each period of oscillation. For completeness
we also represent Eav

DI (Lmax) defined in the text. We denote with the
superscript 1 the results obtained with ao = a/(2

"
3) in the definition

of the effective Coulomb integral in Eq. (15) and superscript 2 the
results we would obtain if we used ao = 0.

Lmax E
long,1
DI Eav,1

DI E
long,2
DI Eav,2

DI

1.1547 #5.5346 #6.7019 #10.5026 #12.0711
1.7321 #7.9043 #11.0792 #13.2176 #16.5852
2.0817 #7.2731 #7.6482 #12.5287 #13.0159
2.8868 #8.2996 #9.7492 #13.6225 #15.1359
3.0551 #8.0970 #8.6223 #13.4115 #13.9862
3.4641 #8.8583 #9.3227 #14.1986 #14.6905
3.7859 #8.6589 #9.2623 #13.9943 #14.6260
4.7258 #8.9231 #8.7407 #14.2648 #14.0952
5.0000 #9.0172 #9.0100 #14.3603 #14.3650
5.6862 #9.1180 #9.6429 #14.4631 #14.9990
6.4291 #9.3049 #9.8026 #14.6521 #15.1579
7.0946 #9.5278 #9.8566 #14.8769 #15.2111
7.3711 #9.4074 #9.5712 #14.7556 #14.9247
8.0829 #9.5431 #9.6167 #14.8922 #14.9698
8.3267 #9.4921 #9.6134 #14.8409 #14.9662
8.7369 #9.6973 #9.9986 #15.0472 #15.3518
9.8150 #9.7037 #9.8903 #15.0536 #15.2428
10.0167 #9.6323 #9.6926 #14.9819 #15.0447
10.1489 #9.6717 #9.7987 #15.0215 #15.1509
10.4403 #9.7986 #9.9958 #15.1488 #15.3481
10.6927 #9.7210 #9.8310 #15.0709 #15.1831
11.6762 #9.7431 #9.8290 #15.0931 #15.1809
11.8462 #9.7469 #9.8273 #15.0970 #15.1791
12.2202 #9.8575 #10.0860 #15.2078 #15.4379
12.4231 #9.8141 #10.0185 #15.1643 #15.3703
12.5033 #9.8081 #9.9754 #15.1583 #15.3272

! #10.2838 #15.6327

where we use the notation Vij = Veff(dij ) for simplicity where
dij is the distance between the lattice sites i and j (see Fig. 6).
Let us consider a charge-density transfer of !n from lattice
B to lattice A such that the densities are nA = n0 + !n and
nB = n0 # !n. In that case we obtain

EH = 1
2

!

i$A,j$A

Vij (n0 + !n)(n0 + !n) (A2)

+ 1
2

!

i$B,j$B

Vij (n0 # !n)(n0 # !n) (A3)

+ 1
2

!

i$A,j$B

Vij (n0 + !n)(n0 # !n) (A4)

+ 1
2

!

i$B,j$A

Vij (n0 # !n)(n0 + !n). (A5)

The linear terms in !n above cancel each other and if we
neglect a constant shift in the origin the electrostatic energy
difference per lattice is

!EDI = (!n)2

2

!
U +

!

j$A

Vij #
!

j$B

Vij

"
, (A6)

where dij is the distance between lattice sites i and j , U =
V (dii) and i is a fixed label belonging to sublattice A. We
denote the cutoff dependent direct energy corresponding to
the long ranged part of the Coulomb interaction as

E
long
DI (Lmax) =

!

j$A, Lmax

Vij #
!

j$B, Lmax

Vij , (A7)

which shows an oscillatory dependence on the cutoff distance
Lmax > dij as represented in Fig. 7. This behavior poses some
caveats in extended Hubbard models with only one or two
neighbor Coulomb interactions when used for obtaining a
phase diagram of broken-symmetry states involving charge-
density modulations or comparing results between different
models. We can clearly observe that the above-mentioned
oscillations slowly converge to a constant for very large
Lmax. A better estimate for the asymptotic value in the
limit Lmax % ! can be obtained from E

av,long
DI (Lmax) =#Nmax

i=1 E
long
DI (Lmax ,i)/Nmax averaging the values obtained at

each discrete ith nearest-neighbor shell cutoff, where Nmax
is the total number of nearest-neighbor shells corresponding
to the cutoff distance Lmax. We can observe that for certain
specific values of Lmax the quantity E

long
DI (Lmax) is close to

E
long
DI (!). In Table I we represent the values of some of these

select cutoff distances, which are the ones that minimize the
difference in the number of A and B lattices and therefore
minimizes the deviation from charge neutrality for a CDW
state within the cutoff range. In our calculations we have used
a cutoff just above the value Lmax = 6.4291a listed in the table.
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FIG. 6: (Color online) Band structure and spin density distributions in armchair ribbons calculated forU = 4 eV and !r = 4 for a magnetic

field corresponding to !B = 4.24a ( B = 606 Tesla) using a 100!2 lattices in the unit cell and 80 k-point sampling in the Brillouin zone. The
red color is used to represent up spin while blue is used for down spin. Upper row: Armchair ribbon band structures for the F, SDW and

CDW solutions. Only the F solution is metallic, while the other two configurations are insulating. For this choice of parameters SDW is the

energetically favored state, but the energies of the other states are similar and their band gaps also have a similar size. Lower row: Spin-" and
spin-# density distributions across one of the zigzag rows in the unit cell of an armchair ribbon. The influence of Landau-level mixing on the
three solutions is apparent in the differences between the three sets of density distributions. In the case of AF solutions Landau-level mixing

enhances the local spin-density, while in the case of the CDW solution the magnitude of the charge density oscillation is reduced by Landau

level mixing. The dashed horizontal lines represent the occupation in absence of Landau level mixing.

tures and spin resolved densities presented in Fig. 6 confirm

that only the F solution has states in the broken-symmetry in-

duced gap. Hall-bar transport properties for the F configura-

tion have been discussed by Abanin et al.8 and Fertig et al.18

from a theoretical point of view. The CDW and SDW state

electronic structure is insulating, both at the edge and in the

bulk. The band structures of these two-states are similar even

though their spin-density profiles are quite distinct.

The plots of spin-" and spin-# partial densities across the
ribbons hint at some of the physics which selects between the

three candidate ordered states. In the truncated n= 0 Landau-

level continuum theory, the F state has one excess occupied

Landau level for majority spins and one deficiency in occu-

pied Landau levels for minority spins. We see in Fig. 6, that

the size of these polarizations is not strongly influenced by the

Landau level mixing effects included in our lattice calculation.

The n= 0 continuum theory SDW state has the same spin ex-

cesses and deficiencies, but they have opposite sign on oppo-

site sublattices. We see in Fig. 6, that these order parameters

are actually enhanced by Landau level mixing effects; inter-

Landau level exchange effects polarize lower-energy occupied

Landau level states so that they enhance the SDW pattern. For

the CDW state on the other hand, the n = 0 Landau level ex-

cess density on one sublattice is suppressed by Landau-level

mixing. In this case the direct electrostatic interaction is non-

zero so that the occupied Landau levels away from the Fermi

energy are polarized between sublattices in the opposite sense

of the n = 0 levels. The fact that the SDW state is enhanced

by Landau level mixing explains why it is favored over the F

state for the interaction parameters used to construct Fig. 6.

Finally, we comment on the microscopic electronic struc-

ture at the edges of an F state. As illustrated in Fig. 6,

the mean-field electronic structure at the edge contains a do-

main wall.18 Because textures in this domain wall can18 carry

charge, the F state edge is however not necessarily insulating

in the absence of disorder. It was recently argued that impuri-

ties with magnetic moments near the sample edges can intro-

duce spin-flip backscattering potentials18 whose effectiveness

is enhanced by the presence of a domain wall. The high resis-

tances seen experimentally at " = 0 therefore do not necessar-
ily prove that the ground state is not an F state. The analysis

in Ref.18 was carried out within a Luttinger liquid formalism

whose parameters depend on the domain wall shape. As il-

lustrated in Fig. 7, our microscopic domain walls exhibit an

interesting anisotropy in which inner and outer segments of

the wall differ.
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three solutions is apparent in the differences between the three sets of density distributions. In the case of AF solutions Landau-level mixing

enhances the local spin-density, while in the case of the CDW solution the magnitude of the charge density oscillation is reduced by Landau

level mixing. The dashed horizontal lines represent the occupation in absence of Landau level mixing.

tures and spin resolved densities presented in Fig. 6 confirm

that only the F solution has states in the broken-symmetry in-

duced gap. Hall-bar transport properties for the F configura-

tion have been discussed by Abanin et al.8 and Fertig et al.18

from a theoretical point of view. The CDW and SDW state

electronic structure is insulating, both at the edge and in the

bulk. The band structures of these two-states are similar even

though their spin-density profiles are quite distinct.

The plots of spin-" and spin-# partial densities across the
ribbons hint at some of the physics which selects between the

three candidate ordered states. In the truncated n= 0 Landau-

level continuum theory, the F state has one excess occupied

Landau level for majority spins and one deficiency in occu-

pied Landau levels for minority spins. We see in Fig. 6, that

the size of these polarizations is not strongly influenced by the

Landau level mixing effects included in our lattice calculation.

The n= 0 continuum theory SDW state has the same spin ex-

cesses and deficiencies, but they have opposite sign on oppo-

site sublattices. We see in Fig. 6, that these order parameters

are actually enhanced by Landau level mixing effects; inter-

Landau level exchange effects polarize lower-energy occupied

Landau level states so that they enhance the SDW pattern. For

the CDW state on the other hand, the n = 0 Landau level ex-

cess density on one sublattice is suppressed by Landau-level

mixing. In this case the direct electrostatic interaction is non-

zero so that the occupied Landau levels away from the Fermi

energy are polarized between sublattices in the opposite sense

of the n = 0 levels. The fact that the SDW state is enhanced

by Landau level mixing explains why it is favored over the F

state for the interaction parameters used to construct Fig. 6.

Finally, we comment on the microscopic electronic struc-

ture at the edges of an F state. As illustrated in Fig. 6,

the mean-field electronic structure at the edge contains a do-

main wall.18 Because textures in this domain wall can18 carry

charge, the F state edge is however not necessarily insulating

in the absence of disorder. It was recently argued that impuri-

ties with magnetic moments near the sample edges can intro-

duce spin-flip backscattering potentials18 whose effectiveness

is enhanced by the presence of a domain wall. The high resis-

tances seen experimentally at " = 0 therefore do not necessar-
ily prove that the ground state is not an F state. The analysis

in Ref.18 was carried out within a Luttinger liquid formalism

whose parameters depend on the domain wall shape. As il-

lustrated in Fig. 7, our microscopic domain walls exhibit an

interesting anisotropy in which inner and outer segments of

the wall differ.
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Interference-induced colour shifts, cross-correlated with an atomic
force microscopy profile, allow us to identify the number of depos-
ited graphene layers from optical images of the samples (Supplemen-
tary Information). After a suitable graphene sample has been
selected, electron beam lithography followed by thermally evapor-
ated Au/Cr (30 nm and 5 nm, respectively) defines multiple electro-
des for transport measurement (Fig. 1a, right inset).With the use of a
Hall-bar-type electrode configuration, the magnetoresistance Rxx

and Hall resistance Rxy are measured. Applying a gate voltage, Vg,
to the Si substrate controls the charge density in the graphene
samples.
Figure 1a shows the gate modulation of Rxx at zero magnetic field

in a typical graphene device whose lateral size is,3 mm.Whereas Rxx

remains in the,100-Q range at high carrier density, a sharp peak at
,4 kQ is observed at V g < 0. Although different samples show
slightly different peak values and peak positions, similar behaviours
were observed in three other graphene samples that we measured.
The existence of this sharp peak is consistent with the reduced carrier
density as EF approaches the Dirac point of grapheme, at which the
density of states vanishes. Thus, the gate voltage corresponding to the
charge-neutral Dirac point, VDirac, can be determined from this peak
position. A separate Hall measurement provides a measure for the
sheet carrier density, n s, and for the mobility, m, of the sample, as
shown in Fig. 1b, assuming a simple Drude model. The sign of n s

changes at Vg ! VDirac, indicating that EF does indeed cross the
charge-neutral point. Mobilities are higher than 104 cm2V21 s21 for
the entire gate voltage range, considerably exceeding the quality of
graphene samples studied previously8,9.
The exceptionally high-mobility graphene samples allow us to

investigate transport phenomena in the extreme magnetic quantum
limit, such as the QHE. Figure 2a showsRxy and Rxx for the sample of
Fig. 1 as a function of magnetic field B at a fixed gate voltage Vg .
VDirac. The overall positive Rxy indicates that the contribution is
mainly from electrons. At high magnetic field, Rxy(B) exhibits
plateaux and Rxx is vanishing, which are the hallmark of the
QHE. At least two well-defined plateaux with values (2e2/h)21 and
(6e2/h)21, followed by a developing (10e2/h)21 plateau, are observed
before the QHE features transform into Shubnikov de Haas (SdH)
oscillations at lower magnetic field. The quantization of Rxy for these
first two plateaux is better than 1 part in 104, precise within the
instrumental uncertainty. We observed the equivalent QHE features
for holes with negative Rxy values (Fig. 2a, inset). Alternatively, we
can probe the QHE in both electrons and holes by fixing themagnetic
field and changing Vg across the Dirac point. In this case, as Vg

increases, first holes (Vg , VDirac) and later electrons (Vg . VDirac)
fill successive Landau levels and exhibit the QHE. This yields an
antisymmetric (symmetric) pattern of Rxy (Rxx) in Fig. 2b, with Rxy

quantization in accordance with

R21
xy !^gs"n# 1=2$e2=h "2$

where n is a non-negative integer and ^ stands for electrons and
holes, respectively. This quantization condition can be translated to
the quantized filling factor v ! ^g s(n # 1/2) in the usual QHE
language. In addition, there is an oscillatory structure developed
near the Dirac point. Although this structure is reproducible for any
given sample, its shape varies from device to device, suggesting
potentially mesoscopic effects depending on the details of the sample
geometry13. Although the QHE has been observed in many 2D

Figure 2 | Quantized magnetoresistance and Hall resistance of a graphene
device. a, Hall resistance (black) and magnetoresistance (red) measured in
the device in Fig. 1 at T ! 30mK and Vg ! 15V. The vertical arrows and the
numbers on them indicate the values of B and the corresponding filling
factor n of the quantumHall states. The horizontal lines correspond to h/e2n
values. The QHE in the electron gas is shown by at least two quantized
plateaux in Rxy, with vanishing Rxx in the corresponding magnetic field
regime. The inset shows the QHE for a hole gas at Vg ! 24V, measured at
1.6 K. The quantized plateau for filling factor n ! 2 is well defined, and the
second and third plateaux with n ! 6 and n ! 10 are also resolved. b, Hall

resistance (black) and magnetoresistance (orange) as a function of gate
voltage at fixed magnetic field B ! 9T, measured at 1.6K. The same
convention as in a is used here. The upper inset shows a detailed view of
high-filling-factor plateaux measured at 30mK. c, A schematic diagram of
the Landau level density of states (DOS) and corresponding quantum Hall
conductance (jxy) as a function of energy. Note that, in the quantum Hall
states, jxy ! 2Rxy

21. The LL index n is shown next to the DOS peak. In our
experiment the Fermi energy EF can be adjusted by the gate voltage, andRxy

21

changes by an amount g se
2/h as EF crosses a LL.
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Experimental observation of the quantum Hall effect
and Berry’s phase in graphene
Yuanbo Zhang1, Yan-Wen Tan1, Horst L. Stormer1,2 & Philip Kim1

When electrons are confined in two-dimensional materials,
quantum-mechanically enhanced transport phenomena such as
the quantum Hall effect can be observed. Graphene, consisting of
an isolated single atomic layer of graphite, is an ideal realization of
such a two-dimensional system. However, its behaviour is
expected to differ markedly from thewell-studied case of quantum
wells in conventional semiconductor interfaces. This difference
arises from the unique electronic properties of graphene, which
exhibits electron–hole degeneracy and vanishing carrier mass near
the point of charge neutrality1,2. Indeed, a distinctive half-integer
quantum Hall effect has been predicted3–5 theoretically, as has the
existence of a non-zero Berry’s phase (a geometric quantum
phase) of the electron wavefunction—a consequence of the excep-
tional topology of the graphene band structure6,7. Recent advances
in micromechanical extraction and fabrication techniques for
graphite structures8–12 now permit such exotic two-dimensional
electron systems to be probed experimentally. Here we report an
experimental investigation of magneto-transport in a high-mobi-
lity single layer of graphene. Adjusting the chemical potential with
the use of the electric field effect, we observe an unusual half-
integer quantum Hall effect for both electron and hole carriers in
graphene. The relevance of Berry’s phase to these experiments is
confirmed by magneto-oscillations. In addition to their purely
scientific interest, these unusual quantum transport phenomena
may lead to new applications in carbon-based electronic and
magneto-electronic devices.
The low-energy band structure of graphene can be approximated

as cones located at two inequivalent Brillouin zone corners (Fig. 1a,
left inset). In these cones, the two-dimensional (2D) energy dis-
persion relation is linear and the electron dynamics can be treated as
‘relativistic’, in which the Fermi velocity vF of the graphene sub-
stitutes for the speed of light. In particular, at the apex of the cones
(termed the Dirac point), electrons and holes (particles and anti-
particles) are degenerate. Landau-level (LL) formation for electrons
in this system under a perpendicular magnetic field, B, has been
studied theoretically using an analogy to 2 ! 1-dimensional quan-
tum electrodynamics2,3, in which the Landau level energy is given by

En " sgn#n$
!!!!!!!!!!!!!!!!!!!
2e!hv2FjnjB

q
#1$

Here e and !h" h=2p are electron charge and Planck’s constant divided
by 2p, and the integer n represents an electron-like (n . 0) or a hole-
like (n , 0) LL index. Crucially, a single LL with n " 0 and E0 " 0
also occurs. When only low-lying LLs (jnj , 104 for B " 10T) are
occupied, the separation of En is much larger than the Zeeman spin
splitting, so each LL has a degeneracy g s " 4, accounting for spin
degeneracy and sublattice degeneracy. Previous studies of meso-
scopic graphite samples consisting of a few layers of graphene
exhibited magneto-oscillations associated with the LL formation by

electron-like and hole-like carriers tuned by the electric field
effect8,9,11. However, the quantum Hall effect (QHE) was not
observed in these samples, possibly as a result of their low mobility
and/or the residual three-dimensional nature of the specimens.
The high-mobility graphene samples used in our experiments were

extracted from Kish graphite (Toshiba Ceramics) on degenerately
doped Si wafers with a 300-nm SiO2 coating layer, by using
micromechanical manipulation similar to that described in ref. 8.

LETTERS

Figure 1 | Resistance, carrier density, and mobility of graphene measured
at 1.7K at different gate voltages. a, Changes in resistance as a function
of gate voltage in a graphene device shown in the optical microscope
image in the right inset. The position of the resistance peaks varies from
device to device, but the peak values are always of the order of 4 kQ,
suggesting a potential quantum-mechanical origin. The left inset shows a
schematic diagram of the low-energy dispersion relation near the Dirac
points in the graphene Brillouin zone. Only two Dirac cones are
nonequivalent to each other, producing a twofold valley degeneracy in the
band structure. b, Charge carrier density (open circles) and mobility (filled
circles) of graphene as a function of gate voltage. The solid line corresponds
to the estimated charge induced by the gate voltage, n s " CgVg/e, assuming
a gate capacitance Cg of 115 aF mm

22 obtained from geometrical
considerations.
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To explain the half-integer QHE qualitatively, we invoke
the formal expression2,14–17 for the energy of massless relativistic
fermions in quantized fields, EN ! [2e!hc*

2B(N " 1/2 ^ 1/2)]1/2.
In quantum electrodynamics, the sign^ describes two spins, whereas
in graphene it refers to ‘pseudospins’. The latter have nothing to do
with the real spin but are ‘built in’ to the Dirac-like spectrum of
graphene; their origin can be traced to the presence of two carbon
sublattices. The above formula shows that the lowest LL (N ! 0)
appears at E ! 0 (in agreement with the index theorem) and
accommodates fermions with only one (minus) projection of the
pseudospin. All other levels N $ 1 are occupied by fermions with
both (^) pseudospins. This implies that for N ! 0 the degeneracy is
half of that for any otherN. Alternatively, one can say that all LLs have
the same ‘compound’ degeneracy but the zero-energy LL is shared
equally by electrons and holes. As a result the first Hall plateau occurs
at half the normal filling and, oddly, both n ! 21/2 and "1/2
correspond to the same LL (N ! 0). All other levels have normal
degeneracy 4B/f0 and therefore remain shifted by the same 1/2 from
the standard sequence. This explains the QHE at n ! N " 1/2 and, at
the same time, the ‘odd’ phase of SdHO (minima inrxx correspond to
plateaux in rxy and therefore occur at half-integer n; see Figs 2 and 4),
in agreement with theory14–17. Note, however, that from another
perspective the phase shift can be viewed as the direct manifestation
of Berry’s phase acquired by Dirac fermions moving in magnetic
field20,21.
Finally, we return to zero-field behaviour and discuss another

feature related to graphene’s relativistic-like spectrum. The spectrum
implies vanishing concentrations of both carriers near the Dirac
point E ! 0 (Fig. 3e), which suggests that low-T resistivity of the

zero-gap semiconductor should diverge at Vg < 0. However, neither
of our devices showed such behaviour. On the contrary, in the
transition region between holes and electrons graphene’s conduc-
tivity never falls below a well-defined value, practically independent
of T between 4K and 100 K. Figure 1c plots values of the maximum
resistivity rmax found in 15 different devices at zero B, which
within an experimental error of ,15% all exhibit rmax < 6.5 kQ
independently of their mobility, which varies by a factor of 10. Given
the quadruple degeneracy f, it is obvious to associate rmax with
h/fe2 ! 6.45 kQ, where h/e2 is the resistance quantum.We emphasize
that it is the resistivity (or conductivity) rather than the resistance (or
conductance) that is quantized in graphene (that is, resistance R
measured experimentally scaled in the usual manner as R ! rL/w
with changing length L andwidthw of our devices). Thus, the effect is
completely different from the conductance quantization observed
previously in quantum transport experiments.
However surprising it may be, the minimum conductivity is an

intrinsic property of electronic systems described by the Dirac
equation22–25. It is due to the fact that, in the presence of disorder,
localization effects in such systems are strongly suppressed and
emerge only at exponentially large length scales. Assuming the
absence of localization, the observed minimum conductivity can be
explained qualitatively by invoking Mott’s argument26 that the mean
free path l of charge carriers in ametal can never be shorter than their
wavelength lF. Then, j ! nem can be rewritten as j ! (e2/h)kFl, so j
cannot be smaller than,e2/h for each type of carrier. This argument
is known to have failed for 2D systems with a parabolic spectrum in
which disorder leads to localization and eventually to insulating
behaviour22,23. For 2DDirac fermions, no localization is expected22–25

and, accordingly, Mott’s argument can be used. Although there is a
broad theoretical consensus15,16,23–28 that a 2D gas of Dirac fermions
should exhibit a minimum conductivity of about e2/h, this quantiza-
tion was not expected to be accurate and most theories suggest a
value of ,e2/ph, in disagreement with the experiment.
Thus, graphene exhibits electronic properties that are distinctive

for a 2D gas of particles described by the Dirac equation rather than
the Schrödinger equation. The work shows a possibility of studying

Figure 4 | QHE for massless Dirac fermions. Hall conductivity jxy and
longitudinal resistivity rxx of graphene as a function of their concentration
at B ! 14 T and T ! 4K. jxy ; (4e2/h)n is calculated from the measured
dependences of rxy(Vg) and rxx(Vg) as jxy ! rxy/(rxy

2 " rxx
2 ). The

behaviour of 1/rxy is similar but exhibits a discontinuity at Vg < 0, which is
avoided by plotting jxy. Inset: jxy in ‘two-layer graphene’ where the
quantization sequence is normal and occurs at integer n. The latter shows
that the half-integer QHE is exclusive to ‘ideal’ graphene.

Figure 3 | Dirac fermions of graphene. a, Dependence of BF on carrier
concentration n (positive n corresponds to electrons; negative to holes).
b, Examples of fan diagrams used in our analysis7 to findBF.N is the number
associated with different minima of oscillations. The lower and upper curves
are for graphene (sample of Fig. 2a) and a 5-nm-thick film of graphite with a
similar value of BF, respectively. Note that the curves extrapolate to different
origins, namely to N ! 1/2 and N ! 0. In graphene, curves for all n
extrapolate toN ! 1/2 (compare ref. 7). This indicates a phase shift ofpwith
respect to the conventional Landau quantization in metals. The shift is due
to Berry’s phase14,20. c, Examples of the behaviour of SdHO amplitude Dj
(symbols) as a function of T for m c < 0.069 and 0.023m0 (see the
dependences showing the rapid and slower decay with increasing T,
respectively); solid curves are best fits. d, Cyclotronmassm c of electrons and
holes as a function of their concentration. Symbols are experimental data,
solid curves the best fit to theory. e, Electronic spectrum of graphene, as
inferred experimentally and in agreement with theory. This is the spectrum
of a zero-gap 2D semiconductor that describes massless Dirac fermions with
c* 1/300 the speed of light.
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Two-dimensional gas of massless Dirac fermions in
graphene
K. S. Novoselov1, A. K. Geim1, S. V. Morozov2, D. Jiang1, M. I. Katsnelson3, I. V. Grigorieva1, S. V. Dubonos2

& A. A. Firsov2

Quantum electrodynamics (resulting from themerger of quantum
mechanics and relativity theory) has provided a clear understand-
ing of phenomena ranging from particle physics to cosmology and
from astrophysics to quantum chemistry1–3. The ideas underlying
quantum electrodynamics also influence the theory of condensed
matter4,5, but quantum relativistic effects are usually minute in
the known experimental systems that can be described accurately
by the non-relativistic Schrödinger equation. Here we report an
experimental study of a condensed-matter system (graphene, a
single atomic layer of carbon6,7) in which electron transport is
essentially governed by Dirac’s (relativistic) equation. The charge
carriers in graphene mimic relativistic particles with zero rest
mass and have an effective ‘speed of light’ c * < 106m s21. Our
study reveals a variety of unusual phenomena that are character-
istic of two-dimensional Dirac fermions. In particular we have
observed the following: first, graphene’s conductivity never falls
below a minimum value corresponding to the quantum unit of
conductance, even when concentrations of charge carriers tend to
zero; second, the integer quantum Hall effect in graphene is
anomalous in that it occurs at half-integer filling factors; and
third, the cyclotron mass m c of massless carriers in graphene is
described by E 5 m cc *

2. This two-dimensional system is not only
interesting in itself but also allows access to the subtle and rich
physics of quantum electrodynamics in a bench-top experiment.
Graphene is a monolayer of carbon atoms packed into a dense

honeycomb crystal structure that can be viewed as an individual
atomic plane extracted from graphite, as unrolled single-wall carbon
nanotubes or as a giant flat fullerene molecule. This material has not
been studied experimentally before and, until recently6,7, was pre-
sumed not to exist in the free state. To obtain graphene samples we
used the original procedures described in ref. 6, which involve the
micromechanical cleavage of graphite followed by the identification
and selection of monolayers by using a combination of optical
microscopy, scanning electron microscopy and atomic-force
microscopy. The selected graphene films were further processed
into multi-terminal devices such as that shown in Fig. 1, by following
standard microfabrication procedures7. Despite being only one atom
thick and unprotected from the environment, our graphene devices
remain stable under ambient conditions and exhibit high mobility of
charge carriers. Below we focus on the physics of ‘ideal’ (single-layer)
grapheme, which has a different electronic structure and exhibits
properties qualitatively different from those characteristic of either
ultrathin graphite films (which are semimetals whose material
properties were studied recently7–10) or even of other devices con-
sisting of just two layers of graphene (see below).
Figure 1 shows the electric field effect7–9 in graphene. Its conduc-

tivity j increases linearly with increasing gate voltage Vg for both
polarities, and the Hall effect changes its sign at V g < 0. This

behaviour shows that substantial concentrations of electrons
(holes) are induced by positive (negative) gate voltages. Away from
the transition region Vg < 0, Hall coefficient RH ! 1/ne varies as
1/Vg, where n is the concentration of electrons or holes and e is the
electron charge. The linear dependence 1/RH / Vg yields n ! aVg

with a < 7.3 £ 1010 cm22 V21, in agreement with the theoretical
estimate n/Vg < 7.2 £ 1010 cm22 V21 for the surface charge density
induced by the field effect (see the caption to Fig. 1). The agreement
indicates that all the induced carriers are mobile and that there are no
trapped charges in graphene. From the linear dependence j(Vg) we
found carriermobilities m ! j/ne, which reached 15,000 cm2V21 s21

for both electrons and holes, were independent of temperature T
between 10 and 100K and were probably still limited by defects in
parent graphite.
To characterize graphene further, we studied Shubnikov-de Haas

oscillations (SdHOs). Figure 2 shows examples of these oscillations
for differentmagnetic fieldsB, gate voltages and temperatures. Unlike
ultrathin graphite7, graphene exhibits only one set of SdHO for both
electrons and holes. By using standard fan diagrams7,8 we have
determined the fundamental SdHO frequency BF for various Vg.
The resulting dependence of BF on n is plotted in Fig. 3a. Both
carriers exhibit the same linear dependence B F ! bn, with
b < 1.04 £ 10215 Tm2 (^2%). Theoretically, for any two-
dimensional (2D) system b is defined only by its degeneracy f so
that BF ! f0n/f, where f0 ! 4.14 £ 10215 Tm2 is the flux quantum.
Comparison with the experiment yields f ! 4, in agreement with the
double-spin and double-valley degeneracy expected for graphene11,12

(see caption to Fig. 2). Note, however, an anomalous feature of SdHO
in graphene, which is their phase. In contrast to conventional metals,
graphene’s longitudinal resistance rxx(B) exhibits maxima rather
than minima at integer values of the Landau filling factor n (Fig. 2a).
Figure 3b emphasizes this fact by comparing the phase of SdHO in
graphene with that in a thin graphite film7. The origin of the ‘odd’
phase is explained below.
Another unusual feature of 2D transport in graphene clearly

reveals itself in the dependence of SdHO on T (Fig. 2b). Indeed,
with increasing T the oscillations at high Vg (high n) decay more
rapidly. One can see that the last oscillation (Vg < 100V) becomes
practically invisible at 80 K, whereas the first one (Vg , 10V) clearly
survives at 140K and remains notable even at room temperature. To
quantify this behaviour we measured the T-dependence of SdHO’s
amplitude at various gate voltages and magnetic fields. The results
could be fitted accurately (Fig. 3c) by the standard expression
T/sinh(2p2kBTm c/!heB), which yielded m c varying between ,0.02
and 0.07m0 (m0 is the free electron mass). Changes in m c are well
described by a square-root dependence m c / n1/2 (Fig. 3d).
To explain the observed behaviour of m c, we refer to the semi-

classical expressions BF ! (!h/2pe)S(E) and m c ! (!h2/2p)›S(E)/›E,
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mobilities as high as !5" 104 cm2=Vs. The magnetore-
sistance (Rxx) and Hall resistance (Rxy) of the graphene
sample are measured using lock-in amplifiers at an excita-
tion current of 10 nA in helium vapor in a cryostat.

Figure 1 displays Rxx and Rxy measured simultaneously
as a function of Vg at B # 45 T and at a temperature of
T # 1:4 K. A series of fully developed QH states, i.e.,
zeros in Rxx and plateaus in Rxy quantized to values
h=$e2!% with an integer filling factor !, are observed.
Well-defined ! # &2 QH states and a ! # '6 state are
visible in these traces, in accordance with the previous low-
magnetic field measurement (B< 9 T) [5,6]. In addition to
these QH states, new QH states at ! # &1 and at ! # &4
are clearly resolved in the high magnetic field data, which
is the central finding of this Letter. We also note that both
Rxx and Rxy fluctuate but remain at finite values (of the
order of 100 k!, see Fig. 1, right inset) near the Dirac
point where the carrier density is low [10].

In order to investigate the development of the new QH
states in high magnetic fields, we carried out magnetotran-
sport measurements in various magnetic fields between 9 T
and 45 T at T # 1:4 K. The Hall conductivity, "xy, de-
duced from Rxx and Rxy [11], is plotted as a function of Vg

in Fig. 2. In addition to the QH plateaus at ! # &4$jnj(
1=2% observed in lower magnetic field (B< 9 T), new QH
plateaus appear at higher magnetic fields. Specifically, ! #
0 QH plateau is resolved at B> 11 T, and ! # &1;&4
plateaus appear at similar field B> 17 T. The ! # 0 QH
plateau right at the Dirac point (Vg ) 3:7 V) is intriguing.
While "xy exhibits a clearly resolved ! # 0 plateau for
B> 11 T (Fig. 2), Rxx shows a finite peak (Rxx ! 40 k!
as jRxyj ! 0 at B # 25 T, see Fig. 2, upper inset). This
new type of QH state does not conform to the standard QH
observation (i.e., zeros in Rxx), and certainly deserves
further study.

The new set of QH plateaus, ! # 0, &1, and &4, can be
attributed to the magnetic field induced splitting of the n #
0 and n # &1 LLs. In lower magnetic fields, each LL at
energy En is assumed to be fourfold degenerate due to a
twofold spin degeneracy and a twofold sublattice symme-
try (i.e., K and K0 degeneracy) [12]. The observed filling
factor sequence ! # 0 (B> 11 T) and ! # &1 (B>
17 T) implies that the degeneracy of n # 0 are fully lifted
at high magnetic fields, such that "xy increases in steps of
e2=h as the Fermi energy, EF, passes through the LLs,
whose substructure is now resolved. While the n # 0 LL is
totally resolved into ! # 0;&1 plateaus, the fourfold de-
generacy in the n # &1 LLs is only partially resolved into
! # &4 leaving a twofold degeneracy in each of these LLs
[13]. Although a close examination of Rxx and Rxy hints at
developing QH states corresponding to ! # &3 (Fig. 1,
gray arrows), their relatively weaker features strongly in-
dicate that there exists a hierarchy of degeneracy lifting in
these LLs as shown schematically in the lower left inset of
Fig. 2.

Considering that the presence of a magnetic field alone
does not break the inversion symmetry of graphene lattice,
the broken sublattice symmetry in graphene in high mag-
netic fields is rather surprising. The observed LL splitting
bears a resemblance to the valley degeneracy splitting
observed in the 2D electron gas in Si inversion layers
[14] and AlAs quantum wells [15], where the lifting of
the valley degeneracy occurs due to uniaxial strain or due
to a many-body induced correlation effect such as ‘‘valley
skyrmions’’ [16]. Since the sublattice symmetry is pro-
tected by inversion symmetry in graphene, simple uniaxial
strain does not lift the graphene sublattice degeneracy,
leaving many-body electron correlation within the LL as
an alternative origin for the lifting of the degeneracy at the
Dirac point. We point out that a high magnetic field anom-
aly has been observed in bulk graphite [17], possibly
originating from the formation of a charge density wave
(CDW) due to Fermi surface nesting of the electron and
hole LLs. In addition, a recent theoretical study suggests
that CDW order may open up a gap at the Dirac point in
high magnetic fields [18], further substantiating the possi-

FIG. 2 (color online). "xy, as a function of Vg at different
magnetic fields: 9 T (circle), 25 T (square), 30 T (diamond), 37 T
(up triangle), 42 T (down triangle), and 45 T (star). All the data
sets are taken at T # 1:4 K, except for the B # 9 T curve, which
is taken at T # 30 mK. Left upper inset: Rxx and Rxy for the
same device measured at B # 25 T. Left lower inset: a sche-
matic drawing of the LLs in low (left) and high (right) magnetic
field. Right inset: detailed "xy data near the Dirac point for B #
9 T (circle), 11.5 T (pentagon), and 17.5 T (hexagon) at T #
30 mK.
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Using a ribbon geometry (armchair) we can verify that the density wave solutions do not support conducting edge states that cross the Fermi level at half filling

B = 606T

The density wave solutions show a substantial Landau level mixing (deviation from dotted horizontal line), related with the selective sublattice occupation of n=0 levels.
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FIG. 1: (Color online) Upper panel: Schematic representation of valley polarized charge density wave (CDW), spin density wave (SDW) and

ferromagnetic (F) spin polarized broken symmetry solutions that can be obtained in a self-consistent mean field calculation of graphene under

a perpendicular magnetic field at half filling. Each arrow represents the filling of one n = 0 Landau level of a given spin and valley. Lower

panel: From left to right ECDW !ESDW , ECDW !EF and ESDW !EF total energy differences per electron in eV as a function of the onsite

repulsionU and !r obtained from a data mesh of 9" 10 points, calculated neglecting the Zeeman term and for a magnetic field of 792 Teslas

corresponding to 1/100 of a flux quantum per honeycomb hexagon. For smaller values of U the CDW solutions are energetically favored

whereas for larger values ofU the SDW solutions are favored in a wide range of !r. The F solutions are never the lowest in energy. The red

contour lines indicate degeneracy between two different solutions.
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of !r ! 4 is normally appropriate for graphene placed on a
dielectric substrate. Values chosen for !r and U control not
only the overall strength of the interaction term27 but also
the relative strength of on-site and long-range parts of the
interaction. We will show later how this ratio can play a role
in selecting the broken-symmetry solutions that can appear in
these models.

There are two technical difficulties in these calculations,
one related to the nature of electron-electron interactions and
one related to the electronic structure of graphene. The long
range of the Coulomb interaction creates some numerical
difficulties, particularly in evaluating the energies of the
charge-density-wave (CDW) states discussed below. We have
found that accurate results can be obtained by choosing a
cutoff distance for the 1/r tail so that the coupled sites are
as nearly as possible equally distributed between sublattices.
The second challenge is related to the band crossing at the
Dirac point in graphene, at which the wave functions that
enter the construction of the exchange potential have a singular
dependence on wave vector. Accurate calculations require
dense k-point sampling near the Dirac point, which increases
the computational load rapidly in Hartree-Fock calculations
because of the nonlocal exchange interactions. In an effort
to achieve a satisfactory compromise between computational
load and accuracy we exploit the hexagonal symmetry inherent
in the problem. This allows us to limit our calculations to the
irreducible wedge with 1/12th of the Brillouin zone area,
even though the additional phase factors in the remainder
of the zone need still to be properly accounted for when
we calculate the exchange potential. We use denser adaptive
k-point sampling near the Dirac cone while keeping a coarser
grid in the remainder of the irreducible wedge as shown in
Fig. 1. In this way it is possible to achieve good accuracy
while maintaining the numerical load at a reasonable level.
The coarse k-point sampling region was typically kept to
16 " 16 density while near the Dirac point we have chosen
for most of our calculations a sampling density corresponding
to 512 " 512 points in the full Brillouin zone and up to
1024 " 1024 density.

!

!

FIG. 1. (Color online) Choice of the irreducible wedge of the
primitive cell (left) and the adaptive sampling of the k points in
the vicinity of the Dirac point K used for most of our calculations.
The density of k points in the dense region shown in the figure
corresponds to a sampling density of 512 " 512 points.

III. NONLOCAL EXCHANGE AND LOGARITHMIC
VELOCITY DIVERGENCE NEAR THE DIRAC POINT

Graphene’s Dirac-like low-energy Hamiltonian1,28 pro-
vides an easily studied example of isolated band crossings near
the Fermi level of a solid. The band crossing at the two isolated
Fermi points introduce singularities in the band Hamiltonian
with interesting topological29 characteristics, and facilitate the
application of field-theoretic perturbative methods.14 As we
will discuss later, there are some close analogies between
interaction physics in graphene and in gapless30 and narrow
gap31 semiconductors. It has long been recognized that interac-
tion effects can become prominent in gapless, semimetal, and
narrow gap systems. For example, in a semimetal with a small
overlap between valence and conduction bands, interactions
can induce electron-hole pairing and turn the solid into an
excitonic insulator.30,32 In finite gap semiconductors Wannier-
Mott excitons can form due to mutual attraction between a
hole and an electron. Nonlocal electron exchange interactions
play a relevant role in defining the band structure of narrow
band semiconductors.33 In gapless semiconductors exchange
induced corrections in the dispersion relation are large near the
crossing point and it has been argued that virtual generation
of excitons can lead to a dielectric anomaly.30,34 A general
study of materials with Fermi points has revealed that for linear
band crossings, interactions always introduce a logarithmically
diverging velocity enhancement,13 whereas instabilities are
expected for quadratic crossings.13,35

The marginal Fermi-liquid behavior obtained in three
dimensions13 and in the graphene two-dimensional (2D) case14

is a consequence of nonlocal exchange interactions,15,16 as
we discuss at length below. To demonstrate explicitly how
these velocity enhancements appear in our calculations we
examine the Fock term in Eq. (6) expressed in the sublattice
representation:

VX(k) =
!

V AA
X (k) V AB

X (k)

V BA
X (k) V BB

X (k)

"

. (16)

The physics is most clearly explained using the real-space
interaction version of our calculations, although the reciprocal-
space version is more numerically convenient. The diagonal
matrix elements are identical by symmetry and can be
expressed using the real-space sum of effective two-body
Coulomb repulsion in Eq. (14). Using the symmetry property
that #c†k$Ack$A% = #c†k$Bck$B% = 1/2 for every value of k$ in
neutral graphene, we obtain

V A A
X (k) = & 1

2N2
K

NK!

k$,i, j

ei(k$&k)LAA
i j Veff

#$$LA A
i j

$$% (17)

= & 1
2NK

NK!

i j

"i,jVeff
#$$LA A

i j

$$% = &U

2
. (18)

At half filling, particle-hole symmetry implies that the
sublattice-diagonal component of the density matrix is half of
the full # -band density matrix, and therefore diagonal in lattice
vector. Only the on-site interaction contributes to V A A

X (k).
This contribution to the exchange energy is independent
of momentum and does not contribute to the quasiparticle
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The physics of nonlocal exchange interactions in graphene sheets is studied within a ! -orbital tight-binding
model using a Hartree-Fock approximation and Coulomb interactions modified at short distances by lattice effects
and at large distances by dielectric screening. We use this study to comment on the strong nonlocality of exchange
effects in systems with isolated band crossings at energies close to the Fermi energy. We also discuss the role of
lattice scale details of the effective Coulomb interaction in determining whether or not broken-symmetry states
appear at strong interaction strengths, and in determining the character of those states when they do appear.
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I. INTRODUCTION

Graphene sheets are ideal sp2-hybridized pure carbon
networks, and have attracted attention in recent years because
of their appealing combination of theoretical simplicity and
exceptional physical properties.1–4 Most electronic properties
of graphene that have been studied experimentally can be
successfully described in a noninteracting electron picture.4

Electron interaction effects are nevertheless clearly manifested
in perpendicular magnetic fields where they lead to quantum
Hall ferromagnetism5 and to the fractional Hall effect,6–8

when two9,10 or more11 layers are stacked in a way that leads
to flat bands near the Dirac point, and when ribbons with
zigzag edges12 are formed. The strongest interaction effects
so far observed in single-layer graphene in the absence of
a magnetic field is the logarithmic velocity correction13–16

at momenta near the Dirac point, now apparent in photoe-
mission measurements17 and cyclotron mass measurements
in suspended graphene.18 Recent Monte Carlo simulations of
zero-field graphene suggest the more interesting possibility of
a gap opening19 at the Dirac point for sufficiently strong in-
teractions, a property that would drastically modify electronic
properties. Spontaneous gaps have still not been detected in
single-layer samples, even when suspended7 to reduce disorder
and dielectric screening and, although their appearance cannot
be fully ruled out for cleaner suspended samples, which might
become available in the future, likely do not occur.

In this paper we use a ! -band lattice-model Hartree-Fock
calculation to show explicitly that the logarithmic velocity
enhancement is related to nonlocal exchange interactions with
power-law tails. Our calculations provide a numerical estimate
of the cutoff length, which appears in the argument of the
logarithm in the velocity enhancement expression and cannot
be obtained from continuum model calculations. We also use
our calculation to study the role that lattice scale physics plays
in controlling whether or not gapped states can occur in single-
layer graphene. We show that the appearance of gapped states
is sensitive to the long range of the Coulomb interaction. By
solving self-consistent ! -orbital Hartree-Fock equations, we
can assess the possibility of realizing topologically nontrivial
states like those discussed by Raghu et al.,20 who study an
extended Hubbard model with next-neighbor interactions.

The paper is organized as follows. We start in Sec. II
by briefly explaining our implementation of Hartree-Fock
theory for a ! -orbital lattice model. Here we define our model

Hamiltonian, comment on how we handle complications due
to the long range of the Coulomb interaction, and discuss
some other technical details of our calculations. In Sec. III we
carry out a detailed study of the power-law nonlocal exchange
interactions and the logarithmic velocity enhancements they
produce. In Sec. IV we present a mean-field phase diagram that
identifies a variety of distinct broken-symmetry solutions and
captures the dependence of the competition between them on
model parameters. Finally we close the paper in Sec. V with
a discussion of our findings and of the general importance
of highly nonlocal exchange interactions in semimetals or
semiconductors with isolated band crossings, or weakly
avoided crossings, close to the Fermi level.

II. ! -ORBITAL HARTREE-FOCK APPROXIMATION

The simplest tight-binding model for a carbon lattice retains
one atomic 2pz orbital on each lattice site and couples them
with nearest-neighbor pp! hopping21 parameters. We use the
conventions of Ref. 22, choosing a coordinate system in which
the honeycomb’s Bravais lattice has primitive vectors

!a1 = a(1,0), !a2 = a

!
1
2
,

"
3

2

"
, (1)

where a = 2.46 Å is the lattice constant of graphene. The
reciprocal-lattice vectors are then

!b1 = 4!"
3a

!"
3

2
, # 1

2

"
, !b2 = 4!"

3a
(0,1). (2)

Because nearest-neighbor hopping connects the honeycomb’s
two triangular sublattices, the 2 $ 2 tight-binding band Hamil-
tonian is purely off-diagonal:

H0(k) =
!

0 "0t(k)
"0t

%(k) 0

"
, (3)

where "0 = #2.6eV is the hopping parameter and the on-site
energy has been set to zero. The factor

t(k) = eikya/
"

3
#

1 + 2e#i3kya/2
"

3 cos
!

kxa

2

"$
(4)

arises from the phase factors of the Bloch wave functions
on neighboring sites. We have neglected remote neighbor
hopping, which gives gives rise to electron-hole asymmetry,
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The diagonal AA exchange term in the sublattice basis is proportional to the onsite 
U and does not contribute in the velocity enhancement.

The enhancement is due to the off diagonal AB density matrix term which has a slow 
power law decay in real space, together with the long range Coulomb tail.
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where ! is the volume of the unit cell. Using polar coordinates
to represent both k and r we evaluate the radial derivative of
the exchange potential to obtain

"V AB
X (k)
"k

! 1
2!

"

"k

!
dr e"ikr#AB (r) Veff (|r|)

= "i

2!

!
dr r cos"$ e"ikr cos"$#AB (r) Veff (|r|)

! C"$ ,d

! k"1

a

dr rd 1
rd+1

# ln
#

1
ka

$
, (26)

where we integrated the angular variables first, identified
the lattice constant as the lower limit of the approximate
continuous position integral, and k"1 as the upper limit to
avoid the oscillating regime. Note that the space dimension
drops out of the final result. Similar conclusions can be reached
starting from Eq. (19) and making a multipolar expansion of
the Coulomb interaction in momentum space.

k

E
(k

)
(e

V
)

0.20-0.2

2

0

-2

TB

HF2

HF1

k
0.030-0.03

0.3

0

-0.3
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FIG. 4. (Color online) Upper panel: Tight-binding and Hartree-
Fock band structures near the Dirac point. The right panels blow up
the small rectangular regions shown in the left panels. We observe
that the momentum space Hartree-Fock calculation (HF2) follows
the enhancement to smaller momenta than the real-space truncated
interaction calculation (HF1). Lower panel: E(k)/k versus k close to
the Dirac point. The momentum space HF2 calculation used 1024 $
1024 k points in the primitive cell. The velocity enhancement saturates
in both calculations. The dashed straight line is the small k fit obtained
using Eq. (27) with pc = 30.

In practical calculations both real-space and reciprocal-
space Hartree-Fock calculations for graphene are able to
follow the velocity enhancement only over a limited range of
momenta, as illustrated in Fig. 4. The real-space formulation
used in the present calculation relies on a truncation of
the electron interaction range at about six lattice constants,
as detailed in the Appendix. This prescription is able to
describe a large part of the velocity increase due to nonlocal
interactions, but saturates more quickly than the momentum
space calculation, which fails at small k values due to the
discreteness of the momentum sums used to construct the
exchange Hamiltonian.

In Hartree-Fock continuum model calculations, the
exchange-enhanced velocity is given by

%HF = %F

%
1 + &ee

4
ln

#
pc

ka

$&
, (27)

where %F =
%

3'0a/(2h̄) is the band velocity. The loga-
rithmic enhancement term has the prefactor &ee/4, where
&ee = e2/(rh̄%F = (c/(r%F ) &, is the effective fine-structure
constant, c is the speed of light, and & is the ordinary vacuum
fine-structure constant. Our full Brillouin-zone calculation
allows us to obtain a numerical value for the dimensionless
ultraviolet cutoff parameter pc in Eq. (27). By fitting the
numerical results we find that pc = 30 ± 3.

IV. BROKEN-SYMMETRY SOLUTIONS PHASE DIAGRAM

Recent lattice model Monte Carlo studies of interaction
effects in graphene carried out by Drut and Lahde19 predicted
that they would be strong enough in suspended graphene sam-
ples to induce a CDW broken-symmetry state with different
electron densities on A and B sites and a gap emerges in the
single-particle spectrum. This broken symmetry in graphene
is analogous to those that supply mass to elementary particles
in particle physics. It now appears clear that these gaps do
not occur in experimental samples, possibly because of the
role of lattice scale physics that is not reliably modeled in
these simulations. Indeed the size of the gaps must be fixed by
ultraviolet physics because the two-dimensional Dirac model
with Coulomb interaction does not define a characteristic
energy scale. The anticipated broken symmetries do occur
in both lattice and continuum mean-field-theory models of
single-layer graphene, although the interaction strengths at
which they occur is likely underestimated by mean-field
theory. The calculations presented in this section demonstrate
that the appearance or absence of these states is sensitive
to lattice model detail, in particular to the value of the
on-site interaction strength U and the effective dielectric
constant )r . Studies of interactions based on Hubbard models
predict antiferromagnetic insulating states that appear for
U ! 2.23 |'0| in Hartree-Fock mean-field theory37,38 and for
U ! (4.5 ± 0.5) |'0| in quantum Monte Carlo calculations.39

A gapped spin-liquid state appears for U ! 3.5 |'0|,40 before
the AF state is reached, in the latter case. In graphene, however,
any attempt to estimate the character of the ground state must
account for longer range interactions.25,41,42

For the analysis carried out in this section we have used the
real-space formulation of the effective Coulomb interactions
given in Eqs. (13)–(15), which allows a more direct control
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where ! is the volume of the unit cell. Using polar coordinates
to represent both k and r we evaluate the radial derivative of
the exchange potential to obtain
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where we integrated the angular variables first, identified
the lattice constant as the lower limit of the approximate
continuous position integral, and k"1 as the upper limit to
avoid the oscillating regime. Note that the space dimension
drops out of the final result. Similar conclusions can be reached
starting from Eq. (19) and making a multipolar expansion of
the Coulomb interaction in momentum space.
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FIG. 4. (Color online) Upper panel: Tight-binding and Hartree-
Fock band structures near the Dirac point. The right panels blow up
the small rectangular regions shown in the left panels. We observe
that the momentum space Hartree-Fock calculation (HF2) follows
the enhancement to smaller momenta than the real-space truncated
interaction calculation (HF1). Lower panel: E(k)/k versus k close to
the Dirac point. The momentum space HF2 calculation used 1024 $
1024 k points in the primitive cell. The velocity enhancement saturates
in both calculations. The dashed straight line is the small k fit obtained
using Eq. (27) with pc = 30.

In practical calculations both real-space and reciprocal-
space Hartree-Fock calculations for graphene are able to
follow the velocity enhancement only over a limited range of
momenta, as illustrated in Fig. 4. The real-space formulation
used in the present calculation relies on a truncation of
the electron interaction range at about six lattice constants,
as detailed in the Appendix. This prescription is able to
describe a large part of the velocity increase due to nonlocal
interactions, but saturates more quickly than the momentum
space calculation, which fails at small k values due to the
discreteness of the momentum sums used to construct the
exchange Hamiltonian.

In Hartree-Fock continuum model calculations, the
exchange-enhanced velocity is given by

%HF = %F

%
1 + &ee

4
ln
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pc

ka
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, (27)

where %F =
%

3'0a/(2h̄) is the band velocity. The loga-
rithmic enhancement term has the prefactor &ee/4, where
&ee = e2/(rh̄%F = (c/(r%F ) &, is the effective fine-structure
constant, c is the speed of light, and & is the ordinary vacuum
fine-structure constant. Our full Brillouin-zone calculation
allows us to obtain a numerical value for the dimensionless
ultraviolet cutoff parameter pc in Eq. (27). By fitting the
numerical results we find that pc = 30 ± 3.

IV. BROKEN-SYMMETRY SOLUTIONS PHASE DIAGRAM

Recent lattice model Monte Carlo studies of interaction
effects in graphene carried out by Drut and Lahde19 predicted
that they would be strong enough in suspended graphene sam-
ples to induce a CDW broken-symmetry state with different
electron densities on A and B sites and a gap emerges in the
single-particle spectrum. This broken symmetry in graphene
is analogous to those that supply mass to elementary particles
in particle physics. It now appears clear that these gaps do
not occur in experimental samples, possibly because of the
role of lattice scale physics that is not reliably modeled in
these simulations. Indeed the size of the gaps must be fixed by
ultraviolet physics because the two-dimensional Dirac model
with Coulomb interaction does not define a characteristic
energy scale. The anticipated broken symmetries do occur
in both lattice and continuum mean-field-theory models of
single-layer graphene, although the interaction strengths at
which they occur is likely underestimated by mean-field
theory. The calculations presented in this section demonstrate
that the appearance or absence of these states is sensitive
to lattice model detail, in particular to the value of the
on-site interaction strength U and the effective dielectric
constant )r . Studies of interactions based on Hubbard models
predict antiferromagnetic insulating states that appear for
U ! 2.23 |'0| in Hartree-Fock mean-field theory37,38 and for
U ! (4.5 ± 0.5) |'0| in quantum Monte Carlo calculations.39

A gapped spin-liquid state appears for U ! 3.5 |'0|,40 before
the AF state is reached, in the latter case. In graphene, however,
any attempt to estimate the character of the ground state must
account for longer range interactions.25,41,42

For the analysis carried out in this section we have used the
real-space formulation of the effective Coulomb interactions
given in Eqs. (13)–(15), which allows a more direct control
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velocity. For the off-diagonal term, on the other hand, we use
the relation !!AB(k!) = "c†k!Bck!A# = $f (k!)/2|f (k!)| to obtain

V A B
X (k) = 1

2N2
K
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ei(k!$k)LAB
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"##LA B
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The second form for the right-hand side expresses the exchange
self-energy explicitly in terms of the sublattice off-diagonal
element of the real-space density matrix:

!AB

"
LA B

i j

$
= 1

NK

!

k!

eik!LAB
i j !!AB(k!). (21)

In momentum space the Dirac band Hamiltonian’s sublattice
off-diagonal density matrix is singular at the Dirac point
because the valence-band sublattice pseudospin state changes
at the Dirac point. In a 1D model this effect leads to a
discontinuity at the Dirac point, in two dimensions it leads
to momentum space vortices, and in three dimensions to
hedgehogs, as illustrated in Fig. 2. Because the function f (k)
vanishes at the Dirac point, the intersublattice phase jumps
along any line passing through it. When this singularity is
Fourier transformed to real space it leads to a slow power-law
decay, as illustrated in Fig. 3 for the case of graphene, causing
the electron exchange interaction to be strongly nonlocal.

The behavior of the real-space tails can be obtained most
simply from an analysis of the continuum model. We redefine
the wave vector k such that it represents the momentum
measured from the Dirac point K. A general three-dimensional
Hamiltonian with linear dispersion at an isolated band crossing
can be described by the Dirac-Weyl Hamiltonian

H (k) = h̄"F #k = h̄"F k

%
cos $ sin $e$i%

sin $ei% $ cos $

&
, (22)

where # = (#x,#y,#z) is the Pauli matrix vector, k ='
k2
x + k2

y + k2
z , tan $ =

'
k2
x + k2

y/kz, and tan % = ky/kx . The
density matrix for the occupied states is then given by

!!(k) = 1
2

%
(1 $ cos $ ) $ sin $e$i%

$ sin $ei% (1 + cos $ )

&
. (23)

FIG. 2. Illustration of sublattice psedospin dependence on mo-
mentum for the Dirac-like Hamiltonians. In one dimension (a) the
pseudospin changes direction at the Dirac point, in two dimensions
(b) it has a vortex, and in three dimensions (c) it has a monopole
hedgehog structure. In each case the band state sublattice pseudospin
changes direction upon crossing through the Dirac point.
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FIG. 3. (Color online) Absolute value of the sublattice off-
diagonal density matrix defined in Eq. (21) illustrating the overall
power-law decay r$2. Left panel: Gray scale map representation
where we can notice a regular anisotropy of the off-diagonal density
matrix, which follows the triangular Bravais lattice structure of
graphene. The density-matrix element falls off with a larger power
law along certain discrete directions. Right panel: Density matrix at
discrete lattice vectors along the directions r1 and r2 indicated in
the left panel. For direction r1 we notice a periodic dip in the value
of !AB (r) every three lattice constants. The density matrix for these
lattice vectors has a r$3 decay law. The slow r$2 power-law decay
reflects the singular dependence of valence-band wave functions
on k at the Dirac points. The values of the fitting coefficients
are c1 = 0.0037, c2 = 0.0015, and d1 = 0.0019 when distances are
measured in nm.

The 2D case is obtained by setting $ = &/2 and the 1D case
by setting % = 0,& . For r = LA B

i j in the x direction, we obtain
the following result for the contribution to the density matrix
from a valley centered at K:

!AB (r) & eiK·r A0

(2& )2

(

|k|<kc

dk eikr !!AB(k)

'

)
*+

*,

- kc

$kc
dk sgn (k) exp(ikr) 1D

- kc

0 dk k J1 (kr) 2D
- &/2

0 d$
- kc

0 dk sin2 $ k2 J1 (kr sin $ ) 3D
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, (24)

where d is the dimension of the system and J1 (x) is a Bessel
function of the first kind. In graphene similar contributions are
made by the two valleys. The dominant contribution to this
integral at large r will come from the nonoscillatory kr < 1
region when J1(x) ( x/2. Inserting this limit into Eq. (24) and
integrating up to k ( 1/r we see that !AB (r) ( r$d at large
r , reminiscent of the dimensional dependence in the decay of
Friedel oscillations.36 The off-diagonal density matrix in other
directions differs only by a phase factor.

The slow power-law decay behavior of the off-diagonal
density matrix in turn leads to a logarithmic divergence in
)kV

AB
X (k) evaluated using Eq. (19) or Eq. (20). We can obtain

an approximate form for the exchange potentials in Eq. (20) by
changing the sum over discrete lattice sites to be a continuous
integral,

V AB
X (k) & 1

2'

(
dr e$ikr!AB (r) Veff (|r|) , (25)
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velocity. For the off-diagonal term, on the other hand, we use
the relation !!AB(k!) = "c†k!Bck!A# = $f (k!)/2|f (k!)| to obtain
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The second form for the right-hand side expresses the exchange
self-energy explicitly in terms of the sublattice off-diagonal
element of the real-space density matrix:
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In momentum space the Dirac band Hamiltonian’s sublattice
off-diagonal density matrix is singular at the Dirac point
because the valence-band sublattice pseudospin state changes
at the Dirac point. In a 1D model this effect leads to a
discontinuity at the Dirac point, in two dimensions it leads
to momentum space vortices, and in three dimensions to
hedgehogs, as illustrated in Fig. 2. Because the function f (k)
vanishes at the Dirac point, the intersublattice phase jumps
along any line passing through it. When this singularity is
Fourier transformed to real space it leads to a slow power-law
decay, as illustrated in Fig. 3 for the case of graphene, causing
the electron exchange interaction to be strongly nonlocal.

The behavior of the real-space tails can be obtained most
simply from an analysis of the continuum model. We redefine
the wave vector k such that it represents the momentum
measured from the Dirac point K. A general three-dimensional
Hamiltonian with linear dispersion at an isolated band crossing
can be described by the Dirac-Weyl Hamiltonian

H (k) = h̄"F #k = h̄"F k
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where # = (#x,#y,#z) is the Pauli matrix vector, k ='
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(b) it has a vortex, and in three dimensions (c) it has a monopole
hedgehog structure. In each case the band state sublattice pseudospin
changes direction upon crossing through the Dirac point.
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lattice vectors has a r$3 decay law. The slow r$2 power-law decay
reflects the singular dependence of valence-band wave functions
on k at the Dirac points. The values of the fitting coefficients
are c1 = 0.0037, c2 = 0.0015, and d1 = 0.0019 when distances are
measured in nm.

The 2D case is obtained by setting $ = &/2 and the 1D case
by setting % = 0,& . For r = LA B

i j in the x direction, we obtain
the following result for the contribution to the density matrix
from a valley centered at K:
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where d is the dimension of the system and J1 (x) is a Bessel
function of the first kind. In graphene similar contributions are
made by the two valleys. The dominant contribution to this
integral at large r will come from the nonoscillatory kr < 1
region when J1(x) ( x/2. Inserting this limit into Eq. (24) and
integrating up to k ( 1/r we see that !AB (r) ( r$d at large
r , reminiscent of the dimensional dependence in the decay of
Friedel oscillations.36 The off-diagonal density matrix in other
directions differs only by a phase factor.

The slow power-law decay behavior of the off-diagonal
density matrix in turn leads to a logarithmic divergence in
)kV

AB
X (k) evaluated using Eq. (19) or Eq. (20). We can obtain

an approximate form for the exchange potentials in Eq. (20) by
changing the sum over discrete lattice sites to be a continuous
integral,

V AB
X (k) & 1
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dr e$ikr!AB (r) Veff (|r|) , (25)
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of !r ! 4 is normally appropriate for graphene placed on a
dielectric substrate. Values chosen for !r and U control not
only the overall strength of the interaction term27 but also
the relative strength of on-site and long-range parts of the
interaction. We will show later how this ratio can play a role
in selecting the broken-symmetry solutions that can appear in
these models.

There are two technical difficulties in these calculations,
one related to the nature of electron-electron interactions and
one related to the electronic structure of graphene. The long
range of the Coulomb interaction creates some numerical
difficulties, particularly in evaluating the energies of the
charge-density-wave (CDW) states discussed below. We have
found that accurate results can be obtained by choosing a
cutoff distance for the 1/r tail so that the coupled sites are
as nearly as possible equally distributed between sublattices.
The second challenge is related to the band crossing at the
Dirac point in graphene, at which the wave functions that
enter the construction of the exchange potential have a singular
dependence on wave vector. Accurate calculations require
dense k-point sampling near the Dirac point, which increases
the computational load rapidly in Hartree-Fock calculations
because of the nonlocal exchange interactions. In an effort
to achieve a satisfactory compromise between computational
load and accuracy we exploit the hexagonal symmetry inherent
in the problem. This allows us to limit our calculations to the
irreducible wedge with 1/12th of the Brillouin zone area,
even though the additional phase factors in the remainder
of the zone need still to be properly accounted for when
we calculate the exchange potential. We use denser adaptive
k-point sampling near the Dirac cone while keeping a coarser
grid in the remainder of the irreducible wedge as shown in
Fig. 1. In this way it is possible to achieve good accuracy
while maintaining the numerical load at a reasonable level.
The coarse k-point sampling region was typically kept to
16 " 16 density while near the Dirac point we have chosen
for most of our calculations a sampling density corresponding
to 512 " 512 points in the full Brillouin zone and up to
1024 " 1024 density.

!

!

FIG. 1. (Color online) Choice of the irreducible wedge of the
primitive cell (left) and the adaptive sampling of the k points in
the vicinity of the Dirac point K used for most of our calculations.
The density of k points in the dense region shown in the figure
corresponds to a sampling density of 512 " 512 points.

III. NONLOCAL EXCHANGE AND LOGARITHMIC
VELOCITY DIVERGENCE NEAR THE DIRAC POINT

Graphene’s Dirac-like low-energy Hamiltonian1,28 pro-
vides an easily studied example of isolated band crossings near
the Fermi level of a solid. The band crossing at the two isolated
Fermi points introduce singularities in the band Hamiltonian
with interesting topological29 characteristics, and facilitate the
application of field-theoretic perturbative methods.14 As we
will discuss later, there are some close analogies between
interaction physics in graphene and in gapless30 and narrow
gap31 semiconductors. It has long been recognized that interac-
tion effects can become prominent in gapless, semimetal, and
narrow gap systems. For example, in a semimetal with a small
overlap between valence and conduction bands, interactions
can induce electron-hole pairing and turn the solid into an
excitonic insulator.30,32 In finite gap semiconductors Wannier-
Mott excitons can form due to mutual attraction between a
hole and an electron. Nonlocal electron exchange interactions
play a relevant role in defining the band structure of narrow
band semiconductors.33 In gapless semiconductors exchange
induced corrections in the dispersion relation are large near the
crossing point and it has been argued that virtual generation
of excitons can lead to a dielectric anomaly.30,34 A general
study of materials with Fermi points has revealed that for linear
band crossings, interactions always introduce a logarithmically
diverging velocity enhancement,13 whereas instabilities are
expected for quadratic crossings.13,35

The marginal Fermi-liquid behavior obtained in three
dimensions13 and in the graphene two-dimensional (2D) case14

is a consequence of nonlocal exchange interactions,15,16 as
we discuss at length below. To demonstrate explicitly how
these velocity enhancements appear in our calculations we
examine the Fock term in Eq. (6) expressed in the sublattice
representation:

VX(k) =
!

V AA
X (k) V AB

X (k)

V BA
X (k) V BB

X (k)

"

. (16)

The physics is most clearly explained using the real-space
interaction version of our calculations, although the reciprocal-
space version is more numerically convenient. The diagonal
matrix elements are identical by symmetry and can be
expressed using the real-space sum of effective two-body
Coulomb repulsion in Eq. (14). Using the symmetry property
that #c†k$Ack$A% = #c†k$Bck$B% = 1/2 for every value of k$ in
neutral graphene, we obtain

V A A
X (k) = & 1

2N2
K

NK!

k$,i, j

ei(k$&k)LAA
i j Veff

#$$LA A
i j

$$% (17)

= & 1
2NK

NK!

i j

"i,jVeff
#$$LA A

i j

$$% = &U

2
. (18)

At half filling, particle-hole symmetry implies that the
sublattice-diagonal component of the density matrix is half of
the full # -band density matrix, and therefore diagonal in lattice
vector. Only the on-site interaction contributes to V A A

X (k).
This contribution to the exchange energy is independent
of momentum and does not contribute to the quasiparticle
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where ! is the volume of the unit cell. Using polar coordinates
to represent both k and r we evaluate the radial derivative of
the exchange potential to obtain

"V AB
X (k)
"k

! 1
2!

"

"k

!
dr e"ikr#AB (r) Veff (|r|)

= "i

2!

!
dr r cos"$ e"ikr cos"$#AB (r) Veff (|r|)

! C"$ ,d

! k"1

a

dr rd 1
rd+1

# ln
#

1
ka

$
, (26)

where we integrated the angular variables first, identified
the lattice constant as the lower limit of the approximate
continuous position integral, and k"1 as the upper limit to
avoid the oscillating regime. Note that the space dimension
drops out of the final result. Similar conclusions can be reached
starting from Eq. (19) and making a multipolar expansion of
the Coulomb interaction in momentum space.
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FIG. 4. (Color online) Upper panel: Tight-binding and Hartree-
Fock band structures near the Dirac point. The right panels blow up
the small rectangular regions shown in the left panels. We observe
that the momentum space Hartree-Fock calculation (HF2) follows
the enhancement to smaller momenta than the real-space truncated
interaction calculation (HF1). Lower panel: E(k)/k versus k close to
the Dirac point. The momentum space HF2 calculation used 1024 $
1024 k points in the primitive cell. The velocity enhancement saturates
in both calculations. The dashed straight line is the small k fit obtained
using Eq. (27) with pc = 30.

In practical calculations both real-space and reciprocal-
space Hartree-Fock calculations for graphene are able to
follow the velocity enhancement only over a limited range of
momenta, as illustrated in Fig. 4. The real-space formulation
used in the present calculation relies on a truncation of
the electron interaction range at about six lattice constants,
as detailed in the Appendix. This prescription is able to
describe a large part of the velocity increase due to nonlocal
interactions, but saturates more quickly than the momentum
space calculation, which fails at small k values due to the
discreteness of the momentum sums used to construct the
exchange Hamiltonian.

In Hartree-Fock continuum model calculations, the
exchange-enhanced velocity is given by

%HF = %F

%
1 + &ee

4
ln

#
pc

ka

$&
, (27)

where %F =
%

3'0a/(2h̄) is the band velocity. The loga-
rithmic enhancement term has the prefactor &ee/4, where
&ee = e2/(rh̄%F = (c/(r%F ) &, is the effective fine-structure
constant, c is the speed of light, and & is the ordinary vacuum
fine-structure constant. Our full Brillouin-zone calculation
allows us to obtain a numerical value for the dimensionless
ultraviolet cutoff parameter pc in Eq. (27). By fitting the
numerical results we find that pc = 30 ± 3.

IV. BROKEN-SYMMETRY SOLUTIONS PHASE DIAGRAM

Recent lattice model Monte Carlo studies of interaction
effects in graphene carried out by Drut and Lahde19 predicted
that they would be strong enough in suspended graphene sam-
ples to induce a CDW broken-symmetry state with different
electron densities on A and B sites and a gap emerges in the
single-particle spectrum. This broken symmetry in graphene
is analogous to those that supply mass to elementary particles
in particle physics. It now appears clear that these gaps do
not occur in experimental samples, possibly because of the
role of lattice scale physics that is not reliably modeled in
these simulations. Indeed the size of the gaps must be fixed by
ultraviolet physics because the two-dimensional Dirac model
with Coulomb interaction does not define a characteristic
energy scale. The anticipated broken symmetries do occur
in both lattice and continuum mean-field-theory models of
single-layer graphene, although the interaction strengths at
which they occur is likely underestimated by mean-field
theory. The calculations presented in this section demonstrate
that the appearance or absence of these states is sensitive
to lattice model detail, in particular to the value of the
on-site interaction strength U and the effective dielectric
constant )r . Studies of interactions based on Hubbard models
predict antiferromagnetic insulating states that appear for
U ! 2.23 |'0| in Hartree-Fock mean-field theory37,38 and for
U ! (4.5 ± 0.5) |'0| in quantum Monte Carlo calculations.39

A gapped spin-liquid state appears for U ! 3.5 |'0|,40 before
the AF state is reached, in the latter case. In graphene, however,
any attempt to estimate the character of the ground state must
account for longer range interactions.25,41,42

For the analysis carried out in this section we have used the
real-space formulation of the effective Coulomb interactions
given in Eqs. (13)–(15), which allows a more direct control
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where ! is the volume of the unit cell. Using polar coordinates
to represent both k and r we evaluate the radial derivative of
the exchange potential to obtain
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where we integrated the angular variables first, identified
the lattice constant as the lower limit of the approximate
continuous position integral, and k"1 as the upper limit to
avoid the oscillating regime. Note that the space dimension
drops out of the final result. Similar conclusions can be reached
starting from Eq. (19) and making a multipolar expansion of
the Coulomb interaction in momentum space.
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E
(k

)
/k

(e
V

·Å
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FIG. 4. (Color online) Upper panel: Tight-binding and Hartree-
Fock band structures near the Dirac point. The right panels blow up
the small rectangular regions shown in the left panels. We observe
that the momentum space Hartree-Fock calculation (HF2) follows
the enhancement to smaller momenta than the real-space truncated
interaction calculation (HF1). Lower panel: E(k)/k versus k close to
the Dirac point. The momentum space HF2 calculation used 1024 $
1024 k points in the primitive cell. The velocity enhancement saturates
in both calculations. The dashed straight line is the small k fit obtained
using Eq. (27) with pc = 30.

In practical calculations both real-space and reciprocal-
space Hartree-Fock calculations for graphene are able to
follow the velocity enhancement only over a limited range of
momenta, as illustrated in Fig. 4. The real-space formulation
used in the present calculation relies on a truncation of
the electron interaction range at about six lattice constants,
as detailed in the Appendix. This prescription is able to
describe a large part of the velocity increase due to nonlocal
interactions, but saturates more quickly than the momentum
space calculation, which fails at small k values due to the
discreteness of the momentum sums used to construct the
exchange Hamiltonian.

In Hartree-Fock continuum model calculations, the
exchange-enhanced velocity is given by

%HF = %F
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1 + &ee

4
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, (27)

where %F =
%

3'0a/(2h̄) is the band velocity. The loga-
rithmic enhancement term has the prefactor &ee/4, where
&ee = e2/(rh̄%F = (c/(r%F ) &, is the effective fine-structure
constant, c is the speed of light, and & is the ordinary vacuum
fine-structure constant. Our full Brillouin-zone calculation
allows us to obtain a numerical value for the dimensionless
ultraviolet cutoff parameter pc in Eq. (27). By fitting the
numerical results we find that pc = 30 ± 3.

IV. BROKEN-SYMMETRY SOLUTIONS PHASE DIAGRAM

Recent lattice model Monte Carlo studies of interaction
effects in graphene carried out by Drut and Lahde19 predicted
that they would be strong enough in suspended graphene sam-
ples to induce a CDW broken-symmetry state with different
electron densities on A and B sites and a gap emerges in the
single-particle spectrum. This broken symmetry in graphene
is analogous to those that supply mass to elementary particles
in particle physics. It now appears clear that these gaps do
not occur in experimental samples, possibly because of the
role of lattice scale physics that is not reliably modeled in
these simulations. Indeed the size of the gaps must be fixed by
ultraviolet physics because the two-dimensional Dirac model
with Coulomb interaction does not define a characteristic
energy scale. The anticipated broken symmetries do occur
in both lattice and continuum mean-field-theory models of
single-layer graphene, although the interaction strengths at
which they occur is likely underestimated by mean-field
theory. The calculations presented in this section demonstrate
that the appearance or absence of these states is sensitive
to lattice model detail, in particular to the value of the
on-site interaction strength U and the effective dielectric
constant )r . Studies of interactions based on Hubbard models
predict antiferromagnetic insulating states that appear for
U ! 2.23 |'0| in Hartree-Fock mean-field theory37,38 and for
U ! (4.5 ± 0.5) |'0| in quantum Monte Carlo calculations.39

A gapped spin-liquid state appears for U ! 3.5 |'0|,40 before
the AF state is reached, in the latter case. In graphene, however,
any attempt to estimate the character of the ground state must
account for longer range interactions.25,41,42

For the analysis carried out in this section we have used the
real-space formulation of the effective Coulomb interactions
given in Eqs. (13)–(15), which allows a more direct control
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velocity. For the off-diagonal term, on the other hand, we use
the relation !!AB(k!) = "c†k!Bck!A# = $f (k!)/2|f (k!)| to obtain
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The second form for the right-hand side expresses the exchange
self-energy explicitly in terms of the sublattice off-diagonal
element of the real-space density matrix:

!AB
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i j
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eik!LAB
i j !!AB(k!). (21)

In momentum space the Dirac band Hamiltonian’s sublattice
off-diagonal density matrix is singular at the Dirac point
because the valence-band sublattice pseudospin state changes
at the Dirac point. In a 1D model this effect leads to a
discontinuity at the Dirac point, in two dimensions it leads
to momentum space vortices, and in three dimensions to
hedgehogs, as illustrated in Fig. 2. Because the function f (k)
vanishes at the Dirac point, the intersublattice phase jumps
along any line passing through it. When this singularity is
Fourier transformed to real space it leads to a slow power-law
decay, as illustrated in Fig. 3 for the case of graphene, causing
the electron exchange interaction to be strongly nonlocal.

The behavior of the real-space tails can be obtained most
simply from an analysis of the continuum model. We redefine
the wave vector k such that it represents the momentum
measured from the Dirac point K. A general three-dimensional
Hamiltonian with linear dispersion at an isolated band crossing
can be described by the Dirac-Weyl Hamiltonian

H (k) = h̄"F #k = h̄"F k

%
cos $ sin $e$i%

sin $ei% $ cos $

&
, (22)

where # = (#x,#y,#z) is the Pauli matrix vector, k ='
k2
x + k2

y + k2
z , tan $ =

'
k2
x + k2

y/kz, and tan % = ky/kx . The
density matrix for the occupied states is then given by

!!(k) = 1
2

%
(1 $ cos $ ) $ sin $e$i%

$ sin $ei% (1 + cos $ )

&
. (23)

FIG. 2. Illustration of sublattice psedospin dependence on mo-
mentum for the Dirac-like Hamiltonians. In one dimension (a) the
pseudospin changes direction at the Dirac point, in two dimensions
(b) it has a vortex, and in three dimensions (c) it has a monopole
hedgehog structure. In each case the band state sublattice pseudospin
changes direction upon crossing through the Dirac point.
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FIG. 3. (Color online) Absolute value of the sublattice off-
diagonal density matrix defined in Eq. (21) illustrating the overall
power-law decay r$2. Left panel: Gray scale map representation
where we can notice a regular anisotropy of the off-diagonal density
matrix, which follows the triangular Bravais lattice structure of
graphene. The density-matrix element falls off with a larger power
law along certain discrete directions. Right panel: Density matrix at
discrete lattice vectors along the directions r1 and r2 indicated in
the left panel. For direction r1 we notice a periodic dip in the value
of !AB (r) every three lattice constants. The density matrix for these
lattice vectors has a r$3 decay law. The slow r$2 power-law decay
reflects the singular dependence of valence-band wave functions
on k at the Dirac points. The values of the fitting coefficients
are c1 = 0.0037, c2 = 0.0015, and d1 = 0.0019 when distances are
measured in nm.

The 2D case is obtained by setting $ = &/2 and the 1D case
by setting % = 0,& . For r = LA B

i j in the x direction, we obtain
the following result for the contribution to the density matrix
from a valley centered at K:

!AB (r) & eiK·r A0

(2& )2

(

|k|<kc

dk eikr !!AB(k)

'

)
*+

*,

- kc

$kc
dk sgn (k) exp(ikr) 1D

- kc

0 dk k J1 (kr) 2D
- &/2

0 d$
- kc

0 dk sin2 $ k2 J1 (kr sin $ ) 3D

& Cd

rd
, (24)

where d is the dimension of the system and J1 (x) is a Bessel
function of the first kind. In graphene similar contributions are
made by the two valleys. The dominant contribution to this
integral at large r will come from the nonoscillatory kr < 1
region when J1(x) ( x/2. Inserting this limit into Eq. (24) and
integrating up to k ( 1/r we see that !AB (r) ( r$d at large
r , reminiscent of the dimensional dependence in the decay of
Friedel oscillations.36 The off-diagonal density matrix in other
directions differs only by a phase factor.

The slow power-law decay behavior of the off-diagonal
density matrix in turn leads to a logarithmic divergence in
)kV

AB
X (k) evaluated using Eq. (19) or Eq. (20). We can obtain

an approximate form for the exchange potentials in Eq. (20) by
changing the sum over discrete lattice sites to be a continuous
integral,

V AB
X (k) & 1

2'

(
dr e$ikr!AB (r) Veff (|r|) , (25)
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velocity. For the off-diagonal term, on the other hand, we use
the relation !!AB(k!) = "c†k!Bck!A# = $f (k!)/2|f (k!)| to obtain

V A B
X (k) = 1

2N2
K

!

k!

NK!

i, j

ei(k!$k)LAB
i j Veff

"##LA B
i j

##$ f
"
k!$

|f (k!)|

(19)

% 1
2NK

NK!

i, j

e$i k LAB
i j !AB

"
LAB

i j

$
Veff

"##LA B
i j

##$ . (20)

The second form for the right-hand side expresses the exchange
self-energy explicitly in terms of the sublattice off-diagonal
element of the real-space density matrix:
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In momentum space the Dirac band Hamiltonian’s sublattice
off-diagonal density matrix is singular at the Dirac point
because the valence-band sublattice pseudospin state changes
at the Dirac point. In a 1D model this effect leads to a
discontinuity at the Dirac point, in two dimensions it leads
to momentum space vortices, and in three dimensions to
hedgehogs, as illustrated in Fig. 2. Because the function f (k)
vanishes at the Dirac point, the intersublattice phase jumps
along any line passing through it. When this singularity is
Fourier transformed to real space it leads to a slow power-law
decay, as illustrated in Fig. 3 for the case of graphene, causing
the electron exchange interaction to be strongly nonlocal.

The behavior of the real-space tails can be obtained most
simply from an analysis of the continuum model. We redefine
the wave vector k such that it represents the momentum
measured from the Dirac point K. A general three-dimensional
Hamiltonian with linear dispersion at an isolated band crossing
can be described by the Dirac-Weyl Hamiltonian

H (k) = h̄"F #k = h̄"F k
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pseudospin changes direction at the Dirac point, in two dimensions
(b) it has a vortex, and in three dimensions (c) it has a monopole
hedgehog structure. In each case the band state sublattice pseudospin
changes direction upon crossing through the Dirac point.

r1

r2

e!2

e

e

!10

!18

x (nm)

y
(n

m
)

d1 r!2

c2 r!3

c1 r!2

|!AB (r2)|
|!AB (r1)|

|!
A

B
(r

)|

|r| (nm)

FIG. 3. (Color online) Absolute value of the sublattice off-
diagonal density matrix defined in Eq. (21) illustrating the overall
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graphene. The density-matrix element falls off with a larger power
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the left panel. For direction r1 we notice a periodic dip in the value
of !AB (r) every three lattice constants. The density matrix for these
lattice vectors has a r$3 decay law. The slow r$2 power-law decay
reflects the singular dependence of valence-band wave functions
on k at the Dirac points. The values of the fitting coefficients
are c1 = 0.0037, c2 = 0.0015, and d1 = 0.0019 when distances are
measured in nm.

The 2D case is obtained by setting $ = &/2 and the 1D case
by setting % = 0,& . For r = LA B

i j in the x direction, we obtain
the following result for the contribution to the density matrix
from a valley centered at K:
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where d is the dimension of the system and J1 (x) is a Bessel
function of the first kind. In graphene similar contributions are
made by the two valleys. The dominant contribution to this
integral at large r will come from the nonoscillatory kr < 1
region when J1(x) ( x/2. Inserting this limit into Eq. (24) and
integrating up to k ( 1/r we see that !AB (r) ( r$d at large
r , reminiscent of the dimensional dependence in the decay of
Friedel oscillations.36 The off-diagonal density matrix in other
directions differs only by a phase factor.

The slow power-law decay behavior of the off-diagonal
density matrix in turn leads to a logarithmic divergence in
)kV

AB
X (k) evaluated using Eq. (19) or Eq. (20). We can obtain

an approximate form for the exchange potentials in Eq. (20) by
changing the sum over discrete lattice sites to be a continuous
integral,

V AB
X (k) & 1
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(
dr e$ikr!AB (r) Veff (|r|) , (25)
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where ! is the volume of the unit cell. Using polar coordinates
to represent both k and r we evaluate the radial derivative of
the exchange potential to obtain

"V AB
X (k)
"k

! 1
2!

"

"k

!
dr e"ikr#AB (r) Veff (|r|)

= "i

2!

!
dr r cos"$ e"ikr cos"$#AB (r) Veff (|r|)

! C"$ ,d

! k"1

a

dr rd 1
rd+1

# ln
#

1
ka

$
, (26)

where we integrated the angular variables first, identified
the lattice constant as the lower limit of the approximate
continuous position integral, and k"1 as the upper limit to
avoid the oscillating regime. Note that the space dimension
drops out of the final result. Similar conclusions can be reached
starting from Eq. (19) and making a multipolar expansion of
the Coulomb interaction in momentum space.
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FIG. 4. (Color online) Upper panel: Tight-binding and Hartree-
Fock band structures near the Dirac point. The right panels blow up
the small rectangular regions shown in the left panels. We observe
that the momentum space Hartree-Fock calculation (HF2) follows
the enhancement to smaller momenta than the real-space truncated
interaction calculation (HF1). Lower panel: E(k)/k versus k close to
the Dirac point. The momentum space HF2 calculation used 1024 $
1024 k points in the primitive cell. The velocity enhancement saturates
in both calculations. The dashed straight line is the small k fit obtained
using Eq. (27) with pc = 30.

In practical calculations both real-space and reciprocal-
space Hartree-Fock calculations for graphene are able to
follow the velocity enhancement only over a limited range of
momenta, as illustrated in Fig. 4. The real-space formulation
used in the present calculation relies on a truncation of
the electron interaction range at about six lattice constants,
as detailed in the Appendix. This prescription is able to
describe a large part of the velocity increase due to nonlocal
interactions, but saturates more quickly than the momentum
space calculation, which fails at small k values due to the
discreteness of the momentum sums used to construct the
exchange Hamiltonian.

In Hartree-Fock continuum model calculations, the
exchange-enhanced velocity is given by

%HF = %F

%
1 + &ee

4
ln

#
pc

ka

$&
, (27)

where %F =
%

3'0a/(2h̄) is the band velocity. The loga-
rithmic enhancement term has the prefactor &ee/4, where
&ee = e2/(rh̄%F = (c/(r%F ) &, is the effective fine-structure
constant, c is the speed of light, and & is the ordinary vacuum
fine-structure constant. Our full Brillouin-zone calculation
allows us to obtain a numerical value for the dimensionless
ultraviolet cutoff parameter pc in Eq. (27). By fitting the
numerical results we find that pc = 30 ± 3.

IV. BROKEN-SYMMETRY SOLUTIONS PHASE DIAGRAM

Recent lattice model Monte Carlo studies of interaction
effects in graphene carried out by Drut and Lahde19 predicted
that they would be strong enough in suspended graphene sam-
ples to induce a CDW broken-symmetry state with different
electron densities on A and B sites and a gap emerges in the
single-particle spectrum. This broken symmetry in graphene
is analogous to those that supply mass to elementary particles
in particle physics. It now appears clear that these gaps do
not occur in experimental samples, possibly because of the
role of lattice scale physics that is not reliably modeled in
these simulations. Indeed the size of the gaps must be fixed by
ultraviolet physics because the two-dimensional Dirac model
with Coulomb interaction does not define a characteristic
energy scale. The anticipated broken symmetries do occur
in both lattice and continuum mean-field-theory models of
single-layer graphene, although the interaction strengths at
which they occur is likely underestimated by mean-field
theory. The calculations presented in this section demonstrate
that the appearance or absence of these states is sensitive
to lattice model detail, in particular to the value of the
on-site interaction strength U and the effective dielectric
constant )r . Studies of interactions based on Hubbard models
predict antiferromagnetic insulating states that appear for
U ! 2.23 |'0| in Hartree-Fock mean-field theory37,38 and for
U ! (4.5 ± 0.5) |'0| in quantum Monte Carlo calculations.39

A gapped spin-liquid state appears for U ! 3.5 |'0|,40 before
the AF state is reached, in the latter case. In graphene, however,
any attempt to estimate the character of the ground state must
account for longer range interactions.25,41,42

For the analysis carried out in this section we have used the
real-space formulation of the effective Coulomb interactions
given in Eqs. (13)–(15), which allows a more direct control
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where ! is the volume of the unit cell. Using polar coordinates
to represent both k and r we evaluate the radial derivative of
the exchange potential to obtain
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where we integrated the angular variables first, identified
the lattice constant as the lower limit of the approximate
continuous position integral, and k"1 as the upper limit to
avoid the oscillating regime. Note that the space dimension
drops out of the final result. Similar conclusions can be reached
starting from Eq. (19) and making a multipolar expansion of
the Coulomb interaction in momentum space.
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FIG. 4. (Color online) Upper panel: Tight-binding and Hartree-
Fock band structures near the Dirac point. The right panels blow up
the small rectangular regions shown in the left panels. We observe
that the momentum space Hartree-Fock calculation (HF2) follows
the enhancement to smaller momenta than the real-space truncated
interaction calculation (HF1). Lower panel: E(k)/k versus k close to
the Dirac point. The momentum space HF2 calculation used 1024 $
1024 k points in the primitive cell. The velocity enhancement saturates
in both calculations. The dashed straight line is the small k fit obtained
using Eq. (27) with pc = 30.

In practical calculations both real-space and reciprocal-
space Hartree-Fock calculations for graphene are able to
follow the velocity enhancement only over a limited range of
momenta, as illustrated in Fig. 4. The real-space formulation
used in the present calculation relies on a truncation of
the electron interaction range at about six lattice constants,
as detailed in the Appendix. This prescription is able to
describe a large part of the velocity increase due to nonlocal
interactions, but saturates more quickly than the momentum
space calculation, which fails at small k values due to the
discreteness of the momentum sums used to construct the
exchange Hamiltonian.

In Hartree-Fock continuum model calculations, the
exchange-enhanced velocity is given by

%HF = %F
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, (27)

where %F =
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3'0a/(2h̄) is the band velocity. The loga-
rithmic enhancement term has the prefactor &ee/4, where
&ee = e2/(rh̄%F = (c/(r%F ) &, is the effective fine-structure
constant, c is the speed of light, and & is the ordinary vacuum
fine-structure constant. Our full Brillouin-zone calculation
allows us to obtain a numerical value for the dimensionless
ultraviolet cutoff parameter pc in Eq. (27). By fitting the
numerical results we find that pc = 30 ± 3.

IV. BROKEN-SYMMETRY SOLUTIONS PHASE DIAGRAM

Recent lattice model Monte Carlo studies of interaction
effects in graphene carried out by Drut and Lahde19 predicted
that they would be strong enough in suspended graphene sam-
ples to induce a CDW broken-symmetry state with different
electron densities on A and B sites and a gap emerges in the
single-particle spectrum. This broken symmetry in graphene
is analogous to those that supply mass to elementary particles
in particle physics. It now appears clear that these gaps do
not occur in experimental samples, possibly because of the
role of lattice scale physics that is not reliably modeled in
these simulations. Indeed the size of the gaps must be fixed by
ultraviolet physics because the two-dimensional Dirac model
with Coulomb interaction does not define a characteristic
energy scale. The anticipated broken symmetries do occur
in both lattice and continuum mean-field-theory models of
single-layer graphene, although the interaction strengths at
which they occur is likely underestimated by mean-field
theory. The calculations presented in this section demonstrate
that the appearance or absence of these states is sensitive
to lattice model detail, in particular to the value of the
on-site interaction strength U and the effective dielectric
constant )r . Studies of interactions based on Hubbard models
predict antiferromagnetic insulating states that appear for
U ! 2.23 |'0| in Hartree-Fock mean-field theory37,38 and for
U ! (4.5 ± 0.5) |'0| in quantum Monte Carlo calculations.39

A gapped spin-liquid state appears for U ! 3.5 |'0|,40 before
the AF state is reached, in the latter case. In graphene, however,
any attempt to estimate the character of the ground state must
account for longer range interactions.25,41,42

For the analysis carried out in this section we have used the
real-space formulation of the effective Coulomb interactions
given in Eqs. (13)–(15), which allows a more direct control
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FIG. 5. (Color online) Phase diagram showing where spin-
density-wave (SDW) and charge-density-wave (CDW) broken-
symmetry solutions appear in our model as a function of the in-
teraction parameters U and !r . Strong short-distance repulsion (large
U ) favors SDW states, whereas weak short-distance interactions and
strong Coulomb interactions (small !r ) favor CDW states. Below the
the solid line in this figure the Hartree mean-field interaction energy
is lowered by forming a CDW state, which has different densities on
A and B sublattices. The CDW state boundary lies below this line
because the band energy favors uniform densities. The SDW state is
a simple antiferromagnet, as expected at large U on bipartite lattices.
The arrow in the figure shows the critical value U = 2.23|"0| beyond
which SDW solutions appear for the pure Hubbard model. The shaded
regions in the figure indicate the parameter values thought to be most
appropriate for graphene sheets that are suspended and for those that
are supported by a dielectric substrate, as discussed further in the
main text.

over the value of the on-site repulsion U and the Coulomb
interaction tail. We used a model with finite truncation of
the interaction range with a cutoff radius of about six lattice
constants. (Some considerations on optimal cutoff choices are
explained in the Appendix, see Figs. 6 and 7.) Figure 5 shows
the mean-field phase diagram produced by these calculations

FIG. 6. (Color online) Real-space truncation of the interaction
range in graphene as illustrated with two different cutoff values of
Lmax ! 2a and Lmax ! 5a. As we change the value of the cutoff
radius Lmax there are oscillations in the relative number of carbon
lattice sites A and B enclosed within the cutoff distance.
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FIG. 7. (Color online) Longer ranged contributions to the Hartree
energy E

long
DI (Lmax) as defined in Eq. (A7), which shows a strong

cutoff distance Lmax dependent oscillation that converges slowly to
the limiting value represented with the horizontal line whose behavior
is more clearly shown in the inset. We can notice that E

long
DI (Lmax) is

rather close to the asymptotic limit for certain values of Lmax. A better
estimate of the asymptotic limit can be obtained from the behavior of
E

av,long
DI (Lmax) defined in the text.

in which both spin-density-wave (SDW) and charge-density-
wave (CDW) broken symmetry states appear. The solid line
in the middle of the paramagnetic region of this figure follows
!r · U = 10.2838 eV. Along this line the Hartree mean field
corresponding to a charge-density state with different densities
on A and B sublattices vanishes. The ordered states that
appear above this line are spin-density-wave states, which
essentially reflect the physics expected for Hubbard models
on a square lattice. The ordered states that appear below
this line are charge-density-wave states. For large U and
small !r the charge-density-wave boundary is close to the
the !r · U = 10.2838-eV line, indicating that its location is
determined mainly by this simple competition between short-
range and long-range interactions. When this consideration
applies, CDW states cannot occur for U > 10.2838 eV since
!r cannot take a value smaller than 1. A crude estimate
of the on-site repulsion from the carbon atomic radius is
e2/ao ! 20 eV whereas the value of U that can be obtained
from the first ionization potential and electron affinity of
carbon is U ! 9.6 eV.26 The effective electron interaction
strength of the # electrons will be further reduced when
we consider nonlocal polarization effects from neighboring
sites. Hence although screening effects from $ bands can be
accounted for microscopically in simple interaction models
yielding a value of U ! 9.3 eV,25 the physical value of U
remains somewhat uncertain. In our phase diagram CDW
solutions, which are favored when the longer range part of
the interaction is strong but the short-range effective repulsion
is weak, are restricted to values of !r ! 2.2 with small enough
U . We conclude from this sensitivity that it is not possible to
reliably predict the occurrence or absence of broken-symmetry
states on the basis of continuum model calculations alone.
The values of !r and U thought to be appropriate based on
considerations explained elsewhere24,25 are consistent with the
absence of broken-symmetry states in single-layer graphene
samples.
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TABLE I. Optimum values of cutoff Lmax and the corresponding
values of EDI

long(Lmax), which give the closest estimates to the asymp-
totic limit EDI

long(!) for each period of oscillation. For completeness
we also represent Eav

DI (Lmax) defined in the text. We denote with the
superscript 1 the results obtained with ao = a/(2

"
3) in the definition

of the effective Coulomb integral in Eq. (15) and superscript 2 the
results we would obtain if we used ao = 0.

Lmax E
long,1
DI Eav,1

DI E
long,2
DI Eav,2

DI

1.1547 #5.5346 #6.7019 #10.5026 #12.0711
1.7321 #7.9043 #11.0792 #13.2176 #16.5852
2.0817 #7.2731 #7.6482 #12.5287 #13.0159
2.8868 #8.2996 #9.7492 #13.6225 #15.1359
3.0551 #8.0970 #8.6223 #13.4115 #13.9862
3.4641 #8.8583 #9.3227 #14.1986 #14.6905
3.7859 #8.6589 #9.2623 #13.9943 #14.6260
4.7258 #8.9231 #8.7407 #14.2648 #14.0952
5.0000 #9.0172 #9.0100 #14.3603 #14.3650
5.6862 #9.1180 #9.6429 #14.4631 #14.9990
6.4291 #9.3049 #9.8026 #14.6521 #15.1579
7.0946 #9.5278 #9.8566 #14.8769 #15.2111
7.3711 #9.4074 #9.5712 #14.7556 #14.9247
8.0829 #9.5431 #9.6167 #14.8922 #14.9698
8.3267 #9.4921 #9.6134 #14.8409 #14.9662
8.7369 #9.6973 #9.9986 #15.0472 #15.3518
9.8150 #9.7037 #9.8903 #15.0536 #15.2428
10.0167 #9.6323 #9.6926 #14.9819 #15.0447
10.1489 #9.6717 #9.7987 #15.0215 #15.1509
10.4403 #9.7986 #9.9958 #15.1488 #15.3481
10.6927 #9.7210 #9.8310 #15.0709 #15.1831
11.6762 #9.7431 #9.8290 #15.0931 #15.1809
11.8462 #9.7469 #9.8273 #15.0970 #15.1791
12.2202 #9.8575 #10.0860 #15.2078 #15.4379
12.4231 #9.8141 #10.0185 #15.1643 #15.3703
12.5033 #9.8081 #9.9754 #15.1583 #15.3272

! #10.2838 #15.6327

where we use the notation Vij = Veff(dij ) for simplicity where
dij is the distance between the lattice sites i and j (see Fig. 6).
Let us consider a charge-density transfer of !n from lattice
B to lattice A such that the densities are nA = n0 + !n and
nB = n0 # !n. In that case we obtain

EH = 1
2

!

i$A,j$A

Vij (n0 + !n)(n0 + !n) (A2)

+ 1
2

!

i$B,j$B

Vij (n0 # !n)(n0 # !n) (A3)

+ 1
2

!

i$A,j$B

Vij (n0 + !n)(n0 # !n) (A4)

+ 1
2

!

i$B,j$A

Vij (n0 # !n)(n0 + !n). (A5)

The linear terms in !n above cancel each other and if we
neglect a constant shift in the origin the electrostatic energy
difference per lattice is

!EDI = (!n)2

2

!
U +

!

j$A

Vij #
!

j$B

Vij

"
, (A6)

where dij is the distance between lattice sites i and j , U =
V (dii) and i is a fixed label belonging to sublattice A. We
denote the cutoff dependent direct energy corresponding to
the long ranged part of the Coulomb interaction as

E
long
DI (Lmax) =

!

j$A, Lmax

Vij #
!

j$B, Lmax

Vij , (A7)

which shows an oscillatory dependence on the cutoff distance
Lmax > dij as represented in Fig. 7. This behavior poses some
caveats in extended Hubbard models with only one or two
neighbor Coulomb interactions when used for obtaining a
phase diagram of broken-symmetry states involving charge-
density modulations or comparing results between different
models. We can clearly observe that the above-mentioned
oscillations slowly converge to a constant for very large
Lmax. A better estimate for the asymptotic value in the
limit Lmax % ! can be obtained from E

av,long
DI (Lmax) =#Nmax

i=1 E
long
DI (Lmax ,i)/Nmax averaging the values obtained at

each discrete ith nearest-neighbor shell cutoff, where Nmax
is the total number of nearest-neighbor shells corresponding
to the cutoff distance Lmax. We can observe that for certain
specific values of Lmax the quantity E

long
DI (Lmax) is close to

E
long
DI (!). In Table I we represent the values of some of these

select cutoff distances, which are the ones that minimize the
difference in the number of A and B lattices and therefore
minimizes the deviation from charge neutrality for a CDW
state within the cutoff range. In our calculations we have used
a cutoff just above the value Lmax = 6.4291a listed in the table.
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velocity. For the off-diagonal term, on the other hand, we use
the relation !!AB(k!) = "c†k!Bck!A# = $f (k!)/2|f (k!)| to obtain

V A B
X (k) = 1

2N2
K

!

k!

NK!

i, j

ei(k!$k)LAB
i j Veff

"##LA B
i j

##$ f
"
k!$

|f (k!)|

(19)

% 1
2NK

NK!

i, j

e$i k LAB
i j !AB

"
LAB

i j

$
Veff

"##LA B
i j

##$ . (20)

The second form for the right-hand side expresses the exchange
self-energy explicitly in terms of the sublattice off-diagonal
element of the real-space density matrix:

!AB

"
LA B

i j

$
= 1

NK

!

k!

eik!LAB
i j !!AB(k!). (21)

In momentum space the Dirac band Hamiltonian’s sublattice
off-diagonal density matrix is singular at the Dirac point
because the valence-band sublattice pseudospin state changes
at the Dirac point. In a 1D model this effect leads to a
discontinuity at the Dirac point, in two dimensions it leads
to momentum space vortices, and in three dimensions to
hedgehogs, as illustrated in Fig. 2. Because the function f (k)
vanishes at the Dirac point, the intersublattice phase jumps
along any line passing through it. When this singularity is
Fourier transformed to real space it leads to a slow power-law
decay, as illustrated in Fig. 3 for the case of graphene, causing
the electron exchange interaction to be strongly nonlocal.

The behavior of the real-space tails can be obtained most
simply from an analysis of the continuum model. We redefine
the wave vector k such that it represents the momentum
measured from the Dirac point K. A general three-dimensional
Hamiltonian with linear dispersion at an isolated band crossing
can be described by the Dirac-Weyl Hamiltonian

H (k) = h̄"F #k = h̄"F k

%
cos $ sin $e$i%

sin $ei% $ cos $

&
, (22)

where # = (#x,#y,#z) is the Pauli matrix vector, k ='
k2
x + k2

y + k2
z , tan $ =

'
k2
x + k2

y/kz, and tan % = ky/kx . The
density matrix for the occupied states is then given by

!!(k) = 1
2

%
(1 $ cos $ ) $ sin $e$i%

$ sin $ei% (1 + cos $ )

&
. (23)

FIG. 2. Illustration of sublattice psedospin dependence on mo-
mentum for the Dirac-like Hamiltonians. In one dimension (a) the
pseudospin changes direction at the Dirac point, in two dimensions
(b) it has a vortex, and in three dimensions (c) it has a monopole
hedgehog structure. In each case the band state sublattice pseudospin
changes direction upon crossing through the Dirac point.

r1

r2

e!2

e

e

!10

!18

x (nm)

y
(n

m
)

d1 r!2

c2 r!3

c1 r!2

|!AB (r2)|
|!AB (r1)|

|!
A

B
(r

)|

|r| (nm)

FIG. 3. (Color online) Absolute value of the sublattice off-
diagonal density matrix defined in Eq. (21) illustrating the overall
power-law decay r$2. Left panel: Gray scale map representation
where we can notice a regular anisotropy of the off-diagonal density
matrix, which follows the triangular Bravais lattice structure of
graphene. The density-matrix element falls off with a larger power
law along certain discrete directions. Right panel: Density matrix at
discrete lattice vectors along the directions r1 and r2 indicated in
the left panel. For direction r1 we notice a periodic dip in the value
of !AB (r) every three lattice constants. The density matrix for these
lattice vectors has a r$3 decay law. The slow r$2 power-law decay
reflects the singular dependence of valence-band wave functions
on k at the Dirac points. The values of the fitting coefficients
are c1 = 0.0037, c2 = 0.0015, and d1 = 0.0019 when distances are
measured in nm.

The 2D case is obtained by setting $ = &/2 and the 1D case
by setting % = 0,& . For r = LA B

i j in the x direction, we obtain
the following result for the contribution to the density matrix
from a valley centered at K:

!AB (r) & eiK·r A0

(2& )2

(

|k|<kc

dk eikr !!AB(k)

'

)
*+

*,

- kc

$kc
dk sgn (k) exp(ikr) 1D

- kc

0 dk k J1 (kr) 2D
- &/2

0 d$
- kc

0 dk sin2 $ k2 J1 (kr sin $ ) 3D

& Cd

rd
, (24)

where d is the dimension of the system and J1 (x) is a Bessel
function of the first kind. In graphene similar contributions are
made by the two valleys. The dominant contribution to this
integral at large r will come from the nonoscillatory kr < 1
region when J1(x) ( x/2. Inserting this limit into Eq. (24) and
integrating up to k ( 1/r we see that !AB (r) ( r$d at large
r , reminiscent of the dimensional dependence in the decay of
Friedel oscillations.36 The off-diagonal density matrix in other
directions differs only by a phase factor.

The slow power-law decay behavior of the off-diagonal
density matrix in turn leads to a logarithmic divergence in
)kV

AB
X (k) evaluated using Eq. (19) or Eq. (20). We can obtain

an approximate form for the exchange potentials in Eq. (20) by
changing the sum over discrete lattice sites to be a continuous
integral,

V AB
X (k) & 1

2'

(
dr e$ikr!AB (r) Veff (|r|) , (25)
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for systems with linear isolated band crossing

the slow decay of the density matrix is related with the abrupt change of pseudospin 
direction when we move across the Fermi point.

Broken symmetry phase diagram as 
a function of interaction strength.

We have a competition of 
band energy, electrostatic 
direct term (DI) and exchange.

We treat as separate parameters 
the onsite U and the Coulomb tail 
screened by the dielectric constant.
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Enhancement of non-local exchange near isolated band crossings in graphene


