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We estimate the potential of present and future interferometric gravitational-wave detectors to
test the Kerr nature of black holes through “gravitational spectroscopy,” i.e. the measurement of
multiple quasinormal mode frequencies from the remnant of a black hole merger. Using population
synthesis models of the formation and evolution of stellar-mass black hole binaries, we find that
Voyager-class interferometers will be necessary to perform these tests. Gravitational spectroscopy
in the local Universe may become routine with the Einstein Telescope, but a 40-km facility like
Cosmic Explorer is necessary to go beyond z ⇠ 3. In contrast, eLISA-like detectors should carry out
a few – or even hundreds – of these tests every year, depending on uncertainties in massive black
hole formation models. Many space-based spectroscopical measurements will occur at high redshift,
testing the strong gravity dynamics of Kerr black holes in domains where cosmological corrections
to general relativity (if they occur in nature) must be significant.

Introduction. The first binary black hole (BH) mer-
ger signal detected by the LIGO Scientific Collaboration,
GW150914 [1], had a surprisingly high combined signal-
to-noise ratio (SNR) of 24 in the Hanford and Livingston
detectors. The quasinormal mode signal (“ringdown”)
from the merger remnant is consistent with the predic-
tions of general relativity (GR) for a Kerr BH, but it was
observed with a relatively low SNR ⇢ ⇠ 7 [2]. The large
masses of the binary components [3] have interesting im-
plications for the astrophysics of binary BH formation [4],
and the detection placed some constraints on the merger
rates of BH binaries in the Universe [5–8].

LISA Pathfinder was successfully launched in Decem-
ber 2015, paving the way for a space-based detector such
as eLISA [9, 10], which will observe mergers of massive
BHs throughout the Universe with very large SNRs and
test the Kerr nature of the merger remnants. The basic
idea is that the dominant ` = m = 2 resonant frequency
and damping time can be used to determine the rem-
nant’s mass M and dimensionless spin j = J/M2 (we
adopt geometrical units G = c = 1 throughout this Let-
ter.) In GR, all subdominant mode frequencies (e.g. the
modes with ` = m = 3 and ` = m = 4 [11]) are then
uniquely determined by M and j. The detection of sub-
dominant modes requires high SNR, but each mode will
provide one (or more) tests of the Kerr nature of the rem-
nant [12]. As first pointed out by Detweiler in 1980, grav-
itational waves allow us to do BH spectroscopy: “After
the advent of gravitational wave astronomy, the observa-
tion of these resonant frequencies might finally provide
direct evidence of BHs with the same certainty as, say,
the 21 cm line identifies interstellar hydrogen” [13].

Such high SNRs are known to be achievable with an
eLISA-like detector [14]. The surprisingly high SNR of

GW150914 raised the question whether current detect-
ors at design sensitivity should routinely observe ring-
down signals loud enough to perform gravitational spec-
troscopy. Leaving aside conceptual issues about ruling
out exotic alternatives [15–17], here we use our current
best understanding of the astrophysics of stellar-mass
and supermassive BHs to compute the rates of events
that would allow us to carry out spectroscopical tests.

Below we provide the details of our analysis, but the
main conclusions can be understood relying on the noise
power spectral densities (PSDs) Sn(f) of present and fu-
ture detectors, as shown and briefly reviewed in Fig. 1,
and simple back-of-the-envelope estimates.
Ringdown SNR. Consider the merger of two BHs with
source-frame masses (m1, m2), spins (j1, j2), total mass
Mtot = m1 + m2, mass ratio q ⌘ m1/m2 � 1 and sym-
metric mass ratio ⌘ = m1m2/M2

tot. The remnant mass
and dimensionless spin, M and j = J/M2, can be com-
puted using the fitting formulas in [26] and [27], respect-
ively (see also [28, 29]). The ringdown SNR ⇢ can be es-
timated by following [14]. Including redshift factors and
substituting the Euclidean distance r by the luminosity
distance DL as appropriate, Eq. (3.16) of [14] implies
that ⇢ is well approximated by

⇢ =
�eq

DLFlmn
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Sn(flmn)

�1/2

, (1)

where Mz = M(1 + z). Fits of the mass-independent di-
mensionless frequency Flmn(j) ⌘ 2⇡Mzflmn and quality
factor Qlmn(j) are given in Eqs. (E1) and (E2) of [14].
The geometrical factor �eq = 1 for Michelson interfero-
meters with orthogonal arms, while �eq =

p
3/2 for an

eLISA-like detector (where the angle between the arms
is 60�). This expression involves the non sky-averaged
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Mid-band detectors etcetera…

Multi-band gravitational wave tests of general relativity

Zack Carson and Kent Yagi
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(Dated: June 6, 2019)

The violent collisions of black holes provide for excellent test-beds of Einstein’s general relativity
in the strong/dynamical gravity regime. We here demonstrate the resolving power one can gain
upon the use of multi-band observations of gravitational waves from both ground- and space-based
detectors. We find significant improvement in both generic parameterized tests of general relativity
and consistency tests of inspiral-merger-ringdown parts of the waveform over single-band detections.
Such multi-band observations are crucial for unprecedented probes of e.g. parity-violation in gravity.

Introduction.— Einstein’s theory of general relativity
(GR) eloquently describes the relationship between the
geometries of spacetime and the manifestation of grav-
ity. After countless observations have held up to the rig-
ors of GR without any sign of deviation, why should we
continue to test such a solid theory? One might argue
that while it is impossible to prove a theory is true, we
can establish constraints on modified theories which may
disprove or expand upon our knowledge of gravity. For
example, a more complex theory of gravity could exist
in the extreme gravity sector where the fields are strong,
non-linear, and highly dynamical. While reducing to the
GR we know in the weak gravity limit, such a theory
could solidify our understanding of some of the biggest
open questions we have: dark energy and the expansion
of the universe, dark matter and the galactic rotation
curves, inflation in the early universe, or the unification
of quantum mechanics and GR.

For over 100 years, GR has been subject to a bat-
tery of tests, in search of minute deviations which may
indicate alternative theories of gravity. Countless solar
system [1], binary pulsar [2, 3] and cosmological [4–8]
observations have placed constraints on various modified
theories of gravity, all remaining consistent to GR within
the noise. More recently, the observation of gravitational
waves (GWs) from the coalescing black holes (BHs) of
GW150914 [9] has opened a unique window into gravity,
allowing us to probe the extreme gravity sector for the
first time [10, 11]. The following 10 binary BH merger
events [12] and a binary neutron star merger event [13]
have similarly identified no significant deviations from
Einstein’s theory [14–16].

With such an overwhelming success on the GW ob-
servational front, many future ground- and space-based
detectors have been proposed, planned, and even funded.
Among these are several upgrades to the current ad-
vanced LIGO design [17], along with third generation
ground-based detectors Cosmic Explorer (CE) [17] and
Einstein Telescope (ET) [18], and space-based detec-
tors TianQin [19], LISA [20], B-DECIGO [21] and DE-
CIGO [22] (Fig. 1). With roughly 100 times the im-
provement in sensitivity compared to the current LIGO
interferometers, CE will have the ability to stringently
constrain modified theories of gravity which are preva-

lent at high (1� 104 Hz) frequencies (high velocity bina-
ries) [23, 24]. On the other side, space-based detectors
are sensitive to the low frequency ranges of 10�2

� 1 Hz,
e↵ectively probing modified theories which are dominant
at lower velocities or with larger masses [24–27].
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FIG. 1. Sensitivities
p

Sn(f) of various gravitational-wave
interferometers. Also shown is the characteristic amplitude
2
p
f |h̃(f)| for GW150914 with 4 years prior to merger dis-

played as a cyan star. Observe how the early inspiral portion
of the coalescence is observed by space-based detectors, while
the late inspiral and merger-ringdown portions are observed
by the ground-based detectors.

Soon after the discovery of GW150914, Sesana [28]
pointed out that GWs from GW150914-like events are
detectable in the future with both LISA and ground-
based detectors (Fig. 1), with expected event rates rang-
ing from 1 to 100 Gpc�3yr�1 [28, 29]. First observed by
space-based telescopes in their early inspiral stage, these
systems continue to inspiral after leaving the space-band
at 1 Hz for several months before entering CE’s band to
finally merge at ⇠ 300 Hz. LISA will be able to give
alert to ground-based detectors (allowing for optimiza-
tions of ground-based detectors, which can be used to
improve upon tests of GR [30]) and electromagnetic tele-
scopes [28], while ground-based detectors will help LISA
to lower the detection threshold signal-to-ratio (SNR)
and enhance the number of detections [31–33]. Such
multi-band GW observations will improve measurement
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Event m1/M� m2/M� M/M� �e↵ Mf/M� af Erad/(M�c
2) `peak/(erg s�1) dL/Mpc z �⌦/deg2

GW150914 35.6+4.8
�3.0 30.6+3.0

�4.4 28.6+1.6
�1.5 �0.01+0.12

�0.13 63.1+3.3
�3.0 0.69+0.05

�0.04 3.1+0.4
�0.4 3.6+0.4

�0.4 ⇥ 1056 430+150
�170 0.09+0.03

�0.03 179

GW151012 23.3+14.0
�5.5 13.6+4.1

�4.8 15.2+2.0
�1.1 0.04+0.28

�0.19 35.7+9.9
�3.8 0.67+0.13

�0.11 1.5+0.5
�0.5 3.2+0.8

�1.7 ⇥ 1056 1060+540
�480 0.21+0.09

�0.09 1555

GW151226 13.7+8.8
�3.2 7.7+2.2

�2.6 8.9+0.3
�0.3 0.18+0.20

�0.12 20.5+6.4
�1.5 0.74+0.07

�0.05 1.0+0.1
�0.2 3.4+0.7

�1.7 ⇥ 1056 440+180
�190 0.09+0.04

�0.04 1033

GW170104 31.0+7.2
�5.6 20.1+4.9

�4.5 21.5+2.1
�1.7 �0.04+0.17

�0.20 49.1+5.2
�3.9 0.66+0.08

�0.10 2.2+0.5
�0.5 3.3+0.6

�0.9 ⇥ 1056 960+430
�410 0.19+0.07

�0.08 924

GW170608 10.9+5.3
�1.7 7.6+1.3

�2.1 7.9+0.2
�0.2 0.03+0.19

�0.07 17.8+3.2
�0.7 0.69+0.04

�0.04 0.9+0.0
�0.1 3.5+0.4

�1.3 ⇥ 1056 320+120
�110 0.07+0.02

�0.02 396

GW170729 50.6+16.6
�10.2 34.3+9.1

�10.1 35.7+6.5
�4.7 0.36+0.21

�0.25 80.3+14.6
�10.2 0.81+0.07

�0.13 4.8+1.7
�1.7 4.2+0.9

�1.5 ⇥ 1056 2750+1350
�1320 0.48+0.19

�0.20 1033

GW170809 35.2+8.3
�6.0 23.8+5.2

�5.1 25.0+2.1
�1.6 0.07+0.16

�0.16 56.4+5.2
�3.7 0.70+0.08

�0.09 2.7+0.6
�0.6 3.5+0.6

�0.9 ⇥ 1056 990+320
�380 0.20+0.05

�0.07 340

GW170814 30.7+5.7
�3.0 25.3+2.9

�4.1 24.2+1.4
�1.1 0.07+0.12

�0.11 53.4+3.2
�2.4 0.72+0.07

�0.05 2.7+0.4
�0.3 3.7+0.4

�0.5 ⇥ 1056 580+160
�210 0.12+0.03

�0.04 87

GW170817 1.46+0.12
�0.10 1.27+0.09

�0.09 1.186+0.001
�0.001 0.00+0.02

�0.01  2.8  0.89 � 0.04 � 0.1 ⇥ 1056 40+10
�10 0.01+0.00

�0.00 16

GW170818 35.5+7.5
�4.7 26.8+4.3

�5.2 26.7+2.1
�1.7 �0.09+0.18

�0.21 59.8+4.8
�3.8 0.67+0.07

�0.08 2.7+0.5
�0.5 3.4+0.5

�0.7 ⇥ 1056 1020+430
�360 0.20+0.07

�0.07 39

GW170823 39.6+10.0
�6.6 29.4+6.3

�7.1 29.3+4.2
�3.2 0.08+0.20

�0.22 65.6+9.4
�6.6 0.71+0.08

�0.10 3.3+0.9
�0.8 3.6+0.6

�0.9 ⇥ 1056 1850+840
�840 0.34+0.13

�0.14 1651

TABLE III. Selected source parameters of the eleven confident detections. We report median values with 90% credible intervals that include
statistical errors, and systematic errors from averaging the results of two waveform models for BBHs. For GW170817 credible intervals
and statistical errors are shown for IMRPhenomPv2NRT with low spin prior, while the sky area was computed from TaylorF2 samples. The
redshift for NGC 4993 from [87] and its associated uncertainties were used to calculate source frame masses for GW170817. For BBH events
the redshift was calculated from the luminosity distance and assumed cosmology as discussed in Appendix B. The columns show source frame
component masses mi and chirp massM, dimensionless e↵ective aligned spin �e↵ , final source frame mass Mf , final spin af , radiated energy
Erad, peak luminosity lpeak, luminosity distance dL, redshift z and sky localization �⌦. The sky localization is the area of the 90% credible
region. For GW170817 we give conservative bounds on parameters of the final remnant discussed in Sec. V E.

angular momentum ~L and its spin vectors precess [113, 114]
around the total angular momentum ~J = ~L + ~S 1 + ~S 2.

We describe the dominant spin e↵ects by introducing ef-
fective parameters. The e↵ective aligned spin is defined as a
simple mass-weighted linear combination of the spins [22, 23,
115] projected onto the Newtonian angular momentum L̂N ,
which is normal to the orbital plane (L̂ = L̂N for aligned-spin
binaries)

�e↵ =
(m1~�1 + m2~�2) · L̂N

M
, (4)

where M = m1 + m2 is the total mass of the binary, and m1 is
defined to be the mass of the larger component of the binary,
such that m1 � m2. Di↵erent parameterizations of spin e↵ects
are possible and can be motivated from their appearance in
the GW phase or dynamics [116–118]. �e↵ is approximately
conserved throughout the inspiral [115]. To assess whether a
binary is precessing we use a single e↵ective precession spin
parameter �p [119] (see Appendix C).

During the inspiral the phase evolution depends at leading
order on the chirp mass [33, 120, 121],

M =
(m1m2)3/5

M1/5 , (5)

which is also the best measured parameter for low mass sys-
tems dominated by the inspiral [60, 95, 116, 122]. The mass
ratio

q =
m2

m1
 1 (6)

and e↵ective aligned spin �e↵ appear in the phasing at higher
orders [95, 115, 117].

For precessing binaries the orbital angular momentum vec-
tor ~L is not a stable direction, and it is preferable to describe
the source inclination by the angle ✓JN between the total an-
gular momentum ~J (which typically is approximately constant
throughout the inspiral) and the line of sight vector ~N instead
of the orbital inclination angle ◆ between ~L and ~N [113, 123].
We quote frequency-dependent quantities such as spin vec-
tors and derived quantities as �p at a GW reference frequency
fref = 20Hz.

Binary neutron stars have additional degrees of freedom re-
lated to their response to a tidal field. The dominant quadrupo-
lar (` = 2) tidal deformation is described by the dimensionless
tidal deformability ⇤ = (2/3)k2

h
(c2/G)(R/m)

i5
of each neu-

tron star (NS), where k2 is the dimensionless ` = 2 Love num-
ber and R is the NS radius. The tidal deformabilities depend
on the NS mass m and the equation of state (EOS). The domi-
nant tidal contribution to the GW phase evolution is encapsu-
lated in an e↵ective tidal deformability parameter [124, 125]

⇤̃ =
16
13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

M5 . (7)

B. Masses

In the left panel of Fig. 4 we show the inferred component
masses of the binaries in the source frame as contours in the
m1-m2 plane. Because of the mass prior, we consider only sys-
tems with m1 � m2 and exclude the shaded region. The com-
ponent masses of the detected BH binaries cover a wide range
from ⇠ 5M� to ⇠ 70M� and lie within the range expected for

7

FIG. 2. Cumulative histograms of search results for the matched-filter searches, plotted versus inverse false-alarm rate. The dashed lines show
the expected background, given the analysis time. Shaded regions denote sigma uncertainty bounds for Poisson uncertainty. The blue dots are
the named gravitational-wave events found by each respective search. Any events with a measured or bounded inverse false alarm rate greater
than 3000 y are shown with an arrow pointing right. Left: PyCBC results. Right: GstLAL results.

FAR [y�1] Network SNR
Event UTC Time PyCBC GstLAL cWB PyCBC GstLAL cWB

GW150914 09:50:45.4 < 1.53 ⇥ 10�5 < 1.00 ⇥ 10�7 < 1.63 ⇥ 10�4 23.6 24.4 25.2
GW151012 09:54:43.4 0.17 7.92 ⇥ 10�3 – 9.5 10.0 –
GW151226 03:38:53.6 < 1.69 ⇥ 10�5 < 1.00 ⇥ 10�7 0.02 13.1 13.1 11.9
GW170104 10:11:58.6 < 1.37 ⇥ 10�5 < 1.00 ⇥ 10�7 2.91 ⇥ 10�4 13.0 13.0 13.0
GW170608 02:01:16.5 < 3.09 ⇥ 10�4 < 1.00 ⇥ 10�7 1.44 ⇥ 10�4 15.4 14.9 14.1
GW170729 18:56:29.3 1.36 0.18 0.02 9.8 10.8 10.2
GW170809 08:28:21.8 1.45 ⇥ 10�4 < 1.00 ⇥ 10�7 – 12.2 12.4 –
GW170814 10:30:43.5 < 1.25 ⇥ 10�5 < 1.00 ⇥ 10�7 < 2.08 ⇥ 10�4 16.3 15.9 17.2
GW170817 12:41:04.4 < 1.25 ⇥ 10�5 < 1.00 ⇥ 10�7 – 30.9 33.0 –
GW170818 02:25:09.1 – 4.20 ⇥ 10�5 – – 11.3 –
GW170823 13:13:58.5 < 3.29 ⇥ 10�5 < 1.00 ⇥ 10�7 2.14 ⇥ 10�3 11.1 11.5 10.8

TABLE I. Search results for the eleven GW events. We report a false-alarm rate for each search that found a given event; otherwise, we display
‘–’. The network SNR for the two matched filter searches is that of the template ranked highest by that search, which is not necessarily the
template with the highest SNR. Moreover, the network SNR is the quadrature sum of the detectors coincident in the highest-ranked trigger; in
some cases, only two detectors contribute, even if all three were operating nominally at the time of that event.

1. GW150914, GW151012, GW151226

During O1, two confident detections of binary black holes
were made: GW150914 [1] and GW151226 [2]. Addition-
ally, a third trigger was noted in the O1 catalog of binary black
holes [3, 4], and labeled LVT151012. That label was a conse-
quence of the higher FAR of that trigger, though detector char-
acterization studies showed no instrumental or environmental
artifact, and the results of parameter estimation were consis-
tent with an astrophysical BBH source. Even with the signifi-
cance that was measured with the O1 search pipelines [4], this
event meets the criteria of Sec. IV A for a gravitational wave
event, and we henceforth relabel this event as GW151012.

The improved O2 pipelines substantially reduced the FAR
assigned to GW151012: it is now 0.17 y�1 in the PyCBC

search (previously, 0.37 y�1), and 7.92 ⇥ 10�3 y�1 in the Gst-
LAL search (previously, 0.17 y�1). These improved FAR
measurements for GW151012 are the most salient result of
the reanalysis of O1 with the O2 pipelines; no new gravita-
tional wave events were discovered. The first binary black
hole observation, GW150914, remains the highest SNR event
in O1, and the second highest in the combined O1 and O2 data
sets, behind only the binary neutron star inspiral GW170817.

As this paper was in preparation, the pre-print [81] ap-
peared. That catalog also presents search results from the Py-
CBC pipeline for O1, and also finds GW150914, GW151012,
and GW151226 as the only confident gravitational wave
events in O1, with identical bounds on FAR to the Py-
CBC results in Table I for GW150914 and GW151226. The
measured FAR for GW151012 is not identical, but is consis-



Rates: better constraints, evidence of growth with z
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proportional to R
�1/2
i

, for BNS and BBH, while for NSBH we
use a prior uniform in Ri which yields a conservative upper
limit bound.

A. Event Classification

To determine the probability that a given candidate origi-
nated in one of the four categories, the models are marginal-
ized over the counts with the ranking statistic distributions
fixed at the value of the ranking statistic of the candidate. The
distribution that is marginalized is the ratio of the category un-
der consideration versus all categories (including terrestrial):

pAi
(xµ|{x}) =

Z
p({R},⇤T , {hVT i}|{x})

RihVT ii p(xµ|Ai)
⇤T p(xµ|T ) +

P
j R jhVT i j p(xµ|Aj)

d{R}d⇤T d{hVT i} . (10)

Thus, we obtain pterrestrial, pBBH, pBNS, pNSBH, which are mu-
tually exclusive categorizations. The overall probability of
astrophysical origin sums the expression over all categories in
{A}.

We expect di↵erent values of pAi
to be assigned to any

given event by di↵erent search pipelines. This is due to dif-
ferences in the averaged e�ciency of various methods to dis-
criminate signal from noise events, and also to the e↵ects of
random noise fluctuations on the ranking statistics assigned to
a specific event. We also expect systematic uncertainties in
the quoted probabilities due to our lack of knowledge of the
true event populations, for instance the mass distribution of
BNS and NSBH mergers.

Parameter estimation is not performed on all candidates
used to obtain rate estimates, so only the search masses and
rankings are used to derive the astrophysical probabilities. Ta-
ble IV shows the per-pipeline assigned probability values for
each of the relevant categories. The cWB search does not
have a specific event type corresponding to NSBH or BNS,
thus we treat all cWB search events as BBH candidates. Py-
CBC astrophysical probabilities are estimated by applying
simple chirp mass cuts to the set of events with ranking statis-
tic ⇢ > 8: events with M < 2.1 are considered as candidate
BNS, those withM > 4.35 as candidate BBH, and all remain-
ing events as potential NSBH.

B. Binary Black Hole Event Rates

After the detection of GW170104, the event rate of
BBH mergers had been measured to lie between 12-213
Gpc�3 y�1 [14]. This included the four events identified at
that time. The hVT i, and hence the rates, are derived from a
set of assumed BBH populations. In O1, two distributions of
the primary mass — one uniform in the log and one a power
law p(m1) / m

�↵
1 with an index of ↵ = 2.3 — were used

as representative extremes. In both populations shown here,
the mass distribution cuts o↵ at a lower mass of 5 M�. The
mass distributions cut o↵ at a maximum mass of 50 M�. The
new cuto↵ is motivated both by more sophisticated modelling
of the mass spectrum [54] preferring maximum BH masses
much smaller than the previous limit of 100 M�, as well as as-

FIG. 12. This figure shows the posterior distribution — combined
from the results of PyCBC and GstLAL— on the BBH event rate for
the flat in log (blue) and power-law (orange) mass distributions. The
symmetric 90% confidence intervals are indicated with vertical lines
beneath the posterior distribution. The union of intervals is indicated
in black.

trophysical processes which are expected to truncate the dis-
tribution [130]. The BH spin distribution has magnitude uni-
form in [0, 1]. The PyCBC search uses a spin tilt distribution
which is isotropic over the unit sphere, and GstLAL uses a
distribution that aligns BH spins to the orbital angular mo-
mentum.

The posteriors on the rate distributions are shown in Fig. 12.
Including all events, the event rate is now measured to be R =
56+44
�27 Gpc�3 y�1(GstLAL) and R = 57+47

�29 Gpc�3 y�1(PyCBC)
for the power law distribution. For the uniform in log dis-
tribution, we obtain R = 18.1+13.9

�8.7 Gpc�3 y�1(GstLAL) and
R = 19.5+15.2

�9.7 Gpc�3 y�1(PyCBC). The di↵erence in hVT i and
rate distributions between the two spin populations is smaller
than the uncertainty from calibration. Therefore, we present
a distribution for both populations, combined over searches,
in Fig 12 as an averaging over the spin configurations. The
union of the intervals combined over both populations lies in

20       60

BH-BH                                NS-NS                                   NS-BH

26

FIG. 13. This figure shows the posterior distributions of the BNS
event rate for the GstLAL and PyCBC searches. The uniform mass
distribution corresponds to the orange curves and Gaussian mass dis-
tributions corresponds to the blue curves. The symmetric 90% confi-
dence intervals are indicated with vertical lines beneath the posterior
distributions.

tic threshold applied to either. PyCBC measures a smaller
hVT i because its fiducial threshold is higher than GstLAL.
Despite the threshold di↵erence, the two searches find similar
values for ⇤BNS, and hence the rate for GstLAL is lower than
for PyCBC. For the uniform mass set, we obtain an interval
at 90% confidence of R = 800+1970

�680 Gpc�3 y�1(PyCBC) and
R = 662+1609

�565 Gpc�3 y�1(GstLAL), and for the Gaussian set we
obtain R = 1210+3230

�1040 Gpc�3 y�1(PyCBC) and R = 920+2220
�790

Gpc�3 y�1(GstLAL). These values are consistent with previ-
ous observational values (both GW and radio pulsar) as well
as more recent investigations [199].

D. Neutron Star Black Hole Event Rates

The NSBH space is a unique challenge both to model as-
trophysically and for which to produce accurate waveforms.
Astrophysical models span a wide range of potential mass ra-
tios and spin configurations, and there are no electromagnetic
observational examples. Hence, we take an approach similar
to previous analyses [192] and examine specific points in the
mass space while considering two component spin configu-
rations: isotropic and orbital angular momentum aligned as
described in Sec. VII B.

Since there were no confident detection candidates in the
NSBH category, we update the upper limit at 90% confidence
in this category in Fig. 14. All upper limits are below 610
Gpc�3 y�1. Those results are obtained using a uniform prior
over R. The Je↵reys prior (which also appeared in [192])
suppresses larger R values. This prior choice would obtain a
less conservative upper limit. This limit is now stronger at all
masses than the “high” rate prediction [200] (103 Gpc�3 y�1)

FIG. 14. This figure shows the 90% rate upper limit for the NSBH
category, measured at a set of three discrete BH masses (5, 10, 30
M�) with the fiducial NS mass fixed to 1.4 M�. The upper limit
is evaluated for both matched-filter search pipelines, with GstLAL
corresponding to red curves and PyCBC to blue. We also show two
choices of spin distributions: isotropic (dashed lines) and aligned
spin (solid lines).

for NSBH sources.

VIII. CONCLUSIONS

We have reported the results from GW searches for com-
pact mergers during the first and second observing runs by the
Advanced GW detector network. Advanced LIGO and Ad-
vanced Virgo have confidently detected gravitational waves
from ten stellar-mass binary black hole mergers and one bi-
nary neutron star inspiral. The signals were discovered using
three independent analyses: two matched-filter searches [8, 9]
and one weakly modeled burst search [11]. We have re-
ported four previously unpublished BBH signals discovered
during O2, as well as updated FARs and parameter estimates
for all previously reported GW detections. The reanalysis of
O1 data did not reveal any new GW events, but improve-
ments to the various detection pipelines have resulted in an
increase of the significance of GW151012. Including these
four new BBH mergers, the observed BBHs span a wide range
of component masses, from 7.7+2.2

�2.6 M� to 50.6+16.6
�10.2 M�. One

of the new events, GW170729, is found to be the highest-
mass BBH observed to date, with GW170608 still being the
lightest BBH [16]. Similar to previous results, we find that
the spins of the individual black holes are only weakly con-
strained, though for GW151226 and also for GW170729 we
find that �e↵ is positive and thus can rule out two non-spinning
black holes as their constituents at greater than the 90% cred-
ible level. The binary mergers observed during O1 and O2
range in distance between 40+10

�10 Mpc for the binary neutron
star inspiral GW170817 to 2750+1350

�1320 Mpc for GW170729,
making it not only the heaviest BBH but also the most dis-
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Mass Model Rate Parameters Spin Parameters

Model � ↵a �a E[a] Var[a]

Fixed Parameter (power-law)
A, with ↵ = 2.3,

0 1 1 N/A N/A
mmax = 50M�

Fixed Parameter (flat-in-log) Equation 16 0 1 1 N/A N/A

Non-Evolving A, B, C 0 N/A N/A [0,1] [0, 0.25]

Evolvinga A [-25, 25] N/A N/A 0 0
aThis model assumes the black holes have zero spin.

Table 4. Summary of models in Section 4, with prior ranges for the population parameters determining the rate models. The
fixed parameter models are drawn from Abbott et al. (2018). The fixed parameters are in bold. Each of these distributions
is uniform over the stated range; as previously, we require ↵a,�a � 1. Details of the mass models listed here are described in
Table 2.

a strong correlation between the mass power-law slope
and the redshift evolution parameter, although the max-
imum mass parameter remains well-constrained. As in
Section 3, we carry out a leave-one-out analysis, ex-
cluding the most massive and distant BBH, GW170729
from the sample (red curves in Figure 6). Without
GW170729, the marginalized mass-distribution poste-
riors become ↵ = 0.8+1.7

�2.2, mmax = 38+10

�4
M�.

Marginalizing over the two mass distribution param-
eters and the redshift-evolution parameter, the merger
rate density is consistent with being constant in red-
shift (� = 0), and in particular, it is consistent with
the rate estimates for the two fixed-parameter models
in Abbott et al. (2018), as shown in Figure 5. How-
ever, we find a preference for a merger rate density
that increases at higher redshift (� � 0) at 0.88 cred-
ibility. This preference becomes less significant when

Figure 5. Constraints on evolution of the BBH merger
rate density as a function of redshift. Including the 10 BBHs
from O1 and O2 in our analysis, we find a preference for a
merger rate that increases with increasing redshift. The solid
blue line gives the posterior median merger rate density and
dark and light bands give 50% and 90% credible intervals.
In green and red, the solid line and shaded region shows the
median and 90% credible interval of the rate inferred for each
of the fixed-parameter models.

GW170729 is excluded from the analysis, because this
event likely merged at redshift z & 0.5, close to the O1-
O2 detection horizon. Although GW170729 shifts the
posterior towards larger values of �, implying a stronger
redshift evolution of the merger rate, the posterior re-
mains well within the uncertainties inferred from the re-
maining nine BBHs. When including GW170729 in the
analysis, we find � = 6.5+9.1

�9.3 at 90% credibility, com-
pared to � = 0.9+9.8

�10.8 when excluding GW170729 from
the analysis. With only 10 BBH detections so far, the
wide range of possible values for � is consistent with
most astrophysical formation channels. The precision of
this measurement will improve as we accumulate more
detections in future observing runs and may enable us to
discriminate between di↵erent formation rate histories
or time-delay distributions (Sathyaprakash et al. 2012;
Van Den Broeck 2014; Fishbach et al. 2018).

5. THE SPIN DISTRIBUTION

The GW signal depends on spins in a complicated
way, but at leading order, and in the regime we are in-
terested in here, some combinations of parameters have
more impact on our inferences than others, and thus are
measurable. One such parameter is �e↵. For binaries
which are near equal mass, we can see from Equation 1
that only when black hole spins are high and aligned
with the orbital angular momentum �e↵ will be measur-
ably greater than zero. Figure 5 in Abbott et al. (2018)
illustrates the inferred �e↵ spin distributions for all of
the BBHs identified in our GW surveys in O1 and O2.
With a few exceptions, current observations of BBH spin
are not consistent with large, aligned black hole spins.
Only GW170729 and GW151226 show significant evi-
dence for positive �e↵; the rest of the posteriors cluster
around �e↵ = 0.
Despite these degeneracies, several tests have been

proposed to use spins to constrain BBH formation chan-
nels (Vitale et al. 2017; Farr et al. 2017, 2018; Steven-
son et al. 2017a; Talbot & Thrane 2017; Wysocki et al.
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GW170729 is special in many ways!
(50.6 + 34.3) Msun, at edge of PISN/PPISN gap; 80.3 Msun remnant

Farthest: DL~3Gpc
Largest spin

Low SNR (Virgo was in commissioning phase)
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Mass Parameters Spin Parameters

Model ↵ mmax mmin �q �m µm �m �m E[a] Var[a] ⇣ �i

A [-4, 12] [30, 100] 5 0 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

B [-4, 12] [30, 100] [5, 10] [-4, 12] 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

C [-4, 12] [30, 100] [5, 10] [-4, 12] [0, 1] [20, 50] (0, 10] [0, 10] [0, 1] [0, 0.25] [0, 1] [0, 4]

Table 2. Summary of models used in Sections 3, 4, and 5, with the prior ranges for the population parameters. The fixed
parameters are in bold. Each of these distributions is uniform over the stated range. All models in this Section assume rates
which are uniform in the comoving volume (� = 0). The lower limit on mmin is chosen to be consistent with Abbott et al.
(2018).

Figure 1. Inferred di↵erential merger rate as a function of primary mass, m1, and mass ratio, q, for three di↵erent assumptions.
For each of the three increasingly complex assumptions A, B, C described in the text we show the PPD (dashed) and median
(solid), plus 50% and 90% symmetric credible intervals (shaded regions), for the di↵erential rate. The results shown marginalize
over the spin distribution model. The fallo↵ at small masses in models B and C is driven by our choice of the prior limits on
the mmin parameter (see Table 2). All three models give consistent mass distributions within their 90% credible intervals over
a broad range of masses, consistent with their near-unity evidence ratios (Table 3); in particular, the peaks and trough seen in
Model C, while suggestive, are not identified at high credibility in the mass distribution.

mergers . 1. Thus, we are unable to place meaningful
constraints on the presence or absence of a mass gap at
low black hole mass.
Models B and C also allow the distribution of mass ra-

tios to vary according to �q. In these cases the inferred
mass-ratio distribution favors comparable-mass binaries
(i.e., distributions with most support near q ' 1), see
panel two of Figure 1. Within the context of our pa-
rameterization, we find �q = 6.7+4.8

�5.9 for Model B and
�q = 5.8+5.5

�5.8 for Model C. These values are consistent

with each other and are bounded above zero at 95% con-
fidence, thus implying that the mass ratio distribution
is nearly flat or declining with more extreme mass ra-
tios. The posterior on �q returns the prior for �q & 4.
Thus, we cannot say much about the relative likelihood
of asymmetric binaries, beyond their overall rarity.
The distribution of the parameter controlling the frac-

tion of the power law versus the Gaussian component in
Model C is �m = 0.4+0.3

�0.3, which peaks away from zero,
implying that this model prefers a contribution to the



Evidence for the second mass gap?

11

13

Figure 4. The left-hand panel shows compact object masses (mCO) from GW detections in O1 and O2, with the black
squares and error bars representing the component masses of the merging black holes and their uncertainties, and red triangles
representing the mass and associated uncertainties of the merger products. The horizontal green line shows the 99th percentile
of the mass distribution inferred from the PPD (cfr. Section 3.1). In the right-hand panel, the predicted compact-object mass
is shown as a function of the zero-age main sequence mass of the progenitor star (mZAMS) and for four di↵erent metallicities
of the progenitor star (ranging from Z = 10�4 to Z = 2⇥ 10�2, Spera & Mapelli 2017). This model accounts for single stellar
evolution from the PARSEC stellar-evolution code (Bressan et al. 2012), for core-collapse supernovae (Fryer et al. 2012), and
for pulsational-pair instability and pair-instability supernovae (Woosley 2017). The shaded areas represent the lower and upper
mass gaps. There is uncertainty as to the final product of GW170817. It is shown in the left-hand panel to emphasize that BNS
mergers might fill the lower gap.

pendently drawn from a flat-in-log distribution:

p(m1,m2) /
1

m1m2

, (16)

subject to the same mass cuto↵s 5M� < m2 <
m1 < 50M� as the fixed power-law population. Both
the power-law and flat-in-log populations assume an
isotropic and uniform-magnitude spin distribution
(↵a = �a = 1). These two fixed-parameter populations
are used to estimate the population-averaged sensitive
volume hV T i with a Monte-Carlo injection campaign as
described in Abbott et al. (2018), with each population
corresponding to a di↵erent hV T i because of the strong
correlation between the mass spectrum and the sensitive
volume. Under the assumption of a constant-in-redshift
rate density, these hV T i estimates yield two di↵erent
estimates of the rate: 57+40

�25
Gpc�3 yr�1for the ↵ = 2.3

population, and 19+13

�8.2 Gpc�3 yr�1for the flat-in-log
population.

While the two fixed-parameter distributions are struc-
turally consistent with prior work, they do not incor-
porate all information about the mass, mass ratio, spin
distribution, and redshift evolution suggested by our ob-
servations in O1 and O2. In this section, rather than fix-
ing the mass and spin distribution, we estimate the rate
by marginalizing over the uncertainty in the underlying
population, which we parameterize with the mass and
spin models employed in Sections 3 and 5. When carry-
ing out these analyses, it is computationally infeasible
to determine V T (⇠) for each point in parameter space
with the full Monte-Carlo injection campaign described
in Abbott et al. (2018), so we employ the semi-analytic
methods described in Appendix A. Furthermore, while
the rate calculations in Abbott et al. (2018) incorporate
all triggers down to a very low threshold and fit the num-
ber of detections by modeling the signal and background
distributions in the detection pipelines (Farr et al. 2015;
Abbott et al. 2016e), in this work we fix a high detec-
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The sound of black holes (Ryan Lang & Scott Hughes)

1) Two neutron stars (1.5+1.5), LIGO

2) Two black holes (2.5+2.5), LIGO

3) Two black holes (50+50), LIGO

4) Two black holes, q=1/3, LISA, no spin

5) Two black holes, q=1/3, LISA, spinning
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FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GW events.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals of the
distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source frame chirp mass.
The colors correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89. Top left panel:

The mass ratio q = m2/m1. Top right panel: The e↵ective aligned spin magnitude �e↵ . Bottom left panel: Contours of 90% credible regions for
the e↵ective aligned spin and mass ratio of the binary components for low (high) mass binaries are shown in the upper (lower) panel. Bottom

right panel: The e↵ective precession spin posterior (colored) and its e↵ective prior distribution (white) for BBH (BNS) events. The priors
have been conditioned on the �e↵ posterior distributions.

tive) values of �e↵ increase (decrease) the number of orbits
from any given separation to merger with respect to a non-
spinning binary [37, 145]. We show posterior distributions
for this quantity in the top right panel of Fig. 5. Most pos-
teriors peak around zero. The posteriors for GW170729 and
GW151226 exclude �e↵ = 0 at > 90% confidence, but see
Sec. V F. As can be seen from Table III, the 90% intervals are
0.11–0.58 for GW170729 and 0.06–0.38 for GW151226.

As shown in the bottom left panel of Fig. 5, the mass
ratio and e↵ective aligned spin parameters can be degener-
ate [116, 122, 146] which makes them di�cult to measure
individually. For lower-mass binaries most of the waveform

is in the inspiral regime, and the posterior has a shape that
curves upwards towards larger values of �e↵ and lower val-
ues of q, exhibiting a degeneracy between these parameters.
This degeneracy is broken for high-mass binaries for which
the signal is short and is dominated by the late inspiral and
merger [139]. For all observed binaries the posteriors reach
up to the equal mass boundary (q = 1). With current de-
tector sensitivity it is di�cult to measure the individual BH’s
spins [139, 147–149] and, in contrast to �e↵ , the posteriors
of an anti-symmetric mass-weighted linear combination of �1
and �2 are rather wide.

The remaining spin degrees of freedom are due to a mis-

Effective spins

14

GW151226: ceff=0.18
GW170729: ceff=0.36

GW170104: evidence for ceff<0 mostly gone



III PARAMETER INFERENCE

FIG. 3. A Mollweide projection of the posterior probability
density for the location of the source in equatorial coordinates
(right ascension is measured in hours and declination is mea-
sured in degrees). The location broadly follows an annulus
corresponding to a time delay of ⇠ 3.0+0.4

�0.5 ms between the
Hanford and Livingston observatories. We estimate that the
area of the 90% credible region is ⇠ 1200 deg2.

FIG. 4. Posterior probability density for the source luminos-
ity distance DL and the binary inclination ✓JN . The one-
dimensional distributions include the posteriors for the two
waveform models, and their average (black). The dashed lines
mark the 90% credible interval for the average posterior. The
two-dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

values because of the greater preference for spins with
components antialigned with the orbital angular momen-
tum.

The final calibration uncertainty is su�ciently small
to not significantly a↵ect results. To check the impact
of calibration uncertainty, we repeated the analysis using
the e↵ective-precession waveform without marginalising

FIG. 5. Posterior probability densities for the e↵ective in-
spiral spin �e↵ for GW170104, GW150914, LVT151012 and
GW151226 [13], together with the prior probability distri-
bution for GW170104. The distribution for GW170104 uses
both precessing waveform models, but, for ease of compari-
son, the others use only the e↵ective-precession model. The
prior distributions vary between events, as a consequence of
di↵erent mass ranges, but the di↵erence is negligible on the
scale plotted.

FIG. 6. Posterior probability density for the final black hole
mass Mf and spin magnitude af . The one-dimensional dis-
tributions include the posteriors for the two waveform mod-
els, and their average (black). The dashed lines mark the
90% credible interval for the average posterior. The two-
dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

4

Low effective spin disfavors field – but are data informative?



[Rodriguez+, 1609.05916]

Misalignment and cluster formation
Does a single measurement of ceff<0 rule out field formation?

Neutron stars: Maxwellian with s=265 km/s [Hobbs+ 2005]
Colors: misalignment of total spin qLS in field; solid lines: cluster,
GW150914: Mchirp=28 Msun, full kicks unlikely
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Spin-orbit resonance and the evolution of compact binary systems
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Starting with a post-Newtonian description of compact binary systems, we derive a set of equations that
describes the evolution of the orbital angular momentum and both spin vectors during inspiral. We find
regions of phase space that exhibit resonance behavior, characterized by small librations of the spin
vectors around a fixed orientation. Because of the loss of energy and orbital angular momentum through
radiation reaction, systems can eventually be captured into these resonance orientations. By investigating
the long-term evolution of compact binaries with a variety of initial conditions, we find that the
distribution in parameter space can be strongly affected by resonance captures. This has the effect of
significantly reducing the size of search space for gravitational wave sources, in turn improving the
chances of detecting such sources through methods of template matching. Furthermore, by calculating the
expected spin distribution at the end of the inspiral phase, we can predict what are the most likely initial
conditions for the plunge phase, a result of great interest for numerical relativity calculations.

DOI: 10.1103/PhysRevD.70.124020 PACS numbers: 04.25.Nx, 04.30.Db, 95.30.Sf

I. INTRODUCTION

The inspiral and subsequent coalescence of two black
holes (BH) or neutron stars (NS) promises to be a strong
source of gravitational waves for a number of new inter-
ferometric detectors currently being developed.1 In order
to successfully detect and then analyze such sources, we
need to have an accurate description of the gravitational
waveforms they will produce. For longer signals lasting
many orbital cycles (typically NSs in the LIGO frequency
band and BHs in the LISA band), the detection methods
rely heavily on a technique called matched filtering. This
method is based on the premise that we can calculate
theoretical templates of gravitational waves which in turn
are cross correlated with the observed data in an attempt to
match a small amplitude signal buried under high back-
ground noise. Since the anticipated signal can be hundreds
or even thousands of cycles long, it is critical that the form
of the theoretical template is very accurate or the detection
could be missed. Once detected, the observed waveform
must then be compared to a larger collection of model
templates in order to fit the binary parameters and deter-
mine their statistical confidences.

Approximate templates that do not include spin effects
have been shown to have a poor chance of matching
gravitational waveforms from spinning binaries [1–6].
Even if we were able to calculate the theoretical wave-
forms with perfect physical accuracy, the binary black hole
system is so complicated that we would need a very large
template library to give a reasonable chance at detection
[3,7]. For two spinning black holes, the parameter space is

characterized by at least 11 intrinsic variables [the masses
(2), the angular momentum vector (3), and two-spin vec-
tors (6)]. Apostolatos et al. [8] showed that the two-spin
system can be reduced in the limits of equal mass when
neglecting spin-spin interactions and later Apostolatos [9]
included these terms for the equal mass, equal spin case.
Recent work by Buonanno et al. [7] showed that the size of
this parameter space can also be reduced by considering a
set of quasiphysical templates that mimic the physical
behavior of two spins with a single effective spin.
Grandclement et al. [5] have suggested a different method
of using ‘‘spiked’’ templates to expand the search tem-
plates and simulate spin effects. While these fitting meth-
ods greatly aid the searches for gravitational waves, they
could also benefit from additional astrophysical informa-
tion about the systems that are producing the waves, as well
as their evolution up to the point where they enter the
frequency regime of the detector. The added advantage of
using strictly physical templates is the direct manner in
which they allow us to determine the intrinsic parameters
of the compact binary.

There are a number of stellar evolution models that
describe the formation of binary black hole systems, in-
cluding estimates for initial spins and kick velocities,
which in turn can give the orientation of the orbit [10–
13]. However, there is still a fair amount of uncertainty in
the appropriate initial values to use for inspiraling stellar-
mass black hole binaries. The mechanisms governing
supermassive or intermediate mass black hole mergers
are even less certain. In both cases, we have little or no
idea what to expect the system might look like as it enters
the final stages of evolution towards inspiral and merger.

In addition to the compact objects formed through bi-
nary stellar evolution, another important source of gravi-
tational waves may be capture binaries [14]. These include
binary systems that form in the cores of dense globular

1http://www.ligo.caltech.edu/
http://www.virgo.infn.it
http://www.geo600.unihannover.de
http://tamago.mtk.nao.ac.jp
http://lisa.nasa.gov
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To isolate the effects of spin orientation during the PN
inspiral of the BH binaries, we fix the final mass ratio to the
typical value q ¼ 0:8 [12]. To ensure that this final mass
ratio is obtained, the initial stellar masses of the binaries
must be fixed to ðM0

Si;M
00
SiÞ ¼ ð35M$; 16:75M$Þ in the

SMR scenario, or ð30M$; 24M$Þ in the RMR scenario.
Throughout the paper, we use a single prime to identify
the initially more massive stellar progenitor or ‘‘primary,’’
and a double prime to denote the initially less massive
progenitor or ‘‘secondary.’’ This choice of initial masses
also fixes the total mass of our BH binaries to M ¼
13:5M$, quite close to the expected peak of the distribution
for the total mass [12]. The mass of the stars is somewhat
smaller than expected for the progenitors of BHs of these
masses because we have neglected stellar winds, that lead
to considerable mass loss prior to BH formation. Table I
provides numerical values for the masses and radii of both
the primary and secondary throughout the evolution in both
the SMR and RMR scenarios. Appendix A 1 shows how
this choice of initial masses leads to BHs of the desired
final masses.

The initial main-sequence stage of the evolution is
shown as phase a in Fig. 3. Binaries are assumed to form

on circular3 orbits with initial semimajor axes a0 drawn
from the distribution described in Appendix A 2. We
assume that the spins of the primary S0 and secondary S00

are initially aligned4 with the orbital angular momentum
L. As the primary evolves, its envelope expands until it
fills its Roche lobe, initiating stable mass transfer to the
secondary (phase b in Fig. 3). The efficiency of mass
transfer is usually parametrized via a parameter
fa 2 ½0; 1&: cf. Eq. (A9) of Appendix A 3. We assume
this mass transfer continues until the primary has depleted
its hydrogen envelope, leaving behind a helium core of
mass M0

C ¼ 8:5M$ (M0
C ¼ 8M$) in the SMR (RMR)

scenario. Following [12], we assume semiconservative

FIG. 3. A schematic representation of our model for BH binary formation and spin evolution. Empty circles represent stars, filled
circles represent BHs. Phase (a) shows the initial main-sequence stellar binary. Mass transfer from the primary to the secondary (b)
leads to a possible mass-ratio reversal. The first SN kick tilts the angle between the spins and the orbital plane (c). Tidal interactions
can realign the stellar member of the binary (d). The second SN kick tilts the orbital plane again (e). Gravitational radiation shrinks and
circularizes the binary before our explicit PN evolution begins (f).

3The initial eccentricity has minimal effect. In fact we have
repeated our calculations using an initially thermal distribution
of eccentricities of the form fðeÞ ¼ 2e, and we observed no
significant difference in the final distribution of !" and !12.

4The alignment of stellar spins in eclipsing binaries can be
measured through the Rossiter-McLaughlin effect [34,35].
Although many systems have aligned spins [36– 38], there are
notable exceptions [39]. We expect efficient tidal alignment in
the progenitors of merging BH binaries, due to their small initial
separations.
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FIG. 1. Predictions for the spin orientation of BH binary as they enter the LIGO/Virgo band.
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FIG. 2. Probability distribution of the angle between the
projections of the spins on the orbital plane ��. Under the
e↵ect of tides the PN evolution brings the spins in the same
plane (�� ! 0�,±180�), both in a reversed mass ratio (top)
and in a standard mass ratio (middle) scenario. When tidal
e↵ects are removed (bottom) the spins precess freely and pile
up at �� = ±90�.

the scope of our toy model. We combine Startrack pre-
dictions with our results in Sec. IV.

A. Black hole binary formation

We detail here our model of BH formation: a graphi-
cal representation is given in Fig. 4. The BH spin angle
distributions are obtained performing Monte Carlo sim-
ulation over the initial separation a0 and the kick veloc-
ities vk. Length scales are defined via Roche lobe over-
flow conditions. Given a binary system consisting of two
masses m↵ and m� at a separation a, we estimate the
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FIG. 3. Probability distribution of the angle between the two
spins ✓12. Under the e↵ect of tides both in a reversed mass
ratio (top) the spins end up almost completely aligned with
each other. In the standard mass ratio scenarion (middle) and
when tides are removed (bottom) a long tail at large values
of ✓12 is preserved. [DG: This figure is not interesting enough

for the introduction...]

Roche lobe radius of m↵ using [17]

RL(a,m↵,m�) = a
0.49q2/3

0.6q2/3 + ln
�
1 + q1/3

� , q =
m↵

m�

.

(8)

[DG: Change notation to q ?]
[MK: What is M 0? Pick either primes or ↵,�, confusing

to use both. Specify which star is overflowing its Roche
lobe.] [DG: Fixed]

a) Consider a binary star system of zero-age main
sequence masses M 0

Si
> M

00
Si

⇠ 20M� on a circular orbit
(e0 = 0) of radius a0. At this stage, we assume both
the spins are completely aligned with the orbital angular

Inverse problem: binary evolution from GW observations
[Gerosa+, 1302.4442]

0.02

0.04

0.06

0.08

0.02

0.04

0.06

0.08

0 45 90 135 180

0.02

0.04

0.06

0.08

0.005

0.01

0.015

0.02

0.005

0.01

0.015

0.02

-180 -90 0 90 180
0

0.005

0.01

0.015

0.02



[Gerosa+, 1808.02491]

Full population synthesis study
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Full population synthesis study

[Gerosa+, 1808.02491]

Trends:

Larger kicks give larger misalignments

(fiducial Rodriguez model: small BH kicks)

Typically 3%-10% of binaries have ceff<0

In this model no kick gives no misalignment 

by construction, but “BANANA”

Conservative statement: single detections 

with ceff<0 suggest dynamical formation if

• Spins are initially aligned

• Black hole kicks are small

Tides matter, spin magnitude doesn’t:

break magnitude/misalignment degeneracy

Does a single measurement of ceff<0 rule out field formation?

No!



[Taylor+Gerosa, 1808.02491]

Ultimate goal: constrain hyperparameters
https://davidegerosa.com/spops/

Main uncertainties in population synthesis models: 
metallicity (Z), common envelope (ace), kick magnitude (sk)

https://davidegerosa.com/spops/


Why does spin precession matter?

Precessional dynamics in vacuum is 

• Understood!
Schnittman’s spin-orbit resonances
An integral of motion (x or ceff) allows effective potential approach
Phase transitions between different “morphologies”

• Important
Connects astrophysics of spin alignment at formation (initial conditions)
to precessional dynamics in the band of GW detectors (LIGO/LISA)

• Allows us to address the inverse problem: 
Given precessional dynamics, infer astrophysical formation

LIGO: mass transfer, tidal alignment, supernova kicks
LISA: complementary information

targets different population
eccentricity



LISA and multiband 
gravitational-wave 

astronomy

with Nishizawa, Sesana, Klein, Tanay,
Wong, Cutler, Kovetz, Vitale, Jani…



to 10 years. The low frequency noise has been set to the level successfully demonstrated by the
LISA Pathfinder [23]. We refer to these two latter designs as LISA4yr and LISA10yr. Numbers
of detected BHBs are presented below for each of the eight configurations just described.

2.3. Observed systems and their properties

Figure 2. Number of resolved
BHBs for di↵erent LISA baselines
(as labelled on the x-axis). Orange
triangles and blue squares are for
models flat and salp respectively.
Symbols and error-bars are the
median and 95% confidence interval
from 200 realizations of the BHB
population. The top panel show
the total number of sources with
S/N> 8 across the whole LISA
band, whereas the lower panel
is restricted to sources that will
eventually coalesce in the aLIGO
band within 10 years from the start
of the LISA mission. Results for
the LISA configuration proposed to
ESA, assuming a mission lifetime
of either 4 or 10 years (LISA4yr,
LISA10yr) are shown with thicker
symbols.

Depending on the baseline, the number of sources that can be detected above the nominal
signal-to-noise ratio (S/N) threshold of eight varies by more than two orders of magnitudes, from
just a few in the N1A1 configuration to about a thousand in the N2A5 configuration. Perhaps
counter-intuitively, the armlength appear to have a strong impact on the number of detections.
This is because, besides shifting the low frequency sensitivity, armlength also severely a↵ects the
depth of the bucket, where most of the resolvable BHBs live (see sensitivity curves in figure 1).
Therefore, even with equal high frequency noise (as it is the case for all NxAy configurations),
the number of detectable sources increases by about two orders of magnitude going from one
(A1) to five (A5) million km. LISA4yr performs rather similarly to N2A2, as expected from
the similar mission specifications. The sensitivity in the bucket of the two configurations is
essentially identical, resulting in a comparable number of total detections with S/N> 8 (upper
panel). Numbers are actually slightly lower for the LISA4yr configuration, because the mission
lifetime was assumed to be 5 years in the N2A2 case, and S/N/ T

1/2. There is, however, a
noticeable di↵erence in the number of sources crossing to the aLIGO band in less then 10 years
(lower panel). This is because those accumulate all their S/N at f > 10 mHz, where the LISA4yr
sensitivity becomes about 30-40% worse than the N2A2 one. Since the cumulative number of
sources is proportional to (S/N)3, this results in a di↵erence of a factor of more than two in
detected systems. LISA would definitely benefit from reaching the 10 year lifetime goal. The
number of observable sources is in fact boosted by almost a factor of four in the LISA10yr
case, with typical detection numbers of several hundreds. This is again because S/N/ T

1/2 and
the the cumulative number of sources is proportional to (S/N)3. In general the flat model, in

2

FIG. 1: The multi-band GW astronomy concept. The violet lines are the total sensitivity curves (assuming two Michelson) of
three eLISA configurations; from top to bottom N2A1, N2A2, N2A5 (from [11]). The orange lines are the current (dashed) and
design (solid) aLIGO sensitivity curves. The lines in di↵erent blue flavours represent characteristic amplitude tracks of BHB
sources for a realization of the flat population model (see main text) seen with S/N> 1 in the N2A2 configuration (highlighted
as the thick eLISA middle curve), integrated assuming a five year mission lifetime. The light turquoise lines clustering around
0.01Hz are sources seen in eLISA with S/N< 5 (for clarity, we down-sampled them by a factor of 20 and we removed sources
extending to the aLIGO band); the light and dark blue curves crossing to the aLIGO band are sources with S/N> 5 and
S/N> 8 respectively in eLISA; the dark blue marks in the upper left corner are other sources with S/N> 8 in eLISA but
not crossing to the aLIGO band within the mission lifetime. For comparison, the characteristic amplitude track completed by
GW150914 is shown as a black solid line, and the chart at the top of the figure indicates the frequency progression of this
particular source in the last 10 years before coalescence. The shaded area at the bottom left marks the expected confusion
noise level produced by the same population model (median, 68% and 95% intervals are shown). The waveforms shown are
second order post-Newtonian inspirals phenomenologically adjusted with a Lorentzian function to describe the ringdown.

0.73) [12], and dtr/dfr describes the temporal evolution
of the source due to GW emission assuming circular or-
bits:

dtr
dfr

=
5c5

96⇡8/3
(GMr)

�5/3f�11/3
r . (3)

As mentioned above, for both the flat and salp models,
probability distributions of the intrinsic rate R are given
in [3] (see their figure 5). We make 200 Monte Carlo
draws from each of those, use equation (2) to numeri-
cally construct the cosmological distribution of emitting
sources as a function of mass redshift and frequency, and
make a further Monte Carlo draw from the latter. For
each BHB mass model, the process yields 200 di↵erent
realizations of the instantaneous BHB population emit-
ting GWs in the Universe. We limit our investigation
to 0 < z < 2 and fr > 10�4Hz, su�cient to cover all
the relevant sources emitting in the eLISA and aLIGO
bands.

Signal-to-noise ratio computation. An in-depth study

of possible eLISA baselines in under investigation [11],
and the novel piece of information we provide here might
prove critical in the selection of the final design. There-
fore, following [11], we consider six baselines featuring
one two or five million km arm-length (A1, A2, A5) and
two possible low frequency noises – namely the LISA
Pathfinder goal (N1) and the original LISA requirement
(N2)–. We assume a two Michelson (six laser links) con-
figuration, commenting on the e↵ect of dropping one arm
(going to four links) on the results. We assume a five year
mission duration.

In the detector frame, each source is characterized
by its redshifted quantities M = Mr(1 + z) and f =
fr/(1 + z). During the five years of eLISA observations,
the binary emits GWs shifting upwards in frequency from
an initial value fi, to an ff that can be computed by in-
tegrating equation (3) for a time tr = 5yr/(1 + z). The
sky and polarization averaged S/N in the eLISA detector

Detected

Crossing to LIGO band

Multiband rates: few to ~100 events

[Sesana,1602.06951; 1702.04356]
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FIG. 3: Parameter estimation accuracy from eLISA observa-
tions. Top left: accuracy in the determination of the BHB
coalescence time; top right: sky localization of the sources;
bottom left: relative error in the determination of the chirp
mass M; bottom right: relative error in the determination
of the symmetric mass ratio ⌘ = M1M2/(M1 + M2)

2. His-
tograms show normalized distributions obtained from a Monte
Carlo realization of 1000 sources observed with S/N> 8 in the
N2A5 configuration for five years of mission operation. Esti-
mates were obtained via Fisher Matrix analysis using second
order Post-Newtonian non spinning waveforms [13] and the
full time-dependent eLISA response function.

The plot was constructed by running the Fisher Matrix
code on a sub-sample of 1000 sources coalescing in five
years and resulting in an S/N> 8 in the eLISA detector
(configuration N2A5, but distributions are largely insen-
sitive to the specific design), taken from our 200 Monte
Carlo realizations of the flat BHB mass model. The
exquisite precision is due to the many thousands of wave
cycles emitted by the system convoluted to the multiple
orbits completed by the eLISA detector over five years.
Given the simple waveform and detector response mod-
els, our parameter error estimates should be only taken
as indicative of the realistic capabilities of an eLISA-type
detector. However, adding complexity to the waveform
and to the response function generally improves measure-
ment accuracy. Typically few weeks before appearance in
the aLIGO band, the relative errors in the mass measure-
ments is better than 1%, the sky location is better than
1deg2, and the coalescence time can be predicted within
less than ten seconds. These figures open the possibility
to mutually enhance the capabilities of aLIGO and eLISA
and to open the era of multi-band GW astronomy.

Electromagnetic counterparts to BHB coalescences are
theoretically not expected, unless matter (likely ion-
ized hot gas in form of some accretion disk) is also

present. However, a tentative gamma signal coincident
with GW150914 has been detected by the Gamma-ray
Burst Monitor (GBM) on board Fermi [15]. This is a
nearly all-sky monitor with necessarily limited sensitiv-
ity and angular resolution. The fact that no alert can
be sent to satellites and telescopes prior to coalescence
fundamentally limits the possibility real-time electromag-
netic observations of aLIGO BHBs by telescopes with
more restricted field of view and higher sensitivity [16–
18]. However, for up to a couple of hundred sources in
the best configuration, eLISA can alert aLIGO and all
possible electromagnetic probes weeks in advance, pro-
viding the exact location and time of the merger. All the
most sensitive probes covering the sky from the radio to
the �-ray, can then be pre-pointed securing the detection
of a prompt counterpart at any wavelength, should there
be one. This eventuality will open new horizons in mul-
timessenger astronomy, also providing a new population
of standard sirens [19] for cosmology. Moreover, eLISA
will determine the individual masses of the two systems
within < 1% accuracy, possibly constraining also their
spins. This wealth on information can be used to pin-
down the pre-merger properties of the BHB to a level
that is unthinkable with aLIGO only, tremendously im-
proving the feasibility of fundamental physics and strong
gravity tests [20, 21]. On the other hand, aLIGO will
likely see BHBmergers that have an S/N< 8 in the eLISA
data-stream (see figure 1). Those can be used as triggers
to search back in the eLISA data for sub-threshold sig-
nals. Equivalently, one can flag all events with a S/N
much lower than the confident detection threshold in the
eLISA data-stream, and wait for their aLIGO confirma-
tion. Lastly, these systems provide a unique consistency
test-bed for the two instruments, that can be the ulti-
mate cross-band check vetting their mutual calibration.

Below the resolvable sources, there is an unresolved
confusion noise of the same nature of the one gener-
ated by WD-WD binaries [22]. We find that this confu-
sion noise will a↵ect the bottom of the eLISA sensitivity
curve only for optimistic BHB merger rates in combina-
tion with the best detector configuration (see figure 1),
and therefore should note pose a serious issue for the de-
tectability of other low S/N sources such as extreme mass
ratio inspirals [23]. However, only in six link baselines,
laser links can be combined appropriately to make the
background measurement feasible [24] even without the
standard cross correlation analysis [25]. The expected
S/N, computed via equation (7), is in the range 1� 200,
depending on the baseline. We caution, however, that we
assumed a cosmologically non-evolving BHB merger rate.
Although this might by a safe assumption at the low red-
shifts relevant to the statistics of resolvable source, it is
almost certainly not at z ⇡ 2� 3 [26], where sources still
contribute significantly to the unresolved background.
Therefore, this signal can be used in combination to the
information derived by individually resolvable sources to

Time of arrival: seconds, localization: <1 deg2

[Sesana,1602.06951]



• Limited improvements on 3G PE
GW150914: 
SNR~700 (2000) in Voyager (Cosmic Explorer)
[cf. Vitale 1605.01037]

• However LISA will break degeneracies:
(c1, c2) from LISA, ceff and cf from LIGO
Mchirp from LISA, M from LIGO

• Use 3G detections to remove foreground
and go after stochastic backgrounds

• Use LISA for 3G phase/amplitude calibration

• Post-process LISA data after 3G detection:
boost LISA multiband event rates

Multiband observations in the 3G era

[Figure courtesy of Neil Cornish]
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Figure 2. Posterior distribution of chirp
mass Mc and total mass Mtotal obtained us-
ing LISA (blue); a third-generation ground-
based detector network consisting of ET [35]
and CE [1] (red); and the combined measure-
ment (dark green). The matched-filter SNR
of this system was 5.5 in LISA and 1010 in
the ground-based network.

Briefly, the results in Fig. 2 were

derived as follows. We first ran

a Fisher matrix calculation to pro-

duce posterior distributions represen-

tative of the LISA measurement. In

the Fisher matrix approximation, the

likelihood is a multivariate Gaussian.

We augmented LALInference [48],

the Bayesian stochastic sampler rou-

tinely used by the LIGO and Virgo

collaborations, to use the covariance

matrix produced in the first step as

a Bayesian prior for parameter esti-

mation with ground-based data. We

simulated the GW signals of IMBHs

using the IMRPhenomPv2 waveform

template [26; 43] and added them

to Gaussian noise. The final poste-

rior was calculated using a coherent

Bayesian analysis [48]. For this proof

of principle, we neglected spins in our waveform models. Unlike in Fig. 1, the masses

in Fig. 2 are ”observer-frame” masses, and so larger than the ”source-frame” values

by the factor (1 + z). (This choice avoids the propagation of distance errors into the

displayed result, which would unnecessarily complicate the interpretation.) In this

case, we see that the degeneracy-breaking shrinks the area of the 2-� error ellipse by

about six orders of magnitude!

We note, however, that the benefits from multi-band data illustrated in Fig. 2 do

decrease as the total mass decreases. For stellar-mass sources like GW150914, the

SNR in the ground-based detectors is so high [53] that little is gained by folding-in

LISA’s measurements, at least where the binary’s parameters are concerned. However,

even for stellar mass binaries, combining the low- and high-frequency signals can

significantly strengthen some tests of general relativity, as discussed below.

4) Multiband observations are expected to yield stringent tests of general

relativity. This is for basically the same reason that multiband observations can

lead to large improvements in parameter estimation: tracking the GW phase over

several decades in frequency provides a long ”lever-arm” for comparing measurement

to theory. The improvements in bounds on various theories of gravity coming from

multiband observations have been quantified [5; 12; 8]; to summarize, IMBH binaries

with total mass Mtotal ⇠ 103M� should provide especially strong constraints, since

in that mass regime the SNR can be large in both frequency bands. The optical

configurations of some ground-based instruments could also be optimized, specifically

• Limited improvements on 3G PE
GW150914: 
SNR~700 (2000) in Voyager (Cosmic Explorer)
[cf. Vitale 1605.01037]

• However LISA will break degeneracies:
(c1, c2) from LISA, ceff and cf from LIGO
Mchirp from LISA, M from LIGO

• Use 3G detections to remove foreground
and go after stochastic backgrounds

• Use LISA for 3G phase/amplitude calibration

• Post-process LISA data after 3G detection:
boost LISA multiband event rates

Multiband observations in the 3G era

[Cutler+, 1903.04069]



Expanding the LISA horizon from the ground



• Outer circle: r=2 LISA threshold

• Black dots: 
astrophysical events
(all of them detected by LIGO)

• Red dots: noise

• Detected with 
no extra information from LIGO

[Wong, Kovetz, Cutler, EB, 1808.08247]

Expanding the LISA horizon from the ground



• Outer circle: r=2 LISA threshold

• Black dots: 
astrophysical events
(all of them detected by LIGO)

• Red dots: noise

• Detected with 
no extra information from LIGO

• Remove noise if event properties 
do not agree with LIGO detections

[Wong, Kovetz, Cutler, EB, 1808.08247]

Expanding the LISA horizon from the ground



• Outer circle: r=2 LISA threshold

• Black dots: 
astrophysical events
(all of them detected by LIGO)

• Red dots: noise

• Detected with 
no extra information from LIGO

• Blue dots:
recovered by LIGO coincidence

Rates increase by a factor (8/4)3=8

[Wong, Kovetz, Cutler, EB, 1808.08247]

Expanding the LISA horizon from the ground



Expanding the LISA horizon from the ground

[Wong, Kovetz, Cutler, EB, 1808.08247]



Multiband rates for field binaries

[Gerosa+, 1902.00021]



Which sub-population gives multiband events?

[Gerosa+, 1902.00021]



Kozai around MBHs
[Antonini+, 1509.05080] 
or primordial black holes

[Cholis+, 1606.07437]
can generate 

large eccentricity
in LISA band

Is e measurable?
Yes, if large enough

2 A. Nishizawa et al.

the field and cluster scenarios. However, Sesana (2016) showed that,
depending on the intrinsic rates (which are only loosely constrained
by current detections) and on the detector baseline, the evolved
Laser Interferometer Space Antenna (eLISA) will observe few to
few thousands BHBs (see also Kyutoku & Seto 2016). Because of
the much lower frequency band, eLISA will detect these systems
before circularization, and in many cases it will be able to measure
their eccentricity (Nishizawa et al. 2016).

In this Letter we use Bayesian model selection to demonstrate
how eLISA eccentricity measurement can conclusively distinguish
between di�erent BHB formation channels. In Section II we con-
sider three models for BHB formation, and discuss the eccentricity
distributions predicted by these models in the eLISA band1. In Sec-
tion III we simulate and analyse eLISA observations using various
models and detector baselines. In Section IV we present our main
results, and in Section V we discuss their implications. We assume
a concordance ⇤CDM cosmology with h = 0.679, ⌦M = 0.306
and ⌦⇤ = 0.694 (Planck Collaboration et al. 2015).

2 ASTROPHYSICAL MODELS AND ECCENTRICITY
DISTRIBUTIONS

We consider a BHB population merging at a rate R, character-
ized by a chirp mass probability distribution p(Mr ) – where
Mr ⌘ (M1,r M2,r )3/5/(M1,r +M2,r )1/5, and a subscript r denotes
quantities in the rest frame of the source – and by an eccentricity
probability distribution p(e⇤) at some reference frequency f⇤ close
to coalescence (we set f⇤ = 10Hz). If p(e⇤) depends only on the
BHB formation route, but not on chirp mass and redshift, the merger
rate density per unit mass and eccentricity is given by

d
3
n

dMr dtr de⇤
= p(Mr ) p(e⇤) R . (1)

Equation (1) can be then converted into a number of sources emitting
per unit mass, redshift and frequency at any time via

d
4

N

dMr dzd fr de⇤
=

d
3
n

dMr dtr de⇤
dV

dz

dtr

dfr

(e(e⇤, f )), (2)

where dV/dz is the standard volume shell per unit redshift, and

dtr

dfr

(e(e⇤, f )) =
5c

5

96⇡8/3 (GMr )�5/3
f
�11/3
r

1
F (e(e⇤, f ))

. (3)

Here

F (e(e⇤, f )) = (1 � e
2)�7/2
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96

e
4
!
, (4)

and e(e⇤, f ) is computed by finding the root of

f
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2666664
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2
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870/22993777775

�3/2

. (5)

We can construct a population of systems potentially observable by
eLISA by Monte Carlo sampling from the distribution in equation
(2) using appropriate distribution functions for p(Mr ) and p(e⇤).
For the mass distribution we employ the “flat” mass function of
Abbott et al. (2016f), i.e., we assume that the two BH masses are
independently drawn from a log-flat distribution in the range 5M� <
M1,2,r < 100M� , restricting the total BHB mass to the be less than

1 For a detailed astrophysical comparison of BHBs formed in galactic fields
and globular clusters observable by eLISA, see Breivik et al. (2016).

Figure 1. Eccentricity distributions predicted by the field (orange), cluster

(turquoise) and MBH (purple) scenarios. The top panel show the distribu-
tion at the reference frequency f⇤ = 10Hz, while the bottom panel is the
observable distribution p(e0) evolved “back in time” to f0 = 0.01Hz.

100M� . For the eccentricity distribution we consider, as a proof of
concept, three popular BHB formation scenarios:

(i) Model field: this is the default BHB field formation scenario
of Kowalska et al. (2011), taken to be representative of BHBs
resulting from stellar evolution.

(ii) Model cluster: globular clusters e�ciently form BHBs via
dynamical capture. Most of these BHBs are ejected in the field and
evolve in isolation until they eventually merge. Because of their
dynamical nature, BHBs typically form with a thermal eccentric-
ity distribution. A comprehensive study of this scenario has been
performed by Rodriguez et al. (2016c).

(iii) Model MBH. BHs and BHBs are expected to cluster in galac-
tic nuclei because of strong mass segregation. In this case, binaries
within the sphere of influence of the central MBH undergo Kozai-
Lidov resonances, forming triplets in which the external perturber
is the MBH itself. This scenario has been investigated in Antonini
& Perets (2012), and it results in high BHB eccentricities.

The eccentricity distributions at f⇤ = 10Hz, as predicted by
these models, are shown in the top panel of Figure 1. In the bottom
panel we propagate these distributions “back in time” to obtain
p(e0) at frequency f0 = 0.01Hz, where most eLISA detections are
expected to occur. In this calculation we must take into account the
fact that highly eccentric binaries evolve more quickly – by a factor
F (e) – than circular ones, so that only a few highly eccentric binaries
will be observable in the eLISA band for a given coalescence rate.

3 SIMULATIONS AND ANALYSIS TOOLS

We consider two eLISA baselines, N2A2 and N2A5 in the notation
of Klein et al. (2016). We adopt the noise level (N2) recently demon-
strated by LISA Pathfinder (LPF, Armano et al. 2016) and, follow-
ing the recommendations of the GOAT committee2, we choose
armlengths of two (A2) and five (A5) million kilometers. We also
explore two nominal mission lifetimes (2 and 5 years) for a total of
four mission baselines: N2A2-2y, N2A2-5y, N2A5-2y, N2A5-5y.

2 http://www.cosmos.esa.int/web/goat
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Field, clusters or triples?

[Nishizawa+,1605.01341; 1606.09295]
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of the sources having e < 10−5. The classic results by
Peters and Mathews [79] imply that, so long as e ≪ 1,
e ∼ f−19/18 ≈ f−1 (see e.g. Fig. 1 of [80]). Here we focus
on sources emitting at f > f0 = 10−2 Hz in the eLISA
band. Their typical eccentricity at frequency f ∼ f0
is thus e ∼ 10−3, with most sources having e <∼ 10−2.
Almost all relevant eLISA sources (both resolvable and
unresolvable) are at f > 10−3 Hz, and their expected
eccentricity is e <∼ 0.1. These numbers are large enough
to require eccentric templates for matched filtering, but
the amplitude and phasing of the signal for binaries with
e <∼ 0.1 can be treated in a small-eccentricity approx-
imation. To summarize: extrapolating the results in
Ref. [70] to lower frequencies, we expect dynamically
formed BH binaries to have small but non-negligible ec-
centricities e <∼ 0.1 in the eLISA band, and therefore
a small-eccentricity approximation is adequate to study
this problem.

B. Executive summary

Consider a binary system with component masses (in
the source frame) m1 and m2, total mass M = m1 +m2,
symmetric mass ratio η = m1m2/M2 and chirp mass
M = η3/5M . Assume that the binary is located at red-
shift z – or equivalently, for a given cosmological model,
at luminosity distance DL = DL(z) – so that the red-
shifted chirp mass Mz = (1 + z)M, the redshifted total
massMz = (1+z)M , and similarly for the other mass pa-
rameters. Two angles (θ̄S, φ̄S) specify the direction of the
source in the solar barycenter frame, and for convenience
we introduce R = 1AU. Let tc be the coalescence time,
φc the coalescence phase, L the binary’s orbital angular
momentum vector (with L̂ = L/|L| the corresponding
unit vector), and N̂ a unit vector pointing in the source
direction as measured in the solar barycenter frame. Fur-
thermore, let χ = f/f0 be the frequency normalized to
a reference frequency – here chosen to be f0 = 10−2Hz
– where the eccentricity is e(f0) = e0, and introduce the
standard post-Newtonian parameter x = (πMzf)2/3.
We model eLISA as two independent interferometers

with non-orthogonal arms. The sky-averaged noise power
spectral density for each of the two interferometers is de-
noted by NiAj, as in [81]; here i = 1, 2 refers to different
acceleration noise baselines, and j = 1, 5 denotes differ-
ent armlengths (1 or 5 Gm). The observation time Tobs is
chosen to be either 5 or 2 years. This choice significantly
affects the signal-to-noise ratio (SNR): if, following [7],
we adopt a fiducial 5-year observation time and assume
that the binary merges at the end of the observation, the
initial frequency of the binary will be

fmin = 0.015

!

30M⊙

Mz

"5/8 ! 5 yr

Tobs

"3/8

Hz , (1)

where we scaled the result by the estimated redshifted
chirp mass of GW150914. Our SNR and Fisher ma-
trix calculations are truncated at a maximum frequency
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Figure 1. Parameter estimation errors on the eccentricity e0
at frequency f0 = 10−2 Hz using “full eccentric” waveforms
for nonspinning binaries. DIfferent panels refer to catalogs
with e0 = 0.1, 0.01 and 0.001 (from top to bottom). The
various linestyles refer to different noise curves and observa-
tion times: N2A5 and Tobs = 5yrs (solid black), N2A1 and
Tobs = 5 yrs (dashed red), N2A5 and Tobs = 2 yrs (dotted
green), N2A1 and Tobs = 2yrs (dash-dotted blue).

fmax = 1Hz, beyond which the eLISA noise is not ex-
pected to be under control.

Our main results on eccentricity measurements are
summarized in Figs. 1 and 2. Their behavior can be
understood, at least qualitatively, using simple scaling
arguments. Neglecting correlations between parameters,
in a Fisher matrix approximation the error on e0 is

∆e0 ∼

#

f
|∂e0 h̃|2

Sh

$−1/2

, (2)

where h̃ denotes the Fourier transform of the GW ampli-
tude and Sh(f) is the noise power spectral density of the
detector. To leading order in a small-eccentricity expan-
sion (what we call the “restricted eccentric waveform” in
Section III A below) and in the stationary phase approx-
imation, corrections due to the eccentricity enter only in
the GW phase through the term proportional to e20 in

Eq. (8) below, and therefore ∂e0 h̃ = M−5/6
z f−89/18e0.

Let us approximate the frequency dependence of the
noise power spectral density by a power law, Sh ∼ f2α.
Since the dominant contribution to the Fisher matrix

[Nishizawa+,1603.04075; Tanay+, 1905.08811]

e0=0.1

e0=0.01

e0=0.001

Eccentricity: measurable if e0>10-3 at f=10-2Hz
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3� 5�
eLISA base Nobs N50 N90 N50 N90

N2A2-2y 11-78 35 >100 95 >100
N2A5-2y 85-595 34 95 80 >100
N2A2-5y 45-310 25 60 61 100
N2A5-5y 330-2350 25 62 60 100

Table 1. Expected number of sources (column 2) for each eLISA baseline
(column 1), compared with the number of observations needed to distinguish
between models field and cluster at a given confidence threshold in 50%
(N50) and 90% (N90) of the cases (columns 3-6).

5 DISCUSSION AND OUTLOOK

For the log-flat distribution assumed here, the Advanced LIGO
observations imply a 90% credible interval for the merger rate of
R = [10, 70] yr�1Gpc�3 (Abbott et al. 2016b). The resulting range
in Nobs is reported in Table 1 for the di�erent baselines, and it
should be compared to the number of events needed to discriminate
among di�erent models at a desired confidence threshold. Model
MBH can be identified by all the configurations with just a few BHB
observations, therefore it is not reported in the table. Discriminating
between the cluster and field scenarios requires tens of events, and
only the baseline N2A5-5y can guarantee a 5� confidence with
90% probability. Baselines N2A2-5y and N2A5-2y can distinguish
among these models at the 3� level, but this may not be possible
should the event rate lean toward the lower limit of the allowed
range. The N2A2-2y baseline performs relatively poorly, and it may
not deliver enough detections to pin down the formation mechanism.

These results highlight the importance of aiming for a five-year
mission with the longest possible armlength. However, we should
bear in mind some limitations of our proof-of-principle analysis.
First of all, we selected three representative models from the lit-
erature: this does not fully capture all of the relevant physics af-
fecting the eccentricity distribution of BHBs. For example, several
variations of the “fiducial” model of Kowalska et al. (2011) re-
sult in slightly di�erent eccentricity distributions. Our analysis can
be applied systematically to any such variation, assessing to what
extent the underlying physics can be constrained. Secondly, we as-
sumed the eccentricity distribution to be independent of masses
and redshifts. In practice, di�erent formation channels will result
in di�erent mass-eccentricity (and possibly redshift-eccentricity,
or spin-eccentricity) correlations, that can be exploited in a multi-
dimensional analysis to enhance the discriminating power of the
observations. Finally, it is very likely that several di�erent forma-
tion channels operate at the same time in the Universe. In the context
of massive BHB observations, Sesana et al. (2011) studied whether
eLISA could identify a superposition of distinct formation channels
from the statistical properties of the observed population. A similar
analysis in the present context is an interesting topic for future work.
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Predictions may be pessimistic: correlations between e and masses/spins will help

Can we distinguish eccentricity distributions for  (say) MBH vs. primordial scenarios?

Not enough detections?

5s confidence
with 90% probability

[Nishizawa+,1606.09295]

Triples easy to tell apart – what about field vs. cluster?



Multiple mergers? Eccentric binaries in LIGO?
More (4x as many) eccentric mergers?

Rodriguez+: in-cluster eccentric LIGO mergers
“We present models of realistic globular clusters with 
post-Newtonian dynamics […] we find that nearly half of 
all binary black hole mergers occur inside the cluster, with 
about 10% of those mergers entering the LIGO/Virgo 
band with eccentricities greater than 0.1.
In-cluster mergers lead to the birth of a second 
generation of black holes with larger masses and high 
spins, which, depending on the black hole natal spins, can 
sometimes be retained in the cluster and merge again.”

Samsing+: measurable e in LISA for 40% 
of in-cluster mergers
“We show that nearly half of all binary black hole (BBH) 
mergers dynamically assembled in globular clusters 
have measurable eccentricities (e > 0.01) in the LISA 
band when General Relativistic corrections are properly 
included in the N-body evolution […] the relatively large 
population of eccentric LISA sources reported here 
originates from BBHs that merge between hardening 
binary-single interactions inside their globular cluster”.

2 Samsing, D’Orazio

namical modeling. Dissipative effects, such as GW emission, which

usually are modeled using the post-Newtonian (PN) formalism (e.g.,

Blanchet 2014), have previously been shown to play a crucial role in

resolving eccentric LIGO populations (e.g., Samsing et al. 2018b);

however, the possible effects related to LISA have not yet been prop-

erly studied. Our motivation is to explore what can be learned about

where and how BBH mergers form in our Universe from a LISA

mission; we identify possible observable differences between dif-

ferent BBH populations formed in GCs compared to those formed

in the field. Motivated by previous studies, we focus in this paper

on the eccentricity distribution. We note that the recent work by

Breivik et al. (2016) did indeed look into this; however, the data

used for that study did not include GR effects, which we in this

paper show are extremely important.

Using a semi-analytical approach, we find that ≈ 4 times more

BBH mergers will appear eccentric (> 0.01) in the LISA band

(10−2 Hz) compared to the results reported by Breivik et al. (2016),

when GR effects are included. This leads to the exciting conclu-

sion that about 40% of all GC BBH mergers are expected to have

a measurable eccentricity in the LISA band, whereas a field BBH

population in comparison will have ≈ 0%. As we describe, the mer-

ger population that leads to this increase in eccentric LISA sources,

originates from BBHs that merge between their hardening binary-

single interactions inside their GC (e.g., Rodriguez et al. 2017). This

population was not included in the recent study by Samsing et al.

(2018a), which focused solely on the BBH mergers forming during

the binary-single interactions. These BBH mergers where shown to

elude the LISA band, and joint observations with LIGO are there-

fore necessary to tell their GC origin. The fact that BBH mergers can

be jointly observed by LISA and LIGO was recently pointed out by

Sesana (2016) and Seto (2016). Discussions on BBH merger chan-

nels and eccentricity distributions relevant for LISA were presented

in Nishizawa et al. (2016) and (Nishizawa et al. 2017). However,

we note again that all previous studies have greatly underestimated

the fraction of eccentric LISA sources from GCs, mainly due to

the omitted GR effects in the data set derived in Rodriguez et al.

(2016a). It would be interesting to see how the results presented in

this paper affect those previous studies.

The paper is organized as follows. In Section 2 we describe

the approach we use for modeling the dynamical evolution of BBHs

inside GCs and their path towards merger, when GR effects are

included in the problem. Our main results are discussed in Section

3, where we show for the first time that, with the inclusion of GR

effects, nearly half of all BBH mergers forming in GCs are expected

be eccentric in LISA. We conclude our study in Section 4.

2 BLACK HOLE DYNAMICS IN GLOBULAR CLUSTERS

In this section we describe the new approach we use in this paper for

estimating the distribution of GW frequency, fGW, and eccentricity,

e, of BBH mergers forming in globular clusters (GCs). Using this,

we explore the possible observable differences between different

BBH populations forming in GCs and those forming in the field for

an instrument similar to LISA, and the role of GR in that modeling.

As described in the Introduction, in the recent work by Breivik et al.

(2016) it was claimed that ≈ 10% of the GC mergers will have

an eccentricity > 0.01 at 10−2 Hz, compared to ≈ 0% for the

field population. However, the simulations used is Breivik et al.

(2016) did not treat the relativistic evolution of BBHs inside the GC

correctly, which essentially prevented BBHs to merge inside their

GCs (see Rodriguez et al. (2017) for a description). To improve on

Figure 1. The graphics in the three columns above illustrate the three

different dynamical pathways for merging BBHs to form, each of which

result in a different type of GW merger. The horizontal steps from top to

bottom illustrate the stepwise decrease in the BBH’s SMA due to harden-

ing binary-single interactions, which progresses as δ0aHB, δ1aHB, ..., until

a merger or an ejection takes place. The illustration complements the de-

scription of our model from Section 2. In short, our model assumes the

BBH in question starts with an SMA = aHB, after which it hardens through

binary-single interactions, each of which leads to a decrease in its SMA

from a to δa. This hardening continues until the SMA reaches aej, below

which the BBH will be ejected from the GC through three-body recoil. If the

BBH merges outside the GC within a Hubble time, we label it an ‘ejected

merger’ (left column). The ejected merger progenitors form via interactions

involving Newtonian gravity alone; however, when GR effects are included,

the BBH can also merge inside the cluster, before ejection takes place (e.g.

Samsing 2017; Rodriguez et al. 2017). This can happen either between or

during its hardening interactions, outcomes we refer to as a ‘2-body merger’

(middle column) and a ‘3-body merger’ (right column), respectively. All

previous studies on the eccentricity distribution of LISA sources have only

considered the ‘ejected mergers’; however, as we show in this paper, the

‘2-body mergers’ clearly dominate the eccentric population observable by

LISA (e > 0.01 at 10−2 Hz). In comparison, the ‘3-body mergers’ dominate

the eccentric population observable by LIGO (e > 0.1 at 10 Hz).

their study we combine in the sections below a simple Monte Carlo

(MC) method with the analytical framework from Samsing (2017)

to estimate what the actual BBH eccentricity distribution is expected

to be in the LISA band, taking into account that BBHs can form

both during and between hardening binary-single interactions (e.g.,

Rodriguez et al. 2017). Although our approach is highly simplified,

we do clearly find that GR effects play a central role in such a study.

Figure 1 schematically illustrates our dynamical model described

below.

2.1 Binary Black Holes Interacting in Clusters

We assume that the dynamical history of a BBH in a GC from its

formation to final merger follows the idealized model described in

MNRAS 000, 1–6 (2018)

GR effects and 2-body/3-body mergers inside clusters

[Gerosa+EB, 1703.06223; Rodriguez+, 1712.04937; Samsing+, 1804.06519]



…but, are multiband binaries still too quiet for LISA?

[Moore-Gerosa-Klein, 1905.11998]

2 Moore et al.

Let us assume that the GW signals may be written as

h↵(t) = ⇢ ĥ↵(t) exp(i�s), (1)

where the ĥ↵ are the normalised template waveforms
with |ĥ↵| = 1. A hypothetical template bank {ĥ↵ |↵ =
1, 2, . . . , Nbank} may be constructed spanning all the source
parameters except for the SNR, ⇢, and the phase shift, �s,
which may be searched over for each ĥ↵ at negligible addi-
tional cost. In practice one would not usually use a template
bank to search over the time-of-arrival parameter, as this
can be handled more e�ciently using fast Fourier transform
techniques (Brady et al. 1998); however, for our hypothetical
search it is convenient to imagine treating this the same as
the other parameters.

The detection statistics are the phase-maximised inner
product between the data, s, and the templates,

�↵ = max
�s

hs|ĥ↵i. (2)

When the data contains only stationary, Gaussian noise
(s = n) the statistics �↵ follow a Rayleigh distribution with
probability density

f0(�↵) = �↵ exp

✓
��2

↵

2

◆
, (3)

with �↵ � 0. If a signal is present (s = h↵ + n), the statistic
for the corresponding template follows a Rice distribution
with o↵set ⇢. This has probability density

f1(�↵, ⇢) = �↵ exp

✓
��2

↵ + ⇢2

2

◆
I0(⇢�↵), (4)

where I0 denotes the zeroth-order modified Bessel function
of the first kind.

A detection is claimed if at least one of the �↵ exceed
a predetermined threshold, �thr. This threshold is set by
requiring a certain false-alarm probability:

PF (�thr) =

Z 1

�thr

d�↵ f0(�↵) ) �thr(PF )=
p
�2 lnPF . (5)

A typical1 choice for PF across the bank might be 10�3.
Approximating the statistics {�↵ |↵ = 1, 2, . . . , Nbank} as
independent random variables, the false-alarm probability in
a single template is reduced by a factor Nbank. Hence we set

PF =
10�3

Nbank
. (6)

The detection probability (i.e. the probability that, in
the presence of a signal, the statistic for the corresponding
template exceeds the threshold; �↵ > �thr) is given by

PD(⇢) =

Z 1

�thr

d�↵ f1(�↵, ⇢) ⇡ ⇥(⇢� ⇢thr). (7)

This detection probability rises from zero to unity across a
narrow range �⇢ ⇡ 1 and can be modelled as a Heaviside
step function, ⇥. Here we are assuming that all sources with
⇢ > ⇢thr are recovered whilst all other sources are missed.

The threshold SNR depends on the size of the tem-
plate bank through the trials factor Nbank in Eq. (6); this
dependence is plotted in Fig. 1.

1 For example, Abbott et al. (2016a) use a false-alarm rate
threshold of FAR = 0.01 yr�1 for an observation period of T =
51.5 days. This corresponds to PF = 1� e�T FAR ⇡ 1.4⇥ 10�3.
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Figure 1. The threshold SNR as a function of template bank size.
Solid vertical lines indicate the bank sizes for stellar origin black
hole (SOBH) binaries with component masses in the range (5 -
50)M�; these are split into those which merge in < 10 yrs (fast
chirping) and > 10 yrs (slow chirping). The thresholds are ⇢thr⇠ 15
and ⇠ 14 respectively (see Table. 1). For comparison, two other
classes of GW are also indicated. Binary BHs in LIGO/Virgo can
be detected with single-detector SNRs as low as ⇠ 8 using banks
containing ⇠ 4⇥ 105 templates (Dal Canton & Harry 2017; this
number does not include the time-of-arrival parameter; including
this enlarges the e↵ective size of the bank by a factor of ⇠ 103,
the number of cycles in a typical template). At the other extreme,
EMRIs in LISA have ⇢thr & 16 and would require very large
template banks (Chua et al. 2017). As discussed in the text,
we do not propose to actually use such huge template banks in
practical searches; these are estimates of the numbers required by
a hypothetical, optimal search and provide lower bounds on the
threshold for a practical, possibly suboptimal search.

The above discussion considered an idealised template
bank search and gave no consideration to computational
costs. Some of the template banks indicated in Fig. 1 are
far too large to be practically implemented. In those cases
it is necessary to use an alternative procedure. For example,
when searching for extreme mass-ratio inspirals (EMRIs) in
LISA data, a semi-coherent search strategy has been pro-
posed (Gair et al. 2004) that involves splitting the data
into segments, searching each segment separately with small
template banks, and combining the results into an overall de-
tection statistic. Multiband binaries might require a similar
approach. This computationally viable alternative is neces-
sarily suboptimal compared to a full template bank search
and this can further raise the EMRI detection threshold from
⇢thr⇠ 16 to & 20 (Chua et al. 2017). The results in Fig. 1
should be interpreted as estimates of the threshold SNR for
an idealised template bank search which is a lower bound on
the threshold for practical searches.

3 THE SIZE OF THE TEMPLATE BANK

Let us now estimate the size of the template bank Nbank

required to detect stellar-mass BH binaries with LISA. We
consider the following parameters

�µ2{lnm1, lnm2, cos ✓N ,�N , cos ✓L,�L, e
2
0,�e,�e↵ , tmerger} ,

where mi is the mass of object i, ✓N and �N are angles
describing the source’s sky location, ✓L and �L are angles
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describing the direction of the sources orbital angular mo-
mentum, e0 is the eccentricity at t = 0, �e is the argument of
periastron at t = 0, �e↵ is the e↵ective spin parameter, and
tmerger is the time to merger from t = 0. The LISA mission
starts collecting data at t = 0.

We adopt a conservative approach and do not include
spin components other than �e↵ when estimating the size
of the bank. If these parameters are significant for a frac-
tion of the source population– in particular systems with
small tmerger (Mangiagli et al. 2019)– they will provide an
additional contribution to the overall size of the bank.

The Fisher matrix

�µ⌫ =

*
@ĥ
@�µ

���
@ĥ
@�⌫

+
(8)

provides a natural metric on the parameter space to guide
where templates should be placed (Owen 1996; Owen &
Sathyaprakash 1999). The diagonal components of � are
the squared reciprocals of the natural length scale for the
separation of the templates along each parameter direction.
In order to ensure that there is always at least one template
along each dimension; we employ a modified Fisher matrix

�̃µ⌫ = max

✓
�µ⌫ ,

�µ⌫

[��µ]2

◆
, (9)

where ��µ is the prior range on the parameter �µ. This
modification is only important for parameters which have
very little e↵ect on the waveform (e.g. �e↵ for systems far
from merger).

The total number of templates in the bank is found
by integrating over the parameter space (Gair et al. 2004;
Cornish & Porter 2005)

Nbank ⇡
Z

d�
p

det �̃ . (10)

The square root of det �̃ gives the template number density
required such that the mismatch between adjacent templates
is ⇠ 50%. This mismatch is larger than that used in practical
searches (Usman et al. 2016; Messick et al. 2017), but here
serves to estimate the number of independent templates in
the bank, as required by Eq. (6).

We evaluate this integral using Monte Carlo integration.
We use templates described by Klein et al. (2018), setting the
spins to Si = m2

i�e↵L̂. We compute the determinant of the
Fisher matrices using the noise curve given by Robson et al.
(2019), being careful to remove near-singular matrices. We
focus on binaries observed by LIGO/Virgo and set m1,m2 2
[5M�, 50M�] (Abbott et al. 2018a). We consider both fast-
(0 < tmerger < 10 yr) and slow-chirping (10 yr< tmerger <
100 yr) sources and set a range of eccentricities 0 < e0 < 0.4.

Our results are presented in Table 1. We find SNR thresh-
olds for fast chirping binaries between 14.9 . ⇢thr . 15.4.
Slow chirping sources, on the other hand, are easier to detect;
we find 13.5 . ⇢thr . 13.9. The lower (upper) edge of these
ranges correspond to heavier (lighter) systems, with fewer
(more) cycles in band. These estimates are significantly higher
than the threshold ⇢thr⇠ 8 typically used in the literature.

We stress that the dependency of ⇢thr on Nbank in Fig. 1
is rather flat. Although tweaking the parameter ranges to
be covered by a search changes the number of templates
required, it has only a modest impact on the threshold SNR.

m1,m2 [M�] N
(fast)
bank N

(slow)
bank ⇢

(fast)
thr ⇢

(slow)
thr

5�50 1040.6 1031.5 15.4 13.9

10�50 1038.4 1030.5 15.1 13.7

20�50 1037.5 1029.8 14.9 13.5

archival 1011.7 – 9.4 –

Table 1. Total e↵ective number of templates in the bank and
corresponding threshold SNR. We consider di↵erent lower-mass
limits, as well as a representative archival search for a GW150914-
like event. Superscripts (fast) and (slow) correspond to fast- (0 <
tmerger < 10 yr) and slow-chirping (10 yr < tmerger < 100 yr)
binaries, respectively. The results for the row highlighted in gray
are shown in Fig. 1.

3.1 Archival searches

Revisiting past LISA data in light of ground-based observa-
tions is a promising avenue to detected more events (Wong
et al. 2018). In such a scenario, the targeted template bank
can be restricted given prior knowledge on the source. For
concreteness, we consider an archival search corresponding
to a GW150914-like event detected by a third generation
ground-based detector 4 years after the start of the LISA
mission. The integral in Eq. (10) is computed restricting its
parameter range to the measurements errors of GW150914
(Abbott et al. 2016b) reduced by a factor of 10. We also as-
sume a perfect measurement of tmerger and do not integrate
over it. Prior information from the ground allows to decrease
the size of the template bank by a factor of ⇠ 1029, reducing
the threshold to ⇢thr ' 9.4 (Table 1).

Wong et al. (2018) considered simulated LISA triggers
and also found an improvement of a factor of ⇠ 2 in ⇢thr for
archival searches. Our results are largely consistent with this
improvement factor.

4 NUMBER OF MULTIBAND EVENTS

We now assess the impact of our revised SNR threshold on a
simple, but realistic astrophysical population of stellar-mass
BH binaries. Our procedure closely mirrors that of Gerosa
et al. (2019), to which we refer for further details.

The number of multiband detections is estimated by

Nmultib =

Z
dz d⇣ d✓ dtmerger R(z) p(⇣)p(✓)

dVc(z)
dz

1
1 + z

⇥

⇥[⇢(⇣, ✓, tmerger) � ⇢thr] F pdet(⇣, z)⇥(Twait � tmerger) . (11)

Here ⇣ collectively denotes BH masses, spins, and binary
eccentricity, p(⇣) is their probability distribution function,
z is the redshift, Vc is the comoving volume, R(z) is the
intrinsic merger rate density, ✓ collectively denotes the angles
✓N , �N , ✓L and �L, and p(✓) is the corresponding probability
distribution function.

For simplicity, we consider non-spinning BHs on quasi-
circular orbits, i.e. ⇣ = {m1,m2}. We assume m1,m2 2
[5M�, 50M�] distributed according to p(m1) / m�2.3

1 and
p(m2|m1) = const. For this mass spectrum, Abbott et al.
(2018a) measured R = 57+40

�25 Gpc�3yr�1. We stress that
uncertainties in both R and p(⇣) a↵ect our predictions.

Gerosa et al. (2019) used a sky-averaged LISA noise
curve to compute SNRs. Here we perform a more generic
calculation where we compute ⇢ as a function of ✓. This
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Mid-band detectors etcetera…

Multi-band gravitational wave tests of general relativity

Zack Carson and Kent Yagi
Department of Physics, University of Virginia, Charlottesville, Virginia 22904, USA

(Dated: June 6, 2019)

The violent collisions of black holes provide for excellent test-beds of Einstein’s general relativity
in the strong/dynamical gravity regime. We here demonstrate the resolving power one can gain
upon the use of multi-band observations of gravitational waves from both ground- and space-based
detectors. We find significant improvement in both generic parameterized tests of general relativity
and consistency tests of inspiral-merger-ringdown parts of the waveform over single-band detections.
Such multi-band observations are crucial for unprecedented probes of e.g. parity-violation in gravity.

Introduction.— Einstein’s theory of general relativity
(GR) eloquently describes the relationship between the
geometries of spacetime and the manifestation of grav-
ity. After countless observations have held up to the rig-
ors of GR without any sign of deviation, why should we
continue to test such a solid theory? One might argue
that while it is impossible to prove a theory is true, we
can establish constraints on modified theories which may
disprove or expand upon our knowledge of gravity. For
example, a more complex theory of gravity could exist
in the extreme gravity sector where the fields are strong,
non-linear, and highly dynamical. While reducing to the
GR we know in the weak gravity limit, such a theory
could solidify our understanding of some of the biggest
open questions we have: dark energy and the expansion
of the universe, dark matter and the galactic rotation
curves, inflation in the early universe, or the unification
of quantum mechanics and GR.

For over 100 years, GR has been subject to a bat-
tery of tests, in search of minute deviations which may
indicate alternative theories of gravity. Countless solar
system [1], binary pulsar [2, 3] and cosmological [4–8]
observations have placed constraints on various modified
theories of gravity, all remaining consistent to GR within
the noise. More recently, the observation of gravitational
waves (GWs) from the coalescing black holes (BHs) of
GW150914 [9] has opened a unique window into gravity,
allowing us to probe the extreme gravity sector for the
first time [10, 11]. The following 10 binary BH merger
events [12] and a binary neutron star merger event [13]
have similarly identified no significant deviations from
Einstein’s theory [14–16].

With such an overwhelming success on the GW ob-
servational front, many future ground- and space-based
detectors have been proposed, planned, and even funded.
Among these are several upgrades to the current ad-
vanced LIGO design [17], along with third generation
ground-based detectors Cosmic Explorer (CE) [17] and
Einstein Telescope (ET) [18], and space-based detec-
tors TianQin [19], LISA [20], B-DECIGO [21] and DE-
CIGO [22] (Fig. 1). With roughly 100 times the im-
provement in sensitivity compared to the current LIGO
interferometers, CE will have the ability to stringently
constrain modified theories of gravity which are preva-

lent at high (1� 104 Hz) frequencies (high velocity bina-
ries) [23, 24]. On the other side, space-based detectors
are sensitive to the low frequency ranges of 10�2

� 1 Hz,
e↵ectively probing modified theories which are dominant
at lower velocities or with larger masses [24–27].
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FIG. 1. Sensitivities
p

Sn(f) of various gravitational-wave
interferometers. Also shown is the characteristic amplitude
2
p
f |h̃(f)| for GW150914 with 4 years prior to merger dis-

played as a cyan star. Observe how the early inspiral portion
of the coalescence is observed by space-based detectors, while
the late inspiral and merger-ringdown portions are observed
by the ground-based detectors.

Soon after the discovery of GW150914, Sesana [28]
pointed out that GWs from GW150914-like events are
detectable in the future with both LISA and ground-
based detectors (Fig. 1), with expected event rates rang-
ing from 1 to 100 Gpc�3yr�1 [28, 29]. First observed by
space-based telescopes in their early inspiral stage, these
systems continue to inspiral after leaving the space-band
at 1 Hz for several months before entering CE’s band to
finally merge at ⇠ 300 Hz. LISA will be able to give
alert to ground-based detectors (allowing for optimiza-
tions of ground-based detectors, which can be used to
improve upon tests of GR [30]) and electromagnetic tele-
scopes [28], while ground-based detectors will help LISA
to lower the detection threshold signal-to-ratio (SNR)
and enhance the number of detections [31–33]. Such
multi-band GW observations will improve measurement
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Neutron star-black hole forewarning? (preliminary!)

1.4 Msun NS + variable-mass BH

“All”: r>8, Dtc<10 s, DW < 1 deg2

“r+tc”: r>8, Dtc<10 s 
“r only”: r>8

[Kaze Wong, unpublished]



Midband: atom interferometry

[Graham, Hogan, Kasevich, Rajendran, Romani, 1711.02225]

Mid-band gravitational wave detection with precision atomic sensors 4
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Figure 1: MAGIS gravitational wave sensitivity. Two example resonant sensitivity

curves (at arbitrarily chosen frequencies) and the broadband mode sensitivity are

shown in solid, thick black. The envelope of the possible resonant curves is shown

by the lower brown boundary/line (this is the appropriate curve to compare to for

discovery of longer-lived sources such as WD and NS binaries). The dashed gray curve

is the appropriate, approximate sensitivity curve for the discoverability (though not the

ultimate measurement SNR) of shorter-lived sources such as the LIGO BH binaries. The

LISA strain curve is shown for reference [6, 14]. The Advanced LIGO curve is the design

sensitivity [5] (not current sensitivity [4]). Two black hole merger events observed by

LIGO are shown in red. A WD-WD binary at 20 Mpc (with masses 0.5M� � 0.5M�)

is shown in green. A NS-NS binary at 200 Mpc (with masses 1.4M� � 1.4M�) is

shown in blue. Note that at frequencies in LIGO’s band near the merger, the post-

Newtonian formula we have used to draw these source curves breaks down. The dots

on the GW150914, GW151226 and NS-NS 200 Mpc curves indicate remaining lifetimes

of 10 yrs, 1 yr and 0.1 yrs (reading left to right). Degree scale sky localization appears

feasible for in-spiraling sources.

class telescopes to Chanda-type X-ray studies. This promises rich probes of the source

physics, with a few examples given below.

2.1. White Dwarf Binaries

A double white dwarf (WD-WD) binary with secondary mass M2M� ends its inspiral

(reaches Roche lobe contact) at ⇠ 0.06M2 Hz. Thus while a typical WD-WD radiates

in the LISA band, the most interesting double WD, the candidate Type Ia progenitors



Low-midband: stellar interferometry?

[Park+, 1906.06018]
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1g BH 1g BH

1g BH 1g BH

2g BH

1g BH 1g BH

2g BH

1g BH 1g BH

2g BH

1g+2g event1g+1g event 2g+2g event

1g BH

redshift z

redshift z

redshift z

redshift z̃

redshift z̃1

redshift z̃2

FIG. 1. Cartoon sketch of the three possible scenarios for the merger of two BHs. First generation (1g) BHs resulting from
stellar collapse can form second generation (2g) BHs via mergers. Imprints of these formation channels are left in the statistical
distribution of masses, spins and redshift of the detected events.

(i) 2g BHs should be more massive than BHs born
from stellar collapse;

(ii) quite independently of the distribution of spin mag-
nitudes following core collapse (which is highly un-
certain [39]), the spin magnitudes of 2g BHs should
cluster (on average) around the dimensionless spin
⇠ 0.7 resulting from the merger of nonspinning
BHs [40];

(iii) statistically, the merger of BH binaries including
2g components should occur later (i.e., at smaller
redshift or luminosity distance from GW detectors)
because of the delay time between BH formation
and merger.

In this paper we make these arguments more quantita-
tive and rigorous by developing a simple but physically
motivated model to describe the bulk theoretical prop-
erties of 1g and 2g binary BH mergers (Sec. II). Then
we consider a set of present and future GW detectors,
and we simulate observable distributions by selecting de-
tectable binaries and estimating the expected measure-
ment errors on their parameters (Sec. III). Finally we set
up a Bayesian model selection framework (Sec. IV) to ad-
dress what can be done with current observations, and to
quantify the capabilities of future detectors to distinguish
between di↵erent models (Sec. V). We conclude by sum-
marizing our results and pointing out possible extensions
(Sec. VI).

II. THEORETICAL DISTRIBUTIONS

Our goal in this section is to develop a simple prescrip-
tion to build populations of binary BHs. Our greatly
oversimplified model is not meant to capture the com-
plexity of binary evolution in an astrophysical setting,
but just the main features distinguishing 1g and 2g BHs.

As illustrated by the cartoon in Fig. 1, we con-
struct three theoretical distributions, labeled by “1g+1g,”
“1g+2g” and “2g+2g”. In this context, “1g” means that
one of the binary components is a first-generation BH
produced by stellar collapse, whereas “2g” means that
it is a second-generation BH produced by a previous
merger.

A. The 1g+1g population

Following the LIGO-Virgo Scientific Collaboration [3],
for the 1g+1g population, we adopt three di↵erent pre-
scriptions for the distribution of source-frame masses:

(i) Model “flat”: we assume uniformly distributed
source-frame masses m1 and m2 in the range mi 2

[5M�, 50M�] (i = 1, 2), where hereafter m1 > m2.

(ii) Model “log”: we take the logarithm of the source-
frame masses to be uniformly distributed in the

[Gültekin-Miller-Hamilton, astro-ph/0402532, astro-ph/0509885]
[Gerosa+EB,1703.06223; Fishbach+, 1703.06869]
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FIG. 2. Theoretical distribution of the observable parameters u = {M, q, z, �e↵} for 1g+1g (blue), 1g+2g (green) and 2g+2g
(red) populations, assuming the “flat” (top), “log” (middle), and “power law” (bottom) mass distributions.

redshift z of a 1g+2g merger is then given by the numer-
ical solution of the equation

tL(z̃) � tL(z) = tD . (5)

Finally, for the 2g+2g population we extract two val-
ues z̃1, z̃2 from the 1g+1g distribution. The redshift z
of a 2g+2g merger follows again from a numerical so-
lution of Eq. (5), with the di↵erence that now we set
z̃ = min(z̃1, z̃2).

In Sec. V D we will discuss how time delay prescriptions
a↵ect our results.

E. Measurable parameters

For concreteness and simplicity, we will characterize
each binary by its total mass M = m1 + m2, mass ratio
q = m2/m1  1, redshift z and “e↵ective spin” [66]

�e↵ =
1

M

✓
S1

m1

+
S2

m2

◆
· L̂ . (6)

The e↵ective spin (a mass-weighted sum of the projection
of the spins Si = m2

i
�iŜi along the orbital angular mo-

mentum L) is a constant of the motion in post-Newtonian

evolutions, at least at 2PN order [52, 67]. It is also the
easiest spin parameter to measure [66, 68].

Let us introduce a vector u whose components are the
observable variables to use in our statistical analysis, i.e.

u = {M, q, z, �e↵} . (7)

The components of this vector will be labeled by an in-
dex j = 1, ..., J such that u1 = M , u2 = q, etcetera; a
capital Latin index J will denote the dimensionality of
the vector u, i.e. the number of observables considered
in the analysis. Each binary in our catalog is character-
ized by a specific set of observable properties ū(i), where
the superscript index (i = 1, ..., I) labels entries in our
synthetic catalog.

The theoretical distributions of measurable source pa-
rameters u = {M, q, z, �e↵} for 1g+1g, 1g+2g and
2g+2g events are compared in Fig. 2. Each row cor-
responds to one of the three mass distributions described
in Sec. II A.

The mass distributions have some noteworthy features.
First of all, and quite obviously, 2g BHs have higher
component masses. Therefore the total mass is higher
when 2g BHs are present (for any given assumption on
the mass distribution), and this e↵ect is most notable
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FIG. 3. Spin magnitude distributions for primary (�1), secondary (�2), and postmerger (�f) BH spins in each of the various
models used in this paper. On average, mergers tend to produce BH spins clustered around ⇠ 0.7, quite independently of the
progenitor parameters (cf. Fig. 3 and the left panels in Figs. 4 and 5 of Ref. [40]).

for the 2g+2g distributions. Mergers also tend to in-
crease the number of comparable-mass binaries, in part
because of the fixed mass range for the component masses
(mi 2 [5, 50]M�). For the “power law” mass function,
the mass ratio of the 1g+2g population peaks at q = 0.5.
This is because the mass distribution of the primary BH
is strongly peaked at the low end of the range (i.e., at
⇠ 5M�), so many 2g binaries are nearly equal mass, with
component masses close to 5M�.

Redshift distributions also follow the expected trend:
most 1g+1g events occur at large redshift, whereas merg-
ers involving one or two 2g BHs occur (on average) at
smaller redshift, because there is a time delay between
the formation of 1g BHs via core collapse and their sub-
sequent merger.

The most striking di↵erences are found in the distribu-

tions of individual spins. To better illustrate this point,
in Fig. 3 we show the distribution of the individual BH
spins (�1, �2), as well as the distribution of the spin of
the remnant �f . As discussed in [40], from a statistical
point of view the e↵ect of mergers is to “cluster” BH
spins around �f ⇠ 0.7, quite independently of the pro-
genitor parameters. While the 1g+1g spin magnitudes
are uniform in the range [0, 1] by construction, spin dis-
tributions become peaked at ⇠ 0.7 when 2g BHs are in-
volved. This clustering is evident in the distribution of
primary spins �1 for the 1g+2g and 2g+2g cases, and
in the distribution of secondary spins �2 for the 2g+2g
case. For the 1g+2g population, the peak at �2 ⇠ 0.7 is
less pronounced. This is because the lower-mass BH is
most likely 1g, and the spin distribution of 1g BHs is by
construction uniform in [0, 1].
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1g+1g vs. 2g+2g 1g+1g vs. 1g+2g 1g+2g vs. 2g+2g

O1 LIGO flat 12.7 (15.8) 2.0 (2.0) 6.4 (7.6)

log 3.3 (3.5) 0.9 (0.9) 3.5 (3.8)

power law 0.7 (1.0) 1.3 (1.6) 0.6 (0.6)

Ad. LIGO (design) flat 30.2 (37.8) 1.4 (3.7) 21.9 (10.11)

log 4.3 (7.0) 0.6 (1.4) 6.9 (5.1)

power law 0.6 (1.7) 1.0 (3.8) 0.6 (0.5)

TABLE I. Odds ratios from the three O1 observations (GW150914, GW151226 and LVT151012) and from hypothetical ob-
servations of the same events at Advanced LIGO design sensitivity. Odds ratios in parentheses were computed omitting all
redshift information, i.e. considering the 3-dimensional vector of observables u = {M, q, �e↵}.

and consequently the marginalized likelihood is

p̃(d|�) =

 
Y

k

(r̃k(�))dke�r̃k(�)

dk!

!
X

N

⇣
N

P
k dke�N

⌘
.

(22)

Note that the term
P

N

�
N

P
k nke�N

�
is a multiplicative

coe�cient that only depends on the data d, and not on
the model �. This term can be ignored because, as we
will see below, we are only interested in likelihood ratios,
not in the likelihoods themselves.

From now on, to simplify notation, we will drop
the tilde on p and assume that likelihoods are always
marginalized over the total number of events.

B. Model selection

Let us first look at model comparison between pure
models, so that � is a discrete variable. Given models
� = A and � = B, their odds ratio is defined as

OAB =
p(d|A)⇡(A)

p(d|B)⇡(B)
, (23)

where ⇡ is the prior probability assigned to each of the
two models. The simplest assumption on the priors is
⇡(A) = ⇡(B) = 1/2, such that the odds ratio reduces to
the likelihood ratio. If OAB � 1 (OAB ⌧ 1) the data
favors model A (B). The probability of model A is

pA =
OAB

1 + OAB

=
p(d|A)

p(d|A) + p(d|B)
, (24)

and the probability of model B is pB = 1�pA. Sometimes
�-levels are used to quantify the significance of a discrete
model comparison, in analogy with Gaussian measure-
ments. The expression relating the odds ratio O and �
is

O =
1

1 � 2 erf(�)
. (25)

We can also assume that the data are represented by
a mixture of two or more models, and assess whether

the data themselves are informative about the underly-
ing model mixing fractions. Each pure model m enters
the mixed model with a weight fm, such that

P
fm = 1.

Model comparison is equivalent to Bayesian inference on
the parameters � = {f1, f2, . . .}, as described by the pos-
terior distribution

p(�|d) =
p(d|�)⇡(�)´
p(d|�)⇡(�)d�

. (26)

As before, ⇡(�) is the prior assigned to each mixed model.
We choose ⇡(�) to be uniformly distributed on the sur-
face

P
fm = 1.4 From a computational point of view,

we first draw values of � from the uniform prior, and
then we produce a statistical sample distributed accord-
ing to p(d|�) using a standard Monte Carlo hit-or-miss
algorithm.

V. RESULTS

So far we have outlined a procedure to build a set
of “synthetic” GW observations of merging BH bina-
ries (along with their associated errors) from simple as-
trophysical considerations. We now wish to understand
whether these observations can be used to distinguish be-
tween di↵erent populations using Bayesian model selec-
tion (see e.g. [89–93] for previous studies of this problem
in di↵erent contexts).

A. LIGO O1 data

We first apply our model comparison tool to the three
LIGO O1 observations. The data set d consists of the
maximum likelihood values provided in Ref. [3]:

• GW150914:

M = 65.3M�, q = 0.81, z = 0.090, �e↵ = �0.06.

4 For instance, for a mixture of three models � = {f1, f2, f3} the
equation

P
fm = 1 describes a 2-dimensional surface S of areap

3/2. The uniform prior on S is given by ⇡(f1, f2, f3) = 2/
p
3,

so that
˜

S ⇡ dS = 1.
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Fig. 1.—Upper limit (top) and lower limit (bottom) estimates of asVkick
functions of mass ratio q and spin of the larger black hole . Units are inã2
kilometers per second. Values of and q corresponding to lie in the˜ ˜a a 1 0.82

region to the right of the dotted line. Since eqs. (1) and (2) are not valid for
, was replaced by 0.8 in this region.˜ ˜a 1 0.8 a

Fig. 2.—Central escape velocities in units of kilometers per second in four
types of stellar system that could harbor merging BHs. E galaxy data are from
Faber et al. (1997), with separate symbols for core (open squares) and power-
law (open triangles) galaxies; dE data are from Binggeli & Jerjen (1998), with
mass-to-light ratios from Mateo (1998). GC and dSph data are from the tab-
ulation of Webbink (1996). The solid line is the mean escape velocity from
the DM halos associated with the luminous matter. The dashed line is the
escape velocity from the combined luminous!mean DM potentials for E
galaxies.

(1997). The E sample is consistent with the Faber-Jackson (1976)
relation.
The solid line in Figure 2 shows escape velocities from the

dark matter (DM) halos associated with the luminous stellar
systems. To relate halo properties to galaxy luminosities, we
use the conditional luminosity function from theF(LFM)dL
concordance L cold dark matter (LCDM) model M1 of Yang,
Mo, & van den Bosch (2003). The average luminosity ofL1
the brightest (“central”) galaxy in the halo of mass isMvir
implicitly given by the condition . Invert-"

F(LFM )dL p 1∫L vir1

ing this, we obtain and relate this mass to the escapeM (L )vir 1
velocity via , where is the virial2V p 2cg(c)GM /R Resc vir vir vir
radius of the halo, c is the concentration of a halo obeying the
Navarro, Frenk, & White (1996) profile, and g(c) p [ln (1!

(e.g., Łokas & Mamon 2001). At ,#1c)# c/(1! c)] z p 0
the average escape velocity is given by V p 239 kmesc

, where and h is the Hubble#1 1/2 11s (m /h) M p (10 m ) M11 vir 11 ,

parameter, set to 0.7 in Figure 2.
Figure 2 suggests that the consequences of the kicks are

strikingly different for the different classes of stellar system
that might host BHs. Escape velocities from E galaxies are
dominated by the stellar contribution to the potential; in the
sample of Faber et al. (1997), even without#1V ! 450 km sesc
accounting for DM. This exceeds even the upper limits in Fig-
ure 1. Hence, the kicks should almost never unbind BHs from
E galaxies. The tight correlations observed between the BH
mass and bulge luminosity (McLure & Dunlop 2002; Erwin,
Graham, & Caon 2004) and the velocity dispersion (Ferrarese
& Merritt 2000; Gebhardt et al. 2000) could probably not be
maintained if escape occurred with any significant frequency
from luminous galaxies. The upturn in escape velocity for gal-

axies brighter an is a consequence of the increaseM ∼ #20V

in the occupation number of their host halos. The dashed line
in Figure 2 shows the escape velocity from the combined
luminous!DM potential for the E galaxies, using the scaling
relation derived above to describe the luminous component.
The existence of DM significantly affects the escape prob-

ability from dE and dSph galaxies, implying kicks of ∼300 and
∼100 km s#1, respectively, for escape. In the absence of DM,
these numbers would be ∼100 and ∼20 km s#1, respectively.
Hence, kicks of order 200 km s would unbind BHs from#1

dSph galaxies whether or not they contain DM, while dE gal-
axies could retain their BHs if they are surrounded by DM
halos.
Evidence of intermediate-mass BHs at the centers of gal-

axies fainter than is sketchy (e.g., van der MarelM ≈ #19V

2004), although there is indirect (nondynamical) evidence
of BHs in faint Seyfert bulges (Filippenko & Ho 2003). We
note that the dense nuclei associated with BHs in galaxies
like M32 ( ) become progressively less frequent atM ≈ #19V

magnitudes fainter than and disappear entirelyM ≈ #16V

below (van den Bergh 1986). If the dense nucleiM ≈ #12V

are associated with nuclear BHs (e.g., Peebles 1972), their
absence could signal loss of the BHs via ejection. It is in-
triguing that these nuclei are sometimes observed to be dis-
placed far from the galaxy center (Binggeli, Barazza, &
Jerjen 2000). Figures 1 and 2 imply that even kicks at the
lower limits of Paper I would almost always unbind BHs
from GCs.

3. EJECTION IN HIERARCHICAL MERGING SCENARIOS

The kicks have serious implications for models in which
massive BHs grow from mergers of less massive seeds. In some
of these models, the precursors are stellar- or intermediate-mass

Legend:

• E: giant elliptical
• dE: dwarf elliptical
• dSph: dwarf spheroidal
• GC: globular cluster

Solid line: 
mean vesc from DM halos

Dashed line:
vesc from luminous+DM for E

[Merritt+, astro-ph/0402057]


