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Basics of Kinetic Inductance Detectors

Superconductors have an AC inductance due to inertia of Cooper pairs
alternately, due to magnetic energy stored in screening supercurrent

Changes when Cooper pairs broken by energy, creating quasiparticles (qps)
Sense the change by monitoring a resonant circuit
Key point: superconductors provide very high Q (Qi > 107 achieved), so 

thousands of such resonators can be monitored with a single feedline
enormous cryogenic multiplex technology relative to existing ones

very simple cryogenic readout components

these detectors have generally been used with individual preampli-
fiers and wiring for the output signals, which is clearly impractical
for large arrays. Instead, a multiplexed readout approach is needed,
in which preamplifiers and signal wiring are shared among multiple
detectors. Multiplexing schemes are now being developed for
transition-edge sensors15,16, but will require complex, custom-
designed superconducting electronics, located close to the detector
array. Our detector concept17 is based on the microwave measure-
ment of the complex impedance of a thin superconducting film, and
allows a simple frequency-domain approach to multiplexing. This
results in a dramatic simplification of the detector array and
associated cryogenic electronics, and harnesses the rapid advances
in wireless communications electronics. The results we present
include the demonstration of single X-ray photon detection with
a high signal-to-noise ratio and a measurement of the detector
noise. Although much work remains to be done to optimize the
performance, and to produce and use practical detector arrays, the
devices already achieve very interesting levels of sensitivity.
In order to explain the operation of our detector, wemust quickly

review the electrodynamics of superconductors18. As its name
implies, a superconductor has zero resistance for d.c. electrical

current. This supercurrent is carried by pairs of electrons, known
as Cooper pairs. Cooper pairs are bound together by the electron–
phonon interaction, with a binding energy 2D < 3.5kBTc, where Tc

is the superconducting transition temperature. However, supercon-
ductors have a nonzero impedance for a.c. currents. An electric field
applied near the surface of a superconductor causes the Cooper
pairs to accelerate, allowing energy storage in the form of kinetic
energy. Because the supercurrent is non-dissipative, this energy may
be extracted by reversing the electric field. Similarly, energy may be
stored in the magnetic field inside the superconductor, which
penetrates only a short distance, l < 50 nm, from the surface.
The overall effect is that a superconductor has a surface inductance
L s ¼ m0l, due to the reactive energy flow between the super-
conductor and the electromagnetic field. The surface impedance
Zs ¼ Rs þ iqLs also includes a surface resistance Rs, which describes
a.c. losses at angular frequency q caused by the small fraction of
electrons that are not in Cooper pairs, which are called ‘quasipar-
ticles’. For temperatures Tmuch lower than Tc, Rs ,, qLs.

Photons with sufficient energy (hn . 2D) may break apart one or
more Cooper pairs (Fig. 1a). The absorption of a high-energy
photon creates Nqp < hhn/D quasiparticles; the excess quasiparti-

Figure 1 An illustration of the detection principle. a, Photons with energy hn . 2D are

absorbed in a superconducting film cooled to T ,, Tc, breaking Cooper pairs and

creating a number of quasiparticle excitations Nqp ¼ hhn/D. In this diagram, Cooper

pairs (C) are shown at the Fermi level, and the density of states for quasiparticles18, Ns(E ),

is plotted as the shaded area as a function of quasiparticle energy E. b, The increase in
quasiparticle density changes the (mainly inductive) surface impedance Zs ¼ R s þ iq Ls
of the film, which is used as part of a microwave resonant circuit. The resonant circuit is

depicted schematically here as a parallel LC circuit which is capacitively coupled to a

through line. The effect of the surface inductance L s is to increase the total inductance L,

while the effect of the surface resistance Rs is to make the inductor slightly lossy (adding a

series resistance). c, On resonance, the LC circuit loads the through line, producing a dip
in its transmission. The quasiparticles produced by the photons increase both L s and R s,

which moves the resonance to lower frequency (due to L s), andmakes the dip broader and

shallower (due to R s). Both of these effects contribute to changing the amplitude

(producing power change dP ) (c) and phase (d) of a microwave probe signal transmitted
though the circuit. The definition of the phase angle used here is explained in Fig. 3. The

amplitude and phase curves shown in this illustration are actually the data measured for

the test device (Fig. 2) at 120mK (solid lines) and 260mK (dashed lines). This choice of

circuit design, which has high transmission away from resonance, is very well suited for

frequency-domain multiplexing, because multiple resonators operating at slightly

different frequencies could all be coupled to the same through line.

Figure 2 A microscope photograph of the device tested. Light and dark regions are the

aluminium film and bare sapphire substrate, respectively. A, coplanar waveguide (CPW)

through line used for excitation and readout. B, Meandered quarter-wavelength resonator

section, with an overall length of 3 mm, and resonance frequency around 10 GHz. C,

coupling capacitor. D, short-circuit termination. The coupling region is magnified in the

inset; the diagram shows the equivalent circuit. Both CPW lines have a 50Q characteristic

impedance, and are fabricated from a single 2,200-Å-thick aluminum film (T c ¼ 1.23 K)

using standard contact photolithography. The centre conductor of width 3 mm is

separated by 2-mm gaps from ground planes on either side. The fraction a of the total

inductance per unit length contributed by the surface inductance of the aluminium film

can be written as a sum of centre strip and ground plane terms, a ¼ acentre þ aground.

These are calculated to be acentre < 0.04 and aground < 0.02 using a finite-element

method26, assuming an effective penetration depth l ¼ 50 nm. The measured resonator

quality factor Q ¼ f0 /Df is 52,500 at low temperatures T ,, Tc (Fig. 1). This device is

mainly sensitive to photon events in the centre strip (V ¼ 2,000mm3) of the CPW line

rather than in the ground plane, because the microwave current in the ground plane is

concentrated near the edge of the CPW line; quasiparticles generated in the ground plane

near the edge of the CPW line can easily diffuse away. Similarly, the device is more

sensitive to centre strip events occurring near the short-circuited end, where the

standing-wave pattern of the microwave current reaches a maximum. Quasiparticles

generated in the centre strip may also diffuse out of the short-circuited end; the peak

response therefore occurs roughly one diffusion length (,1mm) from this end. Photon

events in the through line are not seen, because there is no resonant enhancement of the

surface impedance effect.
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Quasiparticles to Conductivity

Conductivity from microscopic BCS theory by Mattis and Bardeen
Use perturbation theory to calculate response of BCS superconductor to EM field

M&B assume extreme anomalous limit, but analysis can also be used for local limit 
with appropriate modification (see, e.g., Gao thesis Ch 2).

Yields complex conductivity:  
 
 
 
 

Two-fluid model: imaginary (reactive) part scales with Cooper pair component, real 
(resistive) part scales with quasiparticle density

Quasiparticle/Cooper pair population change ⇒ conductivity change

T. Klapwijk and others: “engineering” model insufficient due to non-BCS 
density of states, effects of readout power

For clarity here, stick with engineering model: changes in quasiparticle 
number completely characterize effect of energy input

4

where f(ϵ) = 1/[eϵ/kBT + 1] is the Fermi function. In the limit kBT << ∆(0), h̄ω << ∆(0),
this integral can be simplified to

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT ) exp(−h̄ω/2kBT )I0(h̄ω/2kBT )] (37)

where I0(x) is a modified Bessel function. This expression holds regardless of whether the
photon energy h̄ω is large or small compared to the thermal energy kBT ; note that at
0.3 K, the crossover h̄ω = kBT occurs at 6 GHz. In contrast, almost all of the expressions
that appear in the literature on microwave superconductivity make the assumption that
h̄ω << kBT , which is certainly valid in the microwave range when working at 4 K or above.
This is a crucial point: the surface resistance and quality factor obey very different scaling
laws in the two regimes h̄ω << kBT and h̄ω >> kBT (see below).

The real part of the conductivity, which is responsible for the loss, and is due to thermally–
excited quasiparticles, is given by a similar integral:

σ1

σn
=

2

h̄ω

∫ ∞

∆
dϵ

[f(ϵ) − f(ϵ + h̄ω)] (ϵ2 + ∆2 + h̄ωϵ)
√

ϵ2 − ∆2
√

(ϵ + h̄ω)2 − ∆2
(38)

In the limit kBT, h̄ω << ∆(0), this integral simplifies to

σ1

σn
≈ 2∆(T )

h̄ω
exp(−∆(0)/kBT ) exp(h̄ω/2kBT )K0(h̄ω/2kBT ) (1 − exp(−h̄ω/2kBT )) (39)

Here K0(x) is also a modified Bessel function.

Low frequency limit (h̄ω << kBT )

In the low frequency limit h̄ω << kBT , we can substitute I0(x) ≈ 1, and

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT )] (40)

We can now calculate the response of the superconductor to the injection of energy in the
form of quasiparticles. At low temperatures T << Tc, a change in the quasiparticle density
dnqp is equivalent to a change in the effective electron temperature dT , according to the
following equation:

dnqp ≈ 2N0

√
2πkBT∆(0) d [exp (−∆(0)/kBT )] (41)

In turn, the imaginary part of the conductivity changes according to

d (σ2/σn)

dnqp
=

(
σ2

σn

)

T=0

1

2N0

√
2πkBT∆(0)

(42)

30

A Low–temperature limit of BCS theory

Gap energy, quasiparticle density, and specific heat

For temperatures T << Tc, the gap energy ∆(T ) is given by the approximate expression

ln

[
∆(T )

∆(0)

]

= −
√

2πkBT

∆(0)
exp [−∆(0)/kBT ] (32)

where ∆(0) is gap energy at zero temperature. Meanwhile, the density of thermally–excited
quasiparticles is given by a very similar expression,

nqp(T ) = 2N0

√
2πkBT∆(0) exp [−∆(0)/kBT ] (33)

where N0 is the single–spin density of electron states at the Fermi energy of the metal. For
aluminum, N0 = 1.2 × 1010 eV−1 µm−3.

The specific heat is given by

C = 2kBN0∆(0)

[
∆(0)

kBT

] √
2π∆(0)

kBT
exp [−∆(0)/kBT ] (34)

Note that all of these quantities vanish exponentially as T → 0.

Complex conductivity

For films in the “dirty limit”, in which the mean free path l of the electrons is much smaller
than the penetration depth, l << λ, the electrodynamic response of the superconductor can
be approximated by the local equation

J⃗(r⃗, ω) = σ(ω)E⃗(r⃗, ω) (35)

where σ(ω) = σ1(ω) − iσ2(ω) is the frequency–dependent complex conductivity. The dirty
limit is generally applicable to films made from refractory materials such as Nb and NbTiN
since typical films made from these materials have mean free paths that are fairly short.
Films made with other materials, such as aluminum, can have much longer mean free paths.
In these situations, the local limit will apply only for fairly thin films, with thicknesses
comparable to the penetration depth (of order a few hundred Angstroms). Note that in this
case the mean free path is limited to lengths of order the film thickness due to scattering at
the film surfaces

According to the Mattis–Bardeen theory [26], the imaginary part of the conductivity,
which is responsible for the kinetic inductance, is given by the integral

σ2

σn
=

1

h̄ω

∫ ∆

∆−h̄ω
dϵ

[1 − 2f(ϵ + h̄ω)] (ϵ2 + ∆2 + h̄ωϵ)
√
∆2 − ϵ2

√
(ϵ + h̄ω)2 −∆2

(36)

29

where f(ϵ) = 1/[eϵ/kBT + 1] is the Fermi function. In the limit kBT << ∆(0), h̄ω << ∆(0),
this integral can be simplified to

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT ) exp(−h̄ω/2kBT )I0(h̄ω/2kBT )] (37)

where I0(x) is a modified Bessel function. This expression holds regardless of whether the
photon energy h̄ω is large or small compared to the thermal energy kBT ; note that at
0.3 K, the crossover h̄ω = kBT occurs at 6 GHz. In contrast, almost all of the expressions
that appear in the literature on microwave superconductivity make the assumption that
h̄ω << kBT , which is certainly valid in the microwave range when working at 4 K or above.
This is a crucial point: the surface resistance and quality factor obey very different scaling
laws in the two regimes h̄ω << kBT and h̄ω >> kBT (see below).

The real part of the conductivity, which is responsible for the loss, and is due to thermally–
excited quasiparticles, is given by a similar integral:

σ1

σn
=

2

h̄ω

∫ ∞

∆
dϵ

[f(ϵ) − f(ϵ + h̄ω)] (ϵ2 + ∆2 + h̄ωϵ)
√

ϵ2 − ∆2
√

(ϵ + h̄ω)2 − ∆2
(38)

In the limit kBT, h̄ω << ∆(0), this integral simplifies to

σ1

σn
≈ 2∆(T )

h̄ω
exp(−∆(0)/kBT ) exp(h̄ω/2kBT )K0(h̄ω/2kBT ) (1 − exp(−h̄ω/2kBT )) (39)

Here K0(x) is also a modified Bessel function.

Low frequency limit (h̄ω << kBT )

In the low frequency limit h̄ω << kBT , we can substitute I0(x) ≈ 1, and

σ2

σn
≈ π∆(T )

h̄ω
[1 − exp(−∆(0)/kBT )] (40)

We can now calculate the response of the superconductor to the injection of energy in the
form of quasiparticles. At low temperatures T << Tc, a change in the quasiparticle density
dnqp is equivalent to a change in the effective electron temperature dT , according to the
following equation:

dnqp ≈ 2N0

√
2πkBT∆(0) d [exp (−∆(0)/kBT )] (41)

In turn, the imaginary part of the conductivity changes according to

d (σ2/σn)

dnqp
=

(
σ2

σn

)

T=0

1

2N0

√
2πkBT∆(0)

(42)
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Quasiparticles to Conductivity

MB gives characteristic T and 
ℏ𝜔/∆ dependence

Key features
Quiescent nqp exponentially suppressed 

as T decreases*
* as long as no anomalous qp 

recombination physics
* as long as no anomalous qp creation

Responsivity only weakly T-dependent 
(not exponential!)

5

Mattis-Bardeen Relations
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Figure 1: Plots of Mattis-Bardeen relations for h⇥/� = 0.06, valid for ⇥ = 3.5 GHz and � = 210 µeV.
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We note that Figure 2.10 of Gao’s thesis shows there is actually very little di⇥erence between the
expressions given above and d⌅/dnqp calculated from the thermal formulae without holding T fixed
(i.e., setting µ� = 0 and calculating d⌅/dnqp = ⌅⇥(T )/⌅T

⌅nqp(T )/⌅T ). If we write in terms of ⌅/|⌅(0)|, the
expressions simplify further because the ⇤�/h̄⇧ factor disappears into |⌅(0)|:

⌅1

|⌅(0)| =
4
⇤

nqp

2N0�
1⌦

2⇤ kT
�

sinh
⇥

h̄⇧

2kT

⇤
K0

⇥
h̄⇧

2kT

⇤
(81)

⌅2

|⌅(0)| = 1� nqp

2N0�

⌅
1 +
↵

2�
⇤kT

exp
⇥
� h̄⇧

2kT

⇤
I0

⇥
h̄⇧

2kT

⇤⇧
(82)

2N0�
⌥(⌅1/|⌅(0)|)

⌥nqp

����
T

=
2N0�
nqp

⌅1

|⌅(0)| =
4
⇤

1⌦
2⇤ kT

�

sinh
⇥

h̄⇧

2kT

⇤
K0

⇥
h̄⇧

2kT

⇤
(83)

2N0�
⌥(⌅2/|⌅(0)|)

⌥nqp

����
T

=
2N0�
nqp

⌅2 � ⌅2(0)
|⌅(0)| = �

⌅
1 +
↵

2�
⇤kT

exp
⇥
� h̄⇧

2kT

⇤
I0

⇥
h̄⇧

2kT

⇤⇧
(84)

Some notes:

• We see that both nqp and T appear. The way this should be treated is that, when considering
the quiescent quasiparticle density, it is necessary to self-consistently determine nqp and T ,
and then that T should be held fixed during the calculation of the derivatives. A convenient
way to determine nqp and T for the quiescent condition is to relate the observed ⌅1 and ⌅2

to nqp assuming a nominal T using Equations 81 and 82, then calculate a better estimate of
T from the nqp thus determined via Equation 74, redetermine nqp using the ⌅ equations, and
iterate until nqp and T converge.

• As seen in the plots below, the derivatives do not depend exponentially on temperature once
one has separated out the nqp dependence.

• Seth Siegel has shown5 that the above approximate expressions can result in 10–20% level
inaccuracies when fitting data over a large temperature range and that the full integrals
giving rise to the above expressions should in general be used. The above approximate forms,
however, do well to make clear the parameter dependencies.

• It is standard to define

�(T ) ⇤ ⌥(⌅/|⌅(0)|)
⌥nqp

����
T

=
[⌅ � ⌅(0)] /|⌅(0)|

nqp

=
1

2N0�

⌥
 

�
4
⇤

1⌦
2⇤ kT

�

sinh
⇥

h̄⇧

2kT

⇤
K0

⇥
h̄⇧

2kT

⇤

�j

⌅
1 +
↵

2�
⇤kT

exp
⇥
� h̄⇧

2kT

⇤
I0

⇥
h̄⇧

2kT

⇤⇧⌃
(85)

⇤ �1(T ) + j �2(T ) (86)

We also define r� = 1 for the real part of � and r� = �2/�1 for the imaginary part. We will
find this factor convenient for writing formulae for the frequency and dissipation response in
a unified fashion.

5http://www.submm.caltech.edu/kids/AnalysisLog167
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conductivity fully 
inductive  
at T = 0

ℏω/∆ = 0.06

weak T-dependence 

thermally  
generated 

quasiparticle
density

quiescent fractional  
conductivity deviation 

from T=0 value 

fractional  
responsivity
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Conductivity to Observables

Observables
Surface impedance is Zs = E / H for EM wave propagating normal to surface              

For thin films (thickness t, therefore local limit; γ = −1):  
 
 
 
σ2 dominates for T << Tc, so Xs dominates 
Qs = Xs(T=0)/Rs = σ2(T=0)/σ1(T)

Relate fractional changes in σ to fractional changes in Zs (thin film limit)  
 
 
 
 
Recall that the fractional conductivity change shows weak temperature 
dependence.  

So, given a measurement of surface impedances in a thin film, we can infer changes in 
conductivity and thus qp density.

6

Zs = Rs + iXs ⇥
1

(�1 � i�2) t
Zs � iXs(T = 0) = i� Ls(T = 0)

� � [�(T = 0)]�1 = i [�2(T = 0)]�1

�Zs

Zs(T = 0)
=

��

�(T = 0)
�Ls

Ls
=

��2

�2(T = 0)
> 0

�Rs

�Ls
=

��1

�2(T = 0)
> 0

“kinetic inductance” “kinetic resistance”“kinetic impedance”
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KID Readout and Multiplexing

KIDs response in both 
reactance and resistance

High Qs suggests KIDs can 
be incorporated into high-Q  
resonant circuits; yields 
frequency and Q response

High-Q circuits lend themselves 
to frequency-domain multiplexing
Principle identical to AM/FM radio:  

frequency → phase (FM),  
Q → amplitude (AM)

Don’t forget resonator bandwidth! 
fqp < fr / 2Qr

Ever-growing capabilities in  
GHz digital electronics:
Fully digital generation, reception,  

and demodulation now possible 
7

6
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Figure 1.2: A block diagram of a frequency multiplexed readout based on the homodyne detection
scheme described in Chapter 5.

bandgap engineering (trapping), di�usion, phonon coupling, or other techniques allows a wide

diversity of solutions to engineering problems. Design issues will be discussed extensively in

Chapter 3.

This thesis will explain in detail all the aspects of making and measuring MKIDs. It will also

detail four important experimental results that have shown conclusively that the source of the excess

noise reported in Day et al. [27] is due to the substrate.

1. The noise roll-o� frequency seems to match the resonator bandwidth fairly well, which scales

linearly with the resonator quality factor Q. Any noise source associated with quasiparticles

would be expected to have a roll-o� associated with the quasiparticle lifetime and be inde-

pendent of Q. Readout noise sources should also be independent of Q. More details are in

Section 7.1.4.

2. Thick and thin aluminum films of the same lateral geometry but with phase responses per

quasiparticle di�erent by a factor of 100 show similar noise at the same readout power. This

is strong evidence that quasiparticles are not involved in the noise. For more details, see

Section 7.3.

3. Changing the substrate from silicon to sapphire reduces the noise dramatically. This is strong

evidence that the substrate is the cause of the noise, as shown in Chapter 8.
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1.4 Third Problem: Relating Surface Impedance and Measurable Quantities

Chapter 4 of Gao’s thesis does the network analysis to relate changes in surface impedance to
changes in microwave transmission. Again, we quote his final results. The quiescent transmission
past the resonator is given by

S21 = 1� Q�1
c

Q�1
r + 2j (f � fr) /fr

(93)

where

fr ⇤
1⌅

(Lm + Ls) C
(94)

is the resonance frequency, with Lm being the magnetic contribution to the inductance per unit
length (present in the absence of superconductivity due simply to the magnetic field of the current
flowing), C being the relevant capacitance per unit length, and the constant of proportionality
being left unspecified because we do not need it, and

1
Qr

=
1

Qc
+

1
QTLS

+
1

Q0
+

1
Qi,qp

(95)

describing the total quality factor of the resonator in terms of the coupling quality factor Qc, the
TLS loss quality factor QTLS , any intrinsic, non-quasiparticle loss Q0, and the loss due to quasi-
particles Qi,qp. For the quasiparticle loss that is described best in terms of the surface impedance,
it holds that

1
Qi,qp

=
Rs

⌅ (Lm + Ls(T = 0))
= �

Rs

⌅Ls(T = 0)
(96)

where � = Ls(T = 0)/ (Lm + Ls(T = 0)) is the kinetic inductance fraction. We are primarily
concerned with fluctuations in S21 due to fluctuations in surface impedance. We thus want to relate
fluctuations in S21 to fluctuations in 1/Q and fr and then relate those fluctuations to fluctuations
in surface impedance Zs. Using Equation 93, we can do the first step, yielding

⇥S21

���
f=fr

=
Q2

r

Qc

⇥
⇥

1
Qi,qp

� 2j
⇥fr

fr

⇤
(97)

Since we want to make all dependences on nqp explicit in the end, it is better to make the dependence
on Qi,qp explicit. We have

Q2
r

Qc
=

Q2
r

QcQi,qp
Qi,qp = ⇤Qi,qp with ⇤ =

Q2
r

QcQi,qp
(98)

Since QTLS ⇥ Qi,qp and Q0 ⇥ Qi,qp under optical loading, the value of ⇤ is driven by the choice of
Qc. It is optimal to choose Qi,qp = Qc which yields the maximal value ⇤ = 1/4, but we will leave
⇤ as a variable.6 We then have

⇥S21

���
f=fr

= ⇤Qi,qp

⇥
⇥

1
Qi,qp

� 2j
⇥fr

fr

⇤
(99)

6Note that Gao’s thesis defines � di�erently than various notes written by Zmuidzinas; the latter’s � is 4 times
larger than the former’s so that optimal coupling yields � = 1. The factor of 4 is carried around in the formulae so
the final results are no di�erent between the two conventions.
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fr � fr(T = 0)
fr(T = 0)

= �1
2

�
Ls � Ls(T = 0)

Ls(T = 0)

kinetic inductance  
fraction

�S21|f=fr
=

Q2
r

Qc

�
�

1
Qi,qp

� 2 i
�fr

fr

�
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Quasiparticle Response to Energy Input

Quasiparticle response  
governed by quasiparticle  
lifetime, observed to follow  
 
 
where n∗ may be a  
limiting qp density

Frequently written as 
 
 
with the recombination  
constant

Many ms lifetimes achievable  
but perhaps only at  
low readout powers!

8

�qp =
�max

1 + nqp/n�

perturbation in the quasiparticle distribution that has the same shape as the steady-state

distribution, df(E) / f(E). Although this assumption is a reasonable starting point, it is not

guaranteed to be correct, and this is an important topic for future research. Our assumption

guarantees that the fractional perturbations to the physical quantities are all equal, because

dX
X!Xð0Þ ¼

hKXjdf i
hKXjf i

¼ hKY jdf i
hKY jf i

¼ dY
Y !Yð0Þ . 57:

Thus, we can reduce the problem to the calculation of dNqp/Nqp.

5.6.3. Quasiparticle lifetime. The quasiparticle population may be calculated by balancing

the generation and recombination rates. Quasiparticles recombine via phonon emission along

with the subsequent escape of the recombination phonon from the superconducting volume

(113). Superconducting microresonators have proven very valuable for studying this process

(114, 115). As illustrated in Figure 17, experimentally, the quasiparticle lifetime tqp varies with

thermal quasiparticle density in a manner that is fairly well described by the relation

tqp ¼ tmax

1þ nqp=n&
, 58:

where the crossover density n& ' 100 mm!3 is observed to be roughly constant for a wide range

of materials, and tmax is the experimentally observed maximum lifetime. The physics governing
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Figure 17

This figure shows the beautiful quasiparticle lifetime measurements made using superconducting
microresonators. The filled symbols represent Ta films; the open symbols are Al films. The inset shows the
same data on a linear scale. Reprinted with permission from Reference 114. Copyright 2008, American
Physical Society.
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asymptotic regime; limiting excess qp density n∗, or something else?
related to disorder? (Barends et al implantation experiment)

1
�qp

= 2R nqp +
1

�max
with R = (2 n� �max)�1

1
�qp

= 2R nqp +
1

�max
with R = (2 n� �max)�1

9 
Photon-Counting KIDs for the Far-IR Surveyor 

                                                                                       
 

     
 Fig. 7: We have already demonstrated thin Al films with excellent properties for photon-counting. 
(Left) We measure internal quality factors in our thin 10 nm films of Qi~106 at low readout powers. 
(Right) Fitting the internal quality factor and resonance frequency as a function of temperature we see 
behavior that conforms to Mattis-Bardeen theory. 

extract the loss-tangent due to TLSs. In doing so we will work to systematically determine 
fabrication techniques which will allow us to improve and reproduce these film properties.  

Fabrication will be done in the GSFC Detector Development Laboratory (DDL) in our 
state-of-the art sputtering deposition system (see Facilities section). We have already demoed 
NbTiN thin film resonators at GSFC with Qi~105 on unheated H-terminated Si substrates etched 
using a dry/wet etch process. On our path to achieving Qi~106, we will consult with our 
collaborators at SRON, whom have already developed and demonstrated world-record high 
quality NbTiN films on Si with low TLS loss/noise to adopt their methods [44,45]. In addition, 
in one device variation, SRON will deposit NbTiN films on our wafers, for return and processing 
at GSFC into our Al/NbTiN test devices. 

 
Milestone: We will demonstrate simple CPW resonators made of NbTiN films with internal 
quality factors ≥ 1 million (loss tangents, tan δ ~1e-6).  

4.1.3 Optimization of Thin-film Aluminum Parameters 

We have also carefully considered materials choices for the inductor/absorbing material 
of our photon-counting KID design, where the two most promising candidates were Al and TiN 
films. Although TiN shows great promise due to its high kinetic inductance and low microwave 
loss, recent studies suggest that even for high-Q resonators in TiN there is significant quasi-
particle trapping [46], which would limit its use in low space backgrounds. Al films however, 
have been well studied, show behavior that is well-predicted by Mattis Bardeen theory (see Fig. 
7), and when used in KID designs can already provide ultra-low sensitivity in the NEP ~ 10-19 
W/Hz1/2 regime [43]. Driven by this, with previous internal funding, we systematically 
developed and characterized Al films at a variety of thicknesses. We deposited films and 
patterned these films into simple KID resonators and characterized them in a customized low-
background cryogenic testbed (see Facilities). Of key importance for the detector response and 
sensitivity are Qi and quasi-particle recombination time τqp. With our 10 nm thin Al films we 
have recently achieved Qi ~ 1.2x106 at low microwave readout powers (P_feedline = -117 dBm; see 
Fig. 7), by far the best reported for such thin films [47-50]. Additionally, we have measured τqp ~ 
1.0 ms in 100 nm thick devices using an LED to measure the detector response time with single 
NIR photons, also similar to the best results in literature [43]. As is detailed in §4.2.2, these Al 
properties meet our photon-counting design requirements.  

Key material for ultrasensitive KIDs: thin 
aluminum 
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Quasiparticle Response to Energy Input

queiscent point (τqp and nqp) set using g-r equation to balance  
qp generation by power (readout and stray) and qp decay:  
 
 
 
 
 
In absence of known power, τqp → τmax, Nqp → N∗, and ηP → N∗∆/τmax

Dynamic response: use dynamic g-r equation to obtain

Calorimetric mode: δP(f ) = δE: exponentially decaying pulse response with  
pulse height δnqp = ηδE/∆ and decay time τqp 

Use relations between δnqp and observables to obtain expected signal

Don’t forget resonator bandwidth!  fqp < fr / 2Qr

9

�P

�
= Nqp

�
1

�max
+ R

Nqp

V

�
Nqp = nqp V N� = n� V

=� �qp =
�max�

1 + 2 (� P/�) �max/N�

Nqp

N�
=

�
1 + 2 (� P/�) �max/N� � 1

�Nqp(f)
Nqp

� 1
1 + 2 � i f �qp

�P (f)
P

1 + Nqp/N�
1 + Nqp/2 N�
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Generation and recombination noise for qps created by readout

Amplifier noise reduced by factor β in frequency direction
TLS noise only in frequency direction

Noise

10

NEP2diss ¼ 2Pohnð1þ noÞ þ
8N2

qpD
2
0

!2owcw2qpt2qp

kTa

Pa

þ
4!awqpD0

!2o
Pa þ

4GthD
2
0

!2o
þ
2NqpD2

0

!2o
ðt%1

max þ t%1
qp Þ.

86:

The terms in this equation are due to photon noise, amplifier noise, and shot noise from

microwave generation of quasiparticles, thermal generation, and quasiparticle recombination,

respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,

dP̂
ðfreqÞ
o ðnÞ ¼

4Pqp

b!owcwqp
ImdS21ðnÞ, 87:

which would lead to a noise equivalent power of

NEP2freq ¼ 2Pohnð1þ noÞ þNEP2g%r

þ
8N2

qpD
2
0

b2!2owcw2qpt2qp

kTa

Pa
þ
8N2

qpD
2
0Q

2
i

b2!2ow2qpt2qp
STLS.

88:

The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions

by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing

Nqp

tqp
¼ GgðxÞ, 89:

where x ¼ Gtmax/N& ' 0 and

gðxÞ ¼ 2

1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x

p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write

NEP2diss ¼ 2ð1þ noÞPohnþ
8g2ðxÞ!a
wcw2qp!o

ð1þ yaÞ2

ya
PokTa

þ
4wqp
!o

yaPoD0 þ
4

!o
ð1þ yaÞPoD0.

91:

Rearranging,

NEP2diss ¼ 2ð1þ noÞPohn

þ 2g2ðxÞ!a
wcw2qp

kTa

D0

ð1þ yaÞ2

ya
þ ðwqp þ 1Þya þ 1

2

4

3

5 4PoD0

!o
.

92:
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The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions

by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing
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p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write
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noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by
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quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions

by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.
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noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions

by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.
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The terms in this equation are due to photon noise, amplifier noise, and shot noise from

microwave generation of quasiparticles, thermal generation, and quasiparticle recombination,

respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,

dP̂
ðfreqÞ
o ðnÞ ¼

4Pqp

b!owcwqp
ImdS21ðnÞ, 87:

which would lead to a noise equivalent power of

NEP2freq ¼ 2Pohnð1þ noÞ þNEP2g%r

þ
8N2

qpD
2
0

b2!2owcw2qpt2qp

kTa

Pa
þ
8N2

qpD
2
0Q

2
i

b2!2ow2qpt2qp
STLS.

88:

The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions

by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing

Nqp

tqp
¼ GgðxÞ, 89:

where x ¼ Gtmax/N& ' 0 and

gðxÞ ¼ 2

1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x

p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write

NEP2diss ¼ 2ð1þ noÞPohnþ
8g2ðxÞ!a
wcw2qp!o

ð1þ yaÞ2

ya
PokTa

þ
4wqp
!o

yaPoD0 þ
4

!o
ð1þ yaÞPoD0.

91:

Rearranging,

NEP2diss ¼ 2ð1þ noÞPohn

þ 2g2ðxÞ!a
wcw2qp

kTa

D0

ð1þ yaÞ2

ya
þ ðwqp þ 1Þya þ 1

2

4

3

5 4PoD0

!o
.

92:

202 Zmuidzinas

A
nn

u.
 R

ev
. C

on
de

ns
. M

at
te

r P
hy

s. 
20

12
.3

:1
69

-2
14

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.a

nn
ua

lre
vi

ew
s.o

rg
by

 C
al

ifo
rn

ia
 In

st
itu

te
 o

f T
ec

hn
ol

og
y 

on
 0

3/
16

/1
2.

 F
or

 p
er

so
na

l u
se

 o
nl

y.

generation-recombination noise

amplifier
noise

two-level system  
noise

If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/

Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-

fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally

change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for

photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/

Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-

fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally

change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for

photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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ratio of imaginary (frequency)  
to real (dissipation) response

fg ¼ tan"12Qrx, 36:

the coupling efficiency factor,

wc ¼
4QcQi

ðQc þQiÞ2
& 1, 37:

which reaches unity for optimum coupling Qc ¼ Qi, and also the detuning efficiency,

wgðoÞ ¼
1

1þ 4Q2
r x

2
& 1, 38:

which is maximized when the generator is tuned to the center of the resonance, o ¼ or. Using

this notation, we may write

AðoÞ ¼ j
Qi

2
wcwge

"2jfg 39:

and

BðoÞ ¼ Qi

4
wcwge

"2jfg . 40:

Amplifier noise may be accounted for by adding a noise term to Equation 34. This describes

the additive noise of the amplifier, as characterized by its noise temperature Ta. Depending on

the readout carrier power, signal bandwidth, and the gain stability of the amplifier, multiplica-

tive noise due to variations in the amplifier’s complex gain (amplitude and phase) may also need

to be considered. Fortunately, a variety of mitigation strategies (e.g., pilot tones interspersed

between the readout tones, carrier suppression techniques, or more rapid signal modulation)

may be deployed, so we assume that it is safe to ignore such effects. Including the amplifier’s

additive noise, we may write

dS21ðnÞ ¼
1

4
wcwgQie

"2jfg
!
2jdxðnÞ þ dQ"1ðnÞ

"
zðn,oÞ þ dSaðnÞ. 41:

Here, dSa(t) ¼ dIa(t) þ jdQa(t) is the fluctuation in the measured forward transmission caused

by the amplifier noise, and is characterized by

hdIaðnÞdI'aðn
0Þi ¼ hdQaðnÞdQ'

aðn
0Þi ¼ kTa

2Pg
dðn" n0Þ; 42:

all other correlations vanish. As expected, the signal-to-noise ratio in the transmission measure-

ment improves with the generator power Pg. Note that a portion of the generator power is

absorbed in the resonator, given by Pa ¼ waPg, where the absorption efficiency is

waðoÞ ¼
wcwgðoÞ

2
& 1

2
. 43:

5.4. Noise from Two-Level Systems

In practice, superconducting microresonators are found to have excess frequency noise

(1, 67, 73, 79, 98) varying with frequency as (f"1/2 and corresponding to transmission

perturbations in a direction that is purely tangential to the resonance circle (see

Figure 12). Amazingly, noise in the perpendicular direction corresponding to dissipation

fluctuations is not seen even at levels well below the standard quantum limit (99). For
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resonator-feedline
coupling efficiency

If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/

Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-

fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally

change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for

photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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differential efficiency for  
creation of qps  

from readout power

amplifier noise
temperature

feedline  
readout power

Pa	=	(χc/2)	Pg

readout power 
stored in resonator

If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/

Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-

fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally

change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for

photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/

Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-

fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally

change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for

photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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quasiparticle  
quality factor 

efficiency

total  
internal
quality 
factor

qp internal
quality 
factor

NEP2diss ¼ 2Pohnð1þ noÞ þ
8N2

qpD
2
0

!2owcw2qpt2qp

kTa

Pa

þ
4!awqpD0

!2o
Pa þ

4GthD
2
0

!2o
þ
2NqpD2

0

!2o
ðt%1

max þ t%1
qp Þ.

86:

The terms in this equation are due to photon noise, amplifier noise, and shot noise from

microwave generation of quasiparticles, thermal generation, and quasiparticle recombination,

respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,

dP̂
ðfreqÞ
o ðnÞ ¼

4Pqp

b!owcwqp
ImdS21ðnÞ, 87:

which would lead to a noise equivalent power of

NEP2freq ¼ 2Pohnð1þ noÞ þNEP2g%r

þ
8N2

qpD
2
0

b2!2owcw2qpt2qp

kTa

Pa
þ
8N2

qpD
2
0Q

2
i

b2!2ow2qpt2qp
STLS.

88:

The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions

by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing

Nqp

tqp
¼ GgðxÞ, 89:

where x ¼ Gtmax/N& ' 0 and

gðxÞ ¼ 2

1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x

p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write

NEP2diss ¼ 2ð1þ noÞPohnþ
8g2ðxÞ!a
wcw2qp!o

ð1þ yaÞ2

ya
PokTa

þ
4wqp
!o

yaPoD0 þ
4

!o
ð1þ yaÞPoD0.

91:

Rearranging,

NEP2diss ¼ 2ð1þ noÞPohn

þ 2g2ðxÞ!a
wcw2qp

kTa

D0

ð1þ yaÞ2

ya
þ ðwqp þ 1Þya þ 1

2

4

3

5 4PoD0

!o
.

92:
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NEP2diss ¼ 2Pohnð1þ noÞ þ
8N2

qpD
2
0

!2owcw2qpt2qp

kTa

Pa

þ
4!awqpD0

!2o
Pa þ

4GthD
2
0

!2o
þ
2NqpD2

0

!2o
ðt%1

max þ t%1
qp Þ.

86:

The terms in this equation are due to photon noise, amplifier noise, and shot noise from

microwave generation of quasiparticles, thermal generation, and quasiparticle recombination,

respectively. The factor of two arises from contributions from both positive and negative

frequencies. Meanwhile, for frequency readout we would use the estimator,

dP̂
ðfreqÞ
o ðnÞ ¼

4Pqp

b!owcwqp
ImdS21ðnÞ, 87:

which would lead to a noise equivalent power of

NEP2freq ¼ 2Pohnð1þ noÞ þNEP2g%r

þ
8N2

qpD
2
0

b2!2owcw2qpt2qp

kTa

Pa
þ
8N2

qpD
2
0Q

2
i

b2!2ow2qpt2qp
STLS.

88:

The photon noise and generation-recombination noise terms are unchanged, but the amplifier

noise picks up a factor 1/b2. Also, the TLS noise must now be included, characterized here by

the spectral density STLS for the fractional frequency shift. The response roll-off due to the

quasiparticle lifetime may be accounted for by multiplying the amplifier and TLS contributions

by a factor 1 þ (2pntqp)2; the amplifier noise receives an additional factor of 1 þ (2Qrn/nr)2 due
to the finite resonator bandwidth.

These expressions may be simplified somewhat by writing

Nqp

tqp
¼ GgðxÞ, 89:

where x ¼ Gtmax/N& ' 0 and

gðxÞ ¼ 2

1þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x

p . 90:

Note that 1( g(x)( 2. If we define ya ¼ Ga/Go ¼ !aPa/!oPo to be the ratio of the microwave and

optical quasiparticle generation rates and assume that the thermal generation rate is made

negligibly small, we may write

NEP2diss ¼ 2ð1þ noÞPohnþ
8g2ðxÞ!a
wcw2qp!o

ð1þ yaÞ2

ya
PokTa

þ
4wqp
!o

yaPoD0 þ
4

!o
ð1þ yaÞPoD0.

91:

Rearranging,

NEP2diss ¼ 2ð1þ noÞPohn

þ 2g2ðxÞ!a
wcw2qp

kTa

D0

ð1þ yaÞ2

ya
þ ðwqp þ 1Þya þ 1
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If we combine these results with Equation 44, we obtain

dS21ðnÞ ¼
1

4
wcwgwqpe

$2jfg ½1þ jbðoÞ'zðn,oÞ
dNqpðnÞ
Nqp

þje$2jfg
wcwg
2

Qizðn,oÞdxTLSðnÞ þ dSaðnÞ,
73:

where

bðoÞ ¼ hK2 j f i
hK1 j f i

¼ S2ðoÞ
S1ðoÞ

¼ hK2 jdf i
hK1 jdf i

¼ ds2
ds1

74:

describes the ratio of the response tangent to and normal to the resonance circle, and wqp ¼ Qi/

Qqp( 1 is the fraction of the resonator internal dissipation contributed by the quasiparticles. It

is straightforward to calculate b(o, T) for a thermal distribution; the result is shown in

Figure 18. However, we must remember that f(E) may not necessarily be well described by a

thermal distribution for an MKID that is biased and illuminated.

5.7. MKID Sensitivity

The number of quasiparticles in the MKID active volume exhibits fluctuations about the

mean value Nqp due to the inherent randomness of the generation and recombination processes

(116, 118); these fluctuations set the fundamental limit to sensitivity. In addition, non-

fundamental effects such as amplifier noise and TLS noise must also be considered. We consider

the case of an MKID that is illuminated by a steady stream of photons. The perturbation in the

quasiparticle number dNqp(t) away from the mean value obeys the equation

d

dt
þ t$1

qp

! "
dNqpðtÞ ¼

!awqp
D0

dPaðtÞ þ
!o
D0

dPoðtÞ þ dGðtÞ. 75:

Here, !a ¼ (D0/wqp)@G/@Pa is the differential efficiency with which readout power is converted

to quasiparticles, dPa(t) represents a perturbation to the absorbed readout power, dPo(t) is the
perturbation in the optical power, and dG(t) represents the random shot noise due to quasipar-

ticle generation and recombination. For simplicity, we assume that !a is constant with Pa; the

generalization to a power-dependent efficiency !a(Pa, Po) is possible but does not fundamentally

change the results. The shot noise has a white spectrum with an autocorrelation function that

has the form

hdGðtÞdGðt0Þi ¼ SGdðt $ t0Þ, 76:

where the spectral density is

SG ¼ !ohn
D0

! "2 Po

hn
ð1þ noÞ þ 2

!awqp
D0

Pa þ 2Gth þ 2Gr 77:

and is the sum of the noise arising from photon absorption, microwave quasiparticle genera-

tion, thermal quasiparticle generation, and recombination. The factor (1 þ no) accounts for

photon bunching (119), where no is the photon occupation number, and the factors of two

account for the fact that quasiparticles appear and disappear in pairs. The rates for the latter

two processes are given by

Gth ¼ Nth

2
ðt$1

max þ t$1
th Þ 78:
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Characteristic Energy Resolution

Assume
delta-function-like energy deposition

qp population determine by readout power generation
dissipation readout (no TLS noise)
amplifier noise dominant over g-r noise (T ~ 0.1 Tc required)

11

dissipation fractional responsivity;
approaches unity for T << Tc 

= Xs(T=0)/Rs
intrinsic surface quality  
factor of film  
(generally lower  
than qp-limited value,  
105-107 achievable)

�E = 2�
r

⌘a
�c �qp

vuut
k Ta N0 Vrh

2N0�
@(�1/|�(0)|)

@nqp

i
Qs

�E ⇡ 10 meV

✓
2�

363 µeV

◆r
⌘a

�c �qp

s
Ta

5 K

Vr

100 (µm)3
106

Qs

�E = 2�
r

⌘a
�c �qp

vuut
k Ta N0 Vrh

2N0�
@(�1/|�(0)|)

@nqp

i
Qs

�E ⇡ 100 meV

✓
2�

363 µeV

◆r
⌘a

�c �qp

s
Ta

5 K

Vr

104 (µm)3
106

Qs

BCS aluminum typical amplifier  
noise temperature

1 mm2 x 10 nm

resonator effective 
volume (weighted by
current2)

normal state single-spin
density of states

no quasiparticle
trapping!
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Small detectors (gram-scale)
Goal: detection of sub-eV energies from:

Dark photon absorption
DM-e scattering
Scalar-mediated nucleon scattering at very low recoil  

energies producing phonons

Methods:
Detection of qp creation in superconducting target  

via phonons (Hochberg, Zhao, Zurek, arXiv:1504.07237)
qp propagation diffusive, subject to pair recomb.
phonons quasiballistic, long decay times

Detection of optical phonon production in polar materials:
GaAs (Knapen, Lin, Pyle, Zurek, arXiv:1712.06598)
Al2O3 (Knapen talk (Tues))

Architecture: 
single mm-scale KID on few-mm target substrate
previous slide energy estimate ~ valid

Need lower-gap superconductor for KID (e.g., AlMn) or better amplifiers  
(kinetic inductance parametric amplifier recently demo’d Ta ~ 70 mK at 3 GHz)

Architectures

12

insulator
KID

superconducting 
crystal

DM-produced qp

quiescent qp phonon

KID

insulating polar 
crystal

DM-produced phonon

no quasiparticle
trapping!
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Architectures

Large detectors (kg-scale)
Goal: 

traditional nuclear recoil search at very low recoil energies  
(10 eVr)

DM-e scattering at eV scales

Method:
Neganov-Luke-Trofimov phonon production by drifting e-h  

pairs in large electric field (Romani et al APL 112, 043501  
(2018)) providing single e-h pair detection

Architecture: 
few KIDs on cm-scale substrate
~100 KIDs on 10-cm-scale substrate

Fine pixellization intended to  
provide fiducialization away  
from detector surfaces  
(most low-energy bg)

Also provide pos’n correction  
for energy

13

Drift phonons 
Charge propagation 

Recoil phonons 

Drift phonons 
Charge propagation 

Recoil phonons 
Drift phonons 

Charge propagation 
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Figure 7.2: a) Schematic of device mounting hardware, including source holder. b) Photo
of device mounted in testing enclosure.

patterned, as shown in Fig. 7.2a. The devices were then cooled to 50 mK in an Oxford

Kelvinox 25 dilution refrigerator. A detailed description of the dilution refrigerator test

bed can be found in [318] and [322].

Nearly 15 devices were fabricated and tested over the course of 24 months, summarized

in Table 7.1. A detailed discussion of the testing results is presented in the following sections.

7.2 Resonator parameters

Figure 7.3a shows the measured coupling Q for a variety of devices as a function of frequency

relative to the center of the array. As discussed in Sec. 6.5.1, the couplingQ for all resonators

on the array was designed to be 5�104 based on SONNET simulations, while the measured

Qc varies from 103 to 5�105, with a median Qc ⇥ 104. The variation in Qc is likely due

to the presence of position-dependent coupling of the resonators to the even CPS mode, in

addition to the odd mode for which the Qc simulations were performed. Future devices with

lower-impedance feedlines are expected to improve the Qc uniformity [305], as described in

Sec. 6.5.2.

The internal Q for the same devices is shown in Fig. 7.3b. The Qi is not strongly

dependent on material, with most measured values from Qi = 105–106. Therefore, for the

typical resonator with Qc ⇥ 104, the limit Q ⇥ Qc ⇤ Qi applies, although a small fraction

of resonators have Qc ⇥ Qi. All values of Qi in Fig. 7.3b were measured with no source

illuminating the substrate, and at temperatures, T ⇤ �, so that thermal quasiparticles are

negligible. It is not known what currently limits the maximum value of Qi for these devices

to <106. Possible sources of residual low-temperature dissipation include the presence of

2 cm
1-10 g 10 cm

100-1000 g

(assuming the recovery of all the gap energy as e! and hþ

recombine at surfaces). Comparison with the first photon
peak at a bias of 50 V which should produce 52 eV of pho-
nons or 1/3 of the first photon peak at a bias of 150 V shows
that agreement is good to #5%, within possible systematics
in the zero bias measurement from any residual space charge
that would add Neganov-Luke phonon energy or local trap-
ping of e!s or hþs which would prevent the gap energy from
returning to the phonon system. This good agreement sug-
gests that neither effect is significant.

Figure 5 shows that #15% of the events are distributed
in-between the quantized photon peaks. For these events, one
or more of the produced ionized excitations did not traverse
the entire crystal, and thus, the Neganov-Luke phonon produc-
tion was incomplete and non-quantized. This can occur if an
ionized excitation was trapped in the bulk while drifting. A
second possibility is impact ionization, where a drifting exci-
tation scatters off an occupied impurity state releasing a non-

paired excitation that drifts across only a fraction of the crys-
tal. Finally, subgap photons produced in coincidence when the
laser is pulsed could also interact with filled impurity states,
again producing an unpaired excitation.

These three models were fit to the data by a maximum-
likelihood fit in which the noise variance, peak separation,
mean photon number, impact ionization probability, ioniza-
tion trapping probability, and the average sub-gap IR absorp-
tion number were allowed to vary. Impact ionization events
contribute less than #1/5 of the fill-in events, which are
#15% of all events in the data. Impact ionization is not a
major contribution since it cannot produce any of the events
seen between the 0 and 1 e!hþ peaks. The best-fit models
for a typical dataset at 160 V can be seen in Fig. 5 compared
to the ideal Poisson model with the probability of these sec-
ondary processes set to 0. When there is a contribution from
only one of the three models, both subgap IR photon absorp-
tion and ionization trapping produce good fits.

These fits were performed as a function of both bias
voltage and laser input power. A striking trend is that the
secondary process probability (the total amount of fill-in
between the peaks) is found to be independent of voltage,
which disfavors the trapping model since we expect the trap-
ping length to be a function of the mean field strength in the
crystal.14

In the subgap infrared absorption model, fitting data
with different average photon numbers to the same model
requires the sub-gap IR photon flux to be proportional to the
average number of above gap photons (proportional to the
pulse time of the laser). This is certainly quite reasonable
and perhaps even expected. In the future, we will modify our
fiber setup to be a single-mode fiber instrumented with IR fil-
ters to attempt to substantially suppress this probable back-
ground. These upgrades will have the added benefit of

FIG. 4. Four superimposed histograms with a total phonon energy scale
(summed AþB in eVt) showing (1) the noise peak with no laser pulses and
grounded crystal, (2) 30 average photons per laser pulse with the crystal
grounded and calibration of phonon energy using small resolved charge
across the crystal with (3) 50 V and (4) 150 V biases across the crystal
(agreement to #5%—see the text).

FIG. 5. Histogram of summed AþB data from Fig. 2 showing the excellent
fit for a Poisson distribution. A small nonlinearity is taken out of the data
prior to the fits (see text). The integer number of e!hþ pairs is shown above,
the phonon crystal energy below (eVt), and an electron-equivalent energy
scale (eVee) at bottom using the standard 3.8 eV per e!hþ pair.13 Fits are
performed including trapping and impact ionization (see the text).

FIG. 3. (Top) Linearity of phonon amplitude versus bias voltage across the
crystal. (Bottom) Linearity of phonon energy versus photon number per laser
pulse.

043501-3 Romani et al. Appl. Phys. Lett. 112, 043501 (2018)

no quasiparticle
trapping!
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Large Detector Energy Resolution

Assume:
readout noise dominates (T << Tc ensures g-r noise subdominant) 

qp density determined by readout power generation
resonator is coupling dominated (Qc << Qi)

quasiparticle lifetime in KID << phonon absorption timescale (τqp << τabs)

14
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KID Design

10-30 nm thick film
Inductor 

Symmetric coplanar strip design 
minimizes dipole crosstalk while  
maintaining >95% current  
density uniformity

Frequency tuning  
is done by  
adjusting  
inductor length

~104 (µm)3 active 
volume

Capacitor
Standard interdigitated capacitor to  

minimize TLS noise

Can be made out of Nb in long run  
to avoid absorbing phonons

15

1 mm

no quasiparticle
trapping!
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Full Wafer Design

Feedline: 300 nm Nb coplanar waveguide
Thick feedline ensures reliable fab, good transmission

Crosstalk minimized
Using the specialized inductor design with ground shield  

(a la CALDER) see negligible crosstalk in simulation
Critical for ensure frequency predictability

Full wafer fab via contact mask
Large features (10 µm) 

16

no quasiparticle
trapping!
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RF Performance

Fabricate a Nb-only device to test RF simulations
Excellent performance!

Detected almost all 80 resonances

Scatter = 7x10-4 fractional = 2.5 MHz 
No exchanged resonances, no collisions!

17
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Multiplexed Readout

UCSB/Caltech/JPL + partners have developed digital readout
Signal generation and demodulation done digitally
IF system block upconverts from DAC/ADC baseband (0-500 MHz) to 

resonator RF band (3 GHz)
Critical issues:

ADC SNR: need 12 bits @ 500 MHz to ensure readout white noise ok
1/f: for bolometric instruments, need stability down to 0.01-0.1 Hz

18
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Multiplexed Readout

IF (intermediate frequency) board:
Freq synth to generate local osc. locked  

to GPS-referenced 10 MHz Rb freq std

Analog IQ mixers to up- and down-  
convert w/double-sideband recovery

Anti-alias filtering
Gain/atten. to match to DAC/ADC ranges

Great care taken with heatsinking for 1/f
19
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Multiplexed Readout

ADC/DAC board:
12-bit 550 MHz ADC (TI ADS5463)

16-bit 1000 MHz DAC (TI DAC5681)
Common voltage reference, extensive  

heat-sinking to minimize 1/f
Mates to ROACH FPGA/PowerPC platform
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Multiplexed Readout

ROACH board
FPGA + CPU + memory

Simulink FPGA programming
System built on ROACH1/Virtex5
UCSB has developed 256-ch digital  

downconverter (multiplier) firmware

ROACH2 based on Virtex6 now standard 
(firmware ported by UCSB)

�

� 6.�New�ADC�DAC�board�is�here:�

� � a.�ADC�and�DAC�are�functional�as�well�as�before;�

� � b.�When�operating,�the�ADC�chip�is�around�31�33�degree�C.�Further�improvement�will�be�done�with�heatsink.�

� � �

�

�

�

� �

21



New Probes for BSM Physics/KITP  Sunil Golwala

Multiplexed Readout

8-block crate developed; high-stability PSU for IF,  ADC/DAC

22
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New Readout Option

ROACH system good for mid-scale  
instrument deployment
Optimized firmware and data transport  
→ max channel count, min cost/channel

ROACH system not good for lab development
Special-purpose hardware (even ROACH)
Changes to multiplexing algorithm require  

firmware changes
Multiple layers of software/firmware

Firmware for FPGA
Linux system for PowerPC
Linux system for DAQ computer

JPL developing GPU-based system  
programmable in C++ and Python
Commercial off-the-shelf hardware

Flexible multiplexing algorithms
Easier user interface
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Figures, Graphics, Tables, etc. 

 
Figure 1:  Block diagram of RF readout for frequency-multiplexed far-IR/submm/mm 
detectors.  The generic instrument (of which there are several instances at JPL and Caltech) 
in the left half of the diagram has an input line with RF power, a cryogenic device which 
responds to the RF power, and an output line carrying the modified RF power which is 
amplified and then fed to the readout system.  Hundreds or thousands of detector elements 
are assigned individual resonant frequencies within the cryogenic device and are read with 
the single RF line pair.  The readout in the right half consists of room-temperature 
electronics hosted in a standard PCIe/Linux computer.  COTS hardware is used for the RF 
generation and detection (DAC and ADC, respectively).  The readout bandwidth is ~1 GHz, 
but the information content of interest from the detector is lower (~0.1 MByte/sec); this 
first level of data analysis/reduction is provided by the GPUs performing repeated 
parallelized Fast Fourier Transforms for determination of the (time-dependent) resonant 
frequencies.  The lower rate data are streamed to a storage disk for later display and 
processing within the CPU.  Optional up- and down-conversion mixers are shown between 
the readout and instrument, needed only if the device frequencies are above the DAC or 
ADC bandwidth. 
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Plans

Near-term
Have device with Al KID films in hand

Characterize at sub-Kelvin temperatures
RF performance, kinetic inductance fraction
expose to 55Fe and 129I x-rays to measure energy resolution, do position reconstruction and 

energy correction

Mid-term
Refine design

Scale up to thick (100 g Si) substrates

Long-term
Revisit design with focus on single-resonator energy resolution for sub-eV 

depositions 
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