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Figure 12. Multiplicity statistics by spectral type. The thin solid lines represent
stars and brown dwarfs beyond the spectral range of this study, and their sources
are listed in the text. For the FGK stars studied here, the thick dashed lines show
our observed multiplicity fractions, i.e., the percentage of stars with confirmed
stellar or brown dwarf companions, for spectral types F6–G2 and G2–K3. The
thick solid lines show the incompleteness-adjusted fraction for the entire F6–K3
sample. The uncertainties of the multiplicity fractions are estimated by bootstrap
analysis as explained in Section 5.2.

publications, when available. Otherwise, they are estimated
using mass ratios for double-lined spectroscopic binaries, or
from multi-color photometry from catalogs, or using the ∆mag
measures in the WDS along with the primary’s spectral type.
Metallicity and chromospheric activity estimates of the primary
are adopted for all components of the system.

5.3.2. Multiplicity by Spectral Type and Color

Figure 12 shows the multiplicity fraction for stars and brown
dwarfs. Most O-type stars seem to form in binary or multiple
systems, with an estimated lower limit of 75% in clusters and
associations having companions (Mason et al. 1998a, 2009).
Studies of OB-associations also show that over 70% of B and
A type stars have companions (Shatsky & Tokovinin 2002;
Kobulnicky & Fryer 2007; Kouwenhoven et al. 2007). In sharp
contrast, M-dwarfs have companions in significantly fewer
numbers, with estimates ranging from 11% for companions
14–825 AU away (Reid & Gizis 1997) to 34%–42% (Henry
& McCarthy 1990; Fischer & Marcy 1992). Finally, estimates
for the lowest mass stars and brown dwarfs suggest that only
10%–30% have companions (Burgasser et al. 2003; Siegler et al.
2005; Allen et al. 2007; Maxted et al. 2008; Joergens 2008).
Our results for F6–K3 stars are consistent with this overall
trend, as seen by the thick solid lines for the incompleteness-
corrected fraction. Moreover, the thick dashed lines for two
subsamples of our study show that this overall trend is present
even within the range of solar-type stars. Of the blue subsample
(0.5 ! B − V ! 0.625, F6–G2, N = 131), 50% ± 4%
have companions, compared with only 41% ± 3% for the red
subsample (0.625 < B − V ! 1.0, G2–K3, N = 323).

5.3.3. Period Distribution

Figure 13 shows the period distribution of all 259 confirmed
pairs, with an identification of the technique used to discover
and/or characterize the system. To provide context, the axis
at the top shows the semimajor axis corresponding to the pe-
riod on the x-axis assuming a mass sum of 1.5 M⊙, the aver-
age value of all the confirmed pairs. When period estimates

Figure 13. Period distribution for the 259 confirmed companions. The data
are plotted by the companion detection method. Unresolved companions
such as proper-motion accelerations are identified by horizontal line shading,
spectroscopic binaries by positively sloped lines, visual binaries by negatively
sloped lines, companions found by both spectroscopic and visual techniques by
crosshatching, and CPM pairs by vertical lines. The semimajor axes shown in
AU at the top correspond to the periods on the x-axis for a system with a mass
sum of 1.5 M⊙, the average value for all the pairs. The dashed curve shows
a Gaussian fit to the distribution, with a peak at log P = 5.03 and standard
deviation of σlog P = 2.28.

are not available from spectroscopic or visual orbits, we esti-
mate them as follows. For CPM companions with separation
measurements, we estimate semimajor axes using the statistical
relation log a′′ = log ρ ′′ + 0.13 from DM91, where a is the
angular semimajor axis and ρ is the projected angular separa-
tion, both in arcseconds. This, along with mass estimates as de-
scribed in Section 5.3.1 and Newton’s generalization of Kepler’s
Third Law yields the period. For the remaining few unresolved
pairs, we assume periods of 30–200 years for radial-velocity
variables and 10–25 years for proper-motion accelerations. The
period distribution follows a roughly log-normal Gaussian pro-
file with a mean of log P = 5.03 and σlog P = 2.28, where
P is in days. This average period is equivalent to 293 years,
somewhat larger than Pluto’s orbital period around the Sun. The
median of the period distribution is 252 years, similar to the
Gaussian peak. This compares with corrected mean and me-
dian values of 180 years from DM91. The larger value of the
current survey is a result of more robust companion informa-
tion for wide CPM companions. The similarity of the overall
profile with the incompleteness-corrected DM91 plot suggests
that most companions they estimated as missed have now been
found. The shading in the figure shows the expected trend—the
shortest period systems are spectroscopic, followed by com-
bined spectroscopic/visual orbits, then by visual binaries, and
finally by CPM pairs. The robust overlap between the various
techniques in all but the longest period bins underscores the
absence of significant detection gaps in companion space and
supports our earlier statements about the completeness of this
survey. Binaries with periods longer than log P = 8 are rare,
and only 10 of the 259 confirmed pairs (4%) have estimated
separations larger than 10,000 AU. Although separations wider
than this limit were not searched comprehensively, Figure 8
shows that separations of up to 14,000 AU were searched for
some systems, and 56% of the primaries were searched beyond
the 10,000 AU limit. The drop in the number of systems with
companions thus appears to occur within our search space and
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Triple evolution

3-body
dynamics

Stellar 
evolution Dissipation
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3-Body dynamics

• Kozai-Lidov cycles  (Lidov ’62 , Kozai ’62)

• Higher-order effects: more extreme eccentricities, 
orbital flips  (see review of Naoz+ 16) 

Hierarchical systems 
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Figure 1. Several quantities of interest in the evolution of the first example system (Sect. 3.1). Shown as a function of time are a1, e1, β ≡ a2/a1, kam,i/Ti
and itot. In the plots in the first column of the first two rows the entire evolution is shown; the other plots correspond to the end of the primary core helium
burning phase, the primary AGB phase and start of the primary CO WD phase. Solid line: triple case; dashed line: binary case (where applicable). In the plot
of kam,i/Ti only the triple case is shown (the binary case is very similar); in this plot the solid line applies to the primary (i = 1) and the dashed line to the
secondary (i = 2). Note that the evolution is not fully sampled in all plots, causing several kinks (in particular in the plots for e1 and itot) – more detailed
calculations are performed internally in the ODE solver routine but are not shown here (cf. Sect. 2.3).

significant tidal friction because the tidal strength quantity is very
small (kam,i/Ti ∼ 10−18 s−1) as a consequence of the radiative en-
velopes in the MS stars. During the primary RGB phase the pri-
mary possesses a convective envelope (kam,1/T1 ∼ 10−8 s−1) but
e1 is not high enough to trigger significant tidal friction. However,
tidal friction does become effective during the primary AGB phase
starting at t ≈ 220.6Myr and circularizes the inner orbit during
the time span of five Kozai cycles, where significant orbital shrink-
age occurs at eccentricity maxima. Note that during this phase the

increase in the effectiveness of orbital shrinkage is due to the ex-
pansion of the primary from a radius of R1 ≈ 49R⊙ to R1 ≈ 497R⊙
between t = 220Myr and t = 222.5Myr. Consequently a1 is re-
duced to a1 ≈ 7AU and the orbit is completely circularized. Note
that for complete circularization to occur the duration of the phase
in which kam,1/T1 is substantial must be sufficiently long compared
to the Kozai period PK (Eq. 1), which is the case for this example
system. In other cases of triple systems, however, PK can be much
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Figure 1. Several quantities of interest in the evolution of the first example system (Sect. 3.1). Shown as a function of time are a1, e1, β ≡ a2/a1, kam,i/Ti
and itot. In the plots in the first column of the first two rows the entire evolution is shown; the other plots correspond to the end of the primary core helium
burning phase, the primary AGB phase and start of the primary CO WD phase. Solid line: triple case; dashed line: binary case (where applicable). In the plot
of kam,i/Ti only the triple case is shown (the binary case is very similar); in this plot the solid line applies to the primary (i = 1) and the dashed line to the
secondary (i = 2). Note that the evolution is not fully sampled in all plots, causing several kinks (in particular in the plots for e1 and itot) – more detailed
calculations are performed internally in the ODE solver routine but are not shown here (cf. Sect. 2.3).

significant tidal friction because the tidal strength quantity is very
small (kam,i/Ti ∼ 10−18 s−1) as a consequence of the radiative en-
velopes in the MS stars. During the primary RGB phase the pri-
mary possesses a convective envelope (kam,1/T1 ∼ 10−8 s−1) but
e1 is not high enough to trigger significant tidal friction. However,
tidal friction does become effective during the primary AGB phase
starting at t ≈ 220.6Myr and circularizes the inner orbit during
the time span of five Kozai cycles, where significant orbital shrink-
age occurs at eccentricity maxima. Note that during this phase the

increase in the effectiveness of orbital shrinkage is due to the ex-
pansion of the primary from a radius of R1 ≈ 49R⊙ to R1 ≈ 497R⊙
between t = 220Myr and t = 222.5Myr. Consequently a1 is re-
duced to a1 ≈ 7AU and the orbit is completely circularized. Note
that for complete circularization to occur the duration of the phase
in which kam,1/T1 is substantial must be sufficiently long compared
to the Kozai period PK (Eq. 1), which is the case for this example
system. In other cases of triple systems, however, PK can be much
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Figure 1. Several quantities of interest in the evolution of the first example system (Sect. 3.1). Shown as a function of time are a1, e1, β ≡ a2/a1, kam,i/Ti
and itot. In the plots in the first column of the first two rows the entire evolution is shown; the other plots correspond to the end of the primary core helium
burning phase, the primary AGB phase and start of the primary CO WD phase. Solid line: triple case; dashed line: binary case (where applicable). In the plot
of kam,i/Ti only the triple case is shown (the binary case is very similar); in this plot the solid line applies to the primary (i = 1) and the dashed line to the
secondary (i = 2). Note that the evolution is not fully sampled in all plots, causing several kinks (in particular in the plots for e1 and itot) – more detailed
calculations are performed internally in the ODE solver routine but are not shown here (cf. Sect. 2.3).

significant tidal friction because the tidal strength quantity is very
small (kam,i/Ti ∼ 10−18 s−1) as a consequence of the radiative en-
velopes in the MS stars. During the primary RGB phase the pri-
mary possesses a convective envelope (kam,1/T1 ∼ 10−8 s−1) but
e1 is not high enough to trigger significant tidal friction. However,
tidal friction does become effective during the primary AGB phase
starting at t ≈ 220.6Myr and circularizes the inner orbit during
the time span of five Kozai cycles, where significant orbital shrink-
age occurs at eccentricity maxima. Note that during this phase the

increase in the effectiveness of orbital shrinkage is due to the ex-
pansion of the primary from a radius of R1 ≈ 49R⊙ to R1 ≈ 497R⊙
between t = 220Myr and t = 222.5Myr. Consequently a1 is re-
duced to a1 ≈ 7AU and the orbit is completely circularized. Note
that for complete circularization to occur the duration of the phase
in which kam,1/T1 is substantial must be sufficiently long compared
to the Kozai period PK (Eq. 1), which is the case for this example
system. In other cases of triple systems, however, PK can be much
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Long-term effect
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Figure 1. Several quantities of interest in the evolution of the first example system (Sect. 3.1). Shown as a function of time are a1, e1, β ≡ a2/a1, kam,i/Ti
and itot. In the plots in the first column of the first two rows the entire evolution is shown; the other plots correspond to the end of the primary core helium
burning phase, the primary AGB phase and start of the primary CO WD phase. Solid line: triple case; dashed line: binary case (where applicable). In the plot
of kam,i/Ti only the triple case is shown (the binary case is very similar); in this plot the solid line applies to the primary (i = 1) and the dashed line to the
secondary (i = 2). Note that the evolution is not fully sampled in all plots, causing several kinks (in particular in the plots for e1 and itot) – more detailed
calculations are performed internally in the ODE solver routine but are not shown here (cf. Sect. 2.3).

significant tidal friction because the tidal strength quantity is very
small (kam,i/Ti ∼ 10−18 s−1) as a consequence of the radiative en-
velopes in the MS stars. During the primary RGB phase the pri-
mary possesses a convective envelope (kam,1/T1 ∼ 10−8 s−1) but
e1 is not high enough to trigger significant tidal friction. However,
tidal friction does become effective during the primary AGB phase
starting at t ≈ 220.6Myr and circularizes the inner orbit during
the time span of five Kozai cycles, where significant orbital shrink-
age occurs at eccentricity maxima. Note that during this phase the

increase in the effectiveness of orbital shrinkage is due to the ex-
pansion of the primary from a radius of R1 ≈ 49R⊙ to R1 ≈ 497R⊙
between t = 220Myr and t = 222.5Myr. Consequently a1 is re-
duced to a1 ≈ 7AU and the orbit is completely circularized. Note
that for complete circularization to occur the duration of the phase
in which kam,1/T1 is substantial must be sufficiently long compared
to the Kozai period PK (Eq. 1), which is the case for this example
system. In other cases of triple systems, however, PK can be much
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Figure 1. Several quantities of interest in the evolution of the first example system (Sect. 3.1). Shown as a function of time are a1, e1, β ≡ a2/a1, kam,i/Ti
and itot. In the plots in the first column of the first two rows the entire evolution is shown; the other plots correspond to the end of the primary core helium
burning phase, the primary AGB phase and start of the primary CO WD phase. Solid line: triple case; dashed line: binary case (where applicable). In the plot
of kam,i/Ti only the triple case is shown (the binary case is very similar); in this plot the solid line applies to the primary (i = 1) and the dashed line to the
secondary (i = 2). Note that the evolution is not fully sampled in all plots, causing several kinks (in particular in the plots for e1 and itot) – more detailed
calculations are performed internally in the ODE solver routine but are not shown here (cf. Sect. 2.3).

significant tidal friction because the tidal strength quantity is very
small (kam,i/Ti ∼ 10−18 s−1) as a consequence of the radiative en-
velopes in the MS stars. During the primary RGB phase the pri-
mary possesses a convective envelope (kam,1/T1 ∼ 10−8 s−1) but
e1 is not high enough to trigger significant tidal friction. However,
tidal friction does become effective during the primary AGB phase
starting at t ≈ 220.6Myr and circularizes the inner orbit during
the time span of five Kozai cycles, where significant orbital shrink-
age occurs at eccentricity maxima. Note that during this phase the

increase in the effectiveness of orbital shrinkage is due to the ex-
pansion of the primary from a radius of R1 ≈ 49R⊙ to R1 ≈ 497R⊙
between t = 220Myr and t = 222.5Myr. Consequently a1 is re-
duced to a1 ≈ 7AU and the orbit is completely circularized. Note
that for complete circularization to occur the duration of the phase
in which kam,1/T1 is substantial must be sufficiently long compared
to the Kozai period PK (Eq. 1), which is the case for this example
system. In other cases of triple systems, however, PK can be much
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Code: TRES 

TRES

✤ Triple review and code 
publication (Toonen+ ’16)

✤ BH-BH mergers (Antonini, Toonen+ ’17) 
✤ Supernova type Ia (Toonen+ ’18)
✤ Common evolution (Toonen+ in prep.) 
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✤  low & intermediate mass primaries (1-7.5Mo)

Mass transfer

Silvia Toonen                    Triple star evolution                    1) Mass transfer

Other:
~4-5%

Mass transfer:
~64-75%

Typical evolution of triples
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Mass transfer 
by primary 
~64-75%

In binaries:
only ~28-39%
• N(P) ∝ 1/P 
• N(P) ∝ log-normal(P)
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✤ Mass transfer common in triples
✤ Other differences with binaries? 

✤ Mass transfer occurs earlier
✤ Orbit still eccentric upon 

onset of mass transfer

Type of donor star in triple

~40% still 
eccentric

➡Observed sources
(e.g. Petrova & Orlov 1999,  
Nicholls & Wood 2012)
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Other:
~4-5%

Mass transfer:
~64-75%

Tertiary donates 
mass (~0.5-1%)

Secondary donates 
mass (~0.75%)

Dynamically 
unstable (~2-4.5%)

Typical evolution of triples
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✤  low & intermediate mass primaries

Mass transfer 
by primary 
~64-75%

✤  low & intermediate mass primaries (1-7.5Mo)

In binaries:
only ~28-39%
• N(P) ∝ 1/P 
• N(P) ∝ log-normal(P)

No interaction
~20-30%
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ref: Toonen+ in prep.
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Other:
~4-5%

Mass transfer:
~64-75%

Typical evolution of triples

Triple compact objects: 
(Perpinya-Valles w/Toonen 19)

Gaia DR2 discovery:
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No interaction
~20-30%
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Mass transfer
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Mass transfer:
~64-75%

Triple evolution towards GWs
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Gravitational 
wave sources



Evolutionary channel

1) Three massive stars in wide orbits

2)Three supernovas

3) Merger due to secular dynamics



Difficulties

1) Three massive stars in wide orbits

2)Three supernovas
Avoids: a)Mass transfer 

   b)Dynamical instabilities
   c)Dissolution

3) Merger due to secular dynamics
Get a merger, but not at earlier stage



Difficulties & advantage

1) Three massive stars in wide orbits

3) Merger due to secular dynamics
Get a merger, but not at earlier stage

But no mass transfer or  
common-envelope needed!

2)Three supernovas
Avoids: a)Mass transfer 
           b)Dynamical instabilities
           c)Dissolution



Black hole - black hole merger rate:
✤ LIGO O1+O2 rate: 9.7-101 per year per Gpc^3 (LSC 18)

Triples: 
✤ With natal-kick: ~0.4 per year per Gpc^3 
✤ Only Blaauw-kick: ~1.2 per year per Gpc^3

✤ At low metallicity: ~2-25 per year per Gpc^3

Hobbs / Arzoumanian, momentum-conserving kicks, direct collapse for M>40Msun, 

Silvia Toonen                    Triple star evolution                    2)  Mergers & collisions:        c) GWs

ref: Antonini, 
Toonen+ 17

 Gravitational wave sources
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(Rodriguez & Antonini 18)

nsns 

3 orders of magnitude lower


8-22Msun
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BH-BH mergers
4 Antonini, Toonen, and Hamers

Fig. 2.— Distribution of relative inclination of outer to inner orbit for the BH triples formed in our models according to the secular
population synthesis code (black histograms), and for the triples which produce BH mergers (red histograms). The number of systems are
normalized by the total number of stable BH triples formed. This plot shows that the initial distribution of I is not isotropic and that
most merging BH binaries are produced in BH triples with initially high mutual inclinations.

TABLE 1

Results of the population synthesis models of massive triple stars.

Model natal kicks a2;max m3;min Nsim fraction fraction fraction ✏3BH ✏merge �
(103AU) (M�) disrupted mass transfer dyn. unstable (Gpc�3yr�1)

A1 0 20 0.1 75k 0.31 0.27 0.19 0.23 5⇥ 10�3 1.2
A2 0 2 22 75k 0.14 0.43 0.22 0.21 7⇥ 10�3 1.1
B1 Hobbs 20 0.1 25k 0.56 0.26 0.12 0.06 6⇥ 10�3 0.4
B2 Hobbs 2 22 25k 0.36 0.41 0.17 0.06 1⇥ 10�2 0.4
C1 Arzoumanian 20 0.1 25k 0.56 0.26 0.13 0.05 7⇥ 10�3 0.4
C2 Arzoumanian 2 22 25k 0.35 0.42 0.17 0.06 5⇥ 10�3 0.3

Models di↵er by their natal kick velocity distribution, adopted maximum value of separation, a2,max, and minimum mass, m3;min, of the
tertiary star. Nsim is the total number of stellar triples that were evolved for each model; ✏3BH is the fraction of systems that produce
stable BH triples; ✏merge is the fraction of the stable BH triples that lead to the merger of a BH binary; and � is the inferred BH binary

merger rate.

tion of a BH merger. The secular exchanges of angular
momentum (but not energy) among the inner binary and
the outer BH induce large fluctuations in the inner bi-
nary eccentricity and inclination. The orbit of the inner
binary, starting from an initial value of e1 = 0.65 and
I = 93�.8, by ⇡ 3⇥106yr has di↵used to 1�e1 ⇡ 1⇥10�4.
We find that the maximum orbital eccentricity of the
inner binary undergoes a random walk to most of the
phase space allowed by the total energy and angular mo-
mentum of the system. During the maximum of a LK
oscillation the binary enters the non-secular regime de-

fined by Equation (1). In this region the inner BHs can
be driven to a merger before general relativistic e↵ects
suppress the secular forcing. At the end of the integra-
tion, GW radiation starts to dominate the binary evolu-
tion. Subsequently, the BH binary starts to circularize,
decouples from the tertiary companion, and finally en-
ters the 10Hz aLIGO frequency band with e1 = 0.4 and
a1 = 1.5⇥ 10�5AU.

4.1. Properties

➡Triple BHs formed
➡Merging BHs

✤ Important to 
model formation 
of BH-BH in 
triples consistently

Silvia Toonen                    Triple star evolution                    2)  Mergers & collisions:        c) GWs

ref: Antonini, Toonen+ 17
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Distinct characteristics
Taken from 
Breivik+ ’16
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   Distinct characteristics
Binary black hole mergers from field triples 7

Fig. 5.— Distribution of eccentricities at the moment the BH
binaries enter the aLIGO frequency band (10Hz) for mergers pro-
duced by dynamical interactions in dense star clusters, massive bi-
nary stars, and massive triples (models A1+A2). Binaries formed
in triples have much larger eccentricities than those formed through
other channels.

likely to be retained in triples and merge.
Finally, the right panel of Figure 4 shows the time delay

distribution, where Tdelay is the time from formation of
the BH triple to the merger of the inner BH binary. Note
that for a 22M� star the time from formation of the star
to the formation of the BH is . 8 Myr. The time delay
distribution of our merging binaries shows a steady rise
followed by a decline around 10 Gyr. In models with no
birth kicks, about ⇡ 60% of all merging binaries have
delay times . 1Gyr, while this percentage increases to
⇡ 70% in models with non-zero natal kicks. All merging
binaries appear to have delay times larger than ⇡ 106yr.

4.2. Merger rates

In order to compute the merger rate of binary BHs,
we follow the procedure described in Silsbee & Tremaine
(2016). The number of stars formed per unit mass is
given by:

N?(m)dm = 5.4⇥ 106m�2.3Gpc�3yr�1. (5)

Adopting a constant star formation rate per comoving
volume unit, the merger rate of binary BHs is then:

� ⇡ N22,100✏prog✏p�space✏3BH✏merge, (6)

where N22,100 = 6⇥104Gpc�3yr�1 is the number of stars
formed with mass between 22 and 100 solar masses.
The quantity ✏prog in Equation (6) is the ratio of BH

triple progenitors to total BH progenitors. As in Silsbee
& Tremaine (2016), we assume the following: 19% of sys-
tems with at least one BH progenitor are single systems,
56% are binaries, and 25% are triples. These percentages
are consistent with the observations of Sana et al. (2014)
who found these fractions of multiplicity for the O-stars
in their sample; the observed companions in Sana et al.
(2014) are resolved or spectroscopically identified within
a separation of ⇡ 6000AU. Given our mass distributions,
for models A2, B2 and C2, we find a fraction ✏prog = 0.04

of triple progenitors with (m1, m2, m3) > 22M�, and
for models A1, B1 and C1 we find a fraction ✏prog = 0.06
of triple progenitors in which the inner binary compo-
nents have ZAMS mass (m1, m2) > 22M�.
The quantity ✏p�space is the fraction of parameter space

that we are simulating relative to the full parameter
space for triples with masses above 22 M�. This fraction
is ✏p�space ⇡ 0.3 in our models and takes into account the
fact that we are simulating only triples with a1 > 11AU
initially, which represent a fraction of the full population
of stellar triples covered by observations.
Finally, ✏merge is the fraction of dynamically stable

BH triples formed in our models which produce a BH
merger. This fraction is ⇡ 0.5% and appear to be ap-
proximately independent on the assumed distribution of
natal kick velocities. This can appear quite surprising:
one would expect that the change in linear momentum
instantaneously imparted to the exploding stars to al-
ter the orientation of orbital planes subsequent to BH
formation and result in a larger number of BH triples
that are formed with initially high inclination, leading
to a larger fraction of merging binaries (e.g., Silsbee &
Tremaine 2016). Our models, clearly suggest that this
latter e↵ect has a negligible impact on the resulting BH
binary merger rate.
Table 1 gives the results of our calculations. We es-

timate the BH merger rate in isolated triple systems in
the field to be at most ⇡ 1 Gpc�3yr�1.
Some of our models can be directly compared to the

results of Silsbee & Tremaine (2016). For example, sim-
ilar to our models A1 and A2, the latter authors also
consider models where the BHs receive no natal kicks
(see their Table 2). Their zero-kick models produce a
merger rate of ⇡ 6 Gpc�3yr�1, which is about six times
larger than the merger rate inferred from our simulations.
One reason for the discrepancy in the rate estimates is
that Silsbee & Tremaine (2016) assume zero Blaauw kick
(Blaauw 1961) which increases the chance that a triple
in their zero-kick models will survive the formation of a
BH, leading to higher merger rates. Moreover, Silsbee &
Tremaine (2016) assume that BH triples are formed with
initially random inclinations. However, in many of the
highly inclined triples in our models, the two inner ob-
jects merge early during their main-sequence evolution.
Silsbee & Tremaine (2016) also consider models with a

non-zero kick velocity. In one of their models, they adopt
a Gaussian kick velocity distribution with � ⇡ 40km s�1

which results in a merger rate of ⇡ 0.14 Gpc�3yr�1 (see
their Table 2). This appears to be a few times smaller
than the rate inferred from our non-zero kick models B1,
B2 and C1, C2.

5. ADDITIONAL CONSIDERATIONS

5.1. E↵ects of non-secular dynamics

As shown above in Figure 3, the merging binaries in
our models evolve through a non-secular dynamical phase
where the standard secular perturbation theory is ex-
pected to break down. This has important consequences
on both the properties and the merger rate of binaries
formed through the triple channel. These binaries will in
fact have higher eccentricities as they enter the aLIGO
band and a higher chance of merging than what we would
predict based on the standard secular equations of mo-

log(eccentricity)
upon entering LIGO band

N
um

be
r o

f s
ys

te
m

s

Silvia Toonen                    Stellar interactions & transients                    Triple & transientsSilvia Toonen                    Triple star evolution                   

   Eccentricity

✤ Distinct eccentricities
✤ Measurable in the LISA band

✤ Hard to detect ~40% with 
ecc >5e-3 (Chen & Amaro-
Seoane+17)

✤ Eccentricity oscillations 
measurable out to few 
Mpc (Hoang+ 19)



Distinct characteristics
Taken from 
Breivik+ ’16
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Fig. 5.— Distribution of eccentricities at the moment the BH
binaries enter the aLIGO frequency band (10Hz) for mergers pro-
duced by dynamical interactions in dense star clusters, massive bi-
nary stars, and massive triples (models A1+A2). Binaries formed
in triples have much larger eccentricities than those formed through
other channels.

likely to be retained in triples and merge.
Finally, the right panel of Figure 4 shows the time delay

distribution, where Tdelay is the time from formation of
the BH triple to the merger of the inner BH binary. Note
that for a 22M� star the time from formation of the star
to the formation of the BH is . 8 Myr. The time delay
distribution of our merging binaries shows a steady rise
followed by a decline around 10 Gyr. In models with no
birth kicks, about ⇡ 60% of all merging binaries have
delay times . 1Gyr, while this percentage increases to
⇡ 70% in models with non-zero natal kicks. All merging
binaries appear to have delay times larger than ⇡ 106yr.

4.2. Merger rates

In order to compute the merger rate of binary BHs,
we follow the procedure described in Silsbee & Tremaine
(2016). The number of stars formed per unit mass is
given by:

N?(m)dm = 5.4⇥ 106m�2.3Gpc�3yr�1. (5)

Adopting a constant star formation rate per comoving
volume unit, the merger rate of binary BHs is then:

� ⇡ N22,100✏prog✏p�space✏3BH✏merge, (6)

where N22,100 = 6⇥104Gpc�3yr�1 is the number of stars
formed with mass between 22 and 100 solar masses.
The quantity ✏prog in Equation (6) is the ratio of BH

triple progenitors to total BH progenitors. As in Silsbee
& Tremaine (2016), we assume the following: 19% of sys-
tems with at least one BH progenitor are single systems,
56% are binaries, and 25% are triples. These percentages
are consistent with the observations of Sana et al. (2014)
who found these fractions of multiplicity for the O-stars
in their sample; the observed companions in Sana et al.
(2014) are resolved or spectroscopically identified within
a separation of ⇡ 6000AU. Given our mass distributions,
for models A2, B2 and C2, we find a fraction ✏prog = 0.04

of triple progenitors with (m1, m2, m3) > 22M�, and
for models A1, B1 and C1 we find a fraction ✏prog = 0.06
of triple progenitors in which the inner binary compo-
nents have ZAMS mass (m1, m2) > 22M�.
The quantity ✏p�space is the fraction of parameter space

that we are simulating relative to the full parameter
space for triples with masses above 22 M�. This fraction
is ✏p�space ⇡ 0.3 in our models and takes into account the
fact that we are simulating only triples with a1 > 11AU
initially, which represent a fraction of the full population
of stellar triples covered by observations.
Finally, ✏merge is the fraction of dynamically stable

BH triples formed in our models which produce a BH
merger. This fraction is ⇡ 0.5% and appear to be ap-
proximately independent on the assumed distribution of
natal kick velocities. This can appear quite surprising:
one would expect that the change in linear momentum
instantaneously imparted to the exploding stars to al-
ter the orientation of orbital planes subsequent to BH
formation and result in a larger number of BH triples
that are formed with initially high inclination, leading
to a larger fraction of merging binaries (e.g., Silsbee &
Tremaine 2016). Our models, clearly suggest that this
latter e↵ect has a negligible impact on the resulting BH
binary merger rate.
Table 1 gives the results of our calculations. We es-

timate the BH merger rate in isolated triple systems in
the field to be at most ⇡ 1 Gpc�3yr�1.
Some of our models can be directly compared to the

results of Silsbee & Tremaine (2016). For example, sim-
ilar to our models A1 and A2, the latter authors also
consider models where the BHs receive no natal kicks
(see their Table 2). Their zero-kick models produce a
merger rate of ⇡ 6 Gpc�3yr�1, which is about six times
larger than the merger rate inferred from our simulations.
One reason for the discrepancy in the rate estimates is
that Silsbee & Tremaine (2016) assume zero Blaauw kick
(Blaauw 1961) which increases the chance that a triple
in their zero-kick models will survive the formation of a
BH, leading to higher merger rates. Moreover, Silsbee &
Tremaine (2016) assume that BH triples are formed with
initially random inclinations. However, in many of the
highly inclined triples in our models, the two inner ob-
jects merge early during their main-sequence evolution.
Silsbee & Tremaine (2016) also consider models with a

non-zero kick velocity. In one of their models, they adopt
a Gaussian kick velocity distribution with � ⇡ 40km s�1

which results in a merger rate of ⇡ 0.14 Gpc�3yr�1 (see
their Table 2). This appears to be a few times smaller
than the rate inferred from our non-zero kick models B1,
B2 and C1, C2.

5. ADDITIONAL CONSIDERATIONS

5.1. E↵ects of non-secular dynamics

As shown above in Figure 3, the merging binaries in
our models evolve through a non-secular dynamical phase
where the standard secular perturbation theory is ex-
pected to break down. This has important consequences
on both the properties and the merger rate of binaries
formed through the triple channel. These binaries will in
fact have higher eccentricities as they enter the aLIGO
band and a higher chance of merging than what we would
predict based on the standard secular equations of mo-
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Taken from 
Rodriguez+ ’18
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   Spins
✤ Two regimes (Liu & Lai 17, 18, Antonini+ 17, Rodriguez & Antonini 18, Liu+ 19) 

✤ Plunge-in (from 3-body dyn., followed by: 2.5pN damps LK) 
✤ Freeze-out (spin precession damps LK-cycles gradually) 

Taken from  Rodriguez & Antonini ’18



✤ Triple evolution
✤ Triples are abundant 
✤ Code TRES to simulate triple evolution consistently (Toonen+ 2016)

✤ Leads to e.g. 
✤ Enhanced occurrence rate of mass transfer
✤ Mass transfer in eccentric orbits
✤ Stellar collisions, supernova Type Ia
✤ Gravitational wave sources

✤ 3-body interactions in wide triples 
✤ Rate: ~1 to several 10 per year per Gpc^3
✤ High eccentricities, specific spin distribution

Summary
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