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FIG. 1. (color online) Schematic zero temperature phase diagram
of the model in Eq. 1. We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferrimagnet phase (AFM) (or a superconductor
(SC), depending on the pattern of particle-hole symmetry breaking),
a charge density wave (CDW) phase as well as a valence bond solid
(VBS). For N = 1, we do not find evidence for a Z2D phase beyond
h = 0 consistent with the arguments in the main text. The phase
transitions from the Z2D to AFM/SC (N = 2) and VBS (N = 3) are
seemingly continuous. At N = 3 we observe a deconfined quantum
critical point (DCQP) between the VBS and AFM phases.

Our Hamiltonian (Eq. 1) is partially motivated by a recent
study of nematic instability of a Fermi surface [25] and velocity
fluctuations in Dirac metals [26]. It consists of N species of
fermions on the vertices of a square lattice interacting with
quantum Ising spins that live on the links of the same square
lattice. However, in contrast to the Hamiltonian in Ref. [25],
our Hamiltonian has a local Z2 invariance, which leads to
LxLy conserved operators on a Lx ⇥ Ly lattice. Furthermore,
we restrict ourselves to half-filling and thus at low energies,
instead of a Fermi surface, we either obtain either no fermions
(e.g. a Mott insulator) or Fermi points. These di�erences
completely alter the phase diagram of our model compared to
Ref. [25].

The phase diagram for various values of N is summarized in
Fig. 1. For N > 1, we find that when the kinetic energy of the
aforementioned Ising spins is small compared to the kinetic
energy of the fermions, the ground state resembles deconfined
phase of the Z2 gauge theory coupled to 2N Dirac fermions
(the N = 1 case is special in that the deconfined fermions are
unstable to infinitesimal interactions). However, as we will
discuss in detail, there is an important distinction between this
phase and the deconfined phase of a conventional Z2 gauge
matter theory (Ref. [27–29]). Namely, the local Z2 invari-
ance in our model is an actual symmetry of the Hamiltonian
in contrast to the so-called ‘gauge symmetry’ in gauge-matter
theories which just corresponds to redundancy in the descrip-
tion of the physical states. This is because we do not project the
Hilbert space of our Hamiltonian to gauge invariant states, that
is, we do not impose the Gauss’s law. Instead, in our model,
the Gauss’s law in the ground state emerges due to spontaneous
symmetry breaking as the locally conserved operators order in
a certain definite pattern. One physical significance of this is

that in contrast to regular Z2 gauge theory, in our model, equal
space, unequal time non-gauge invariant correlation functions
do not vanish identically. Further, there is a finite temper-
ature Ising transition corresponding to the restoration of the
aforementioned symmetry.

As the kinetic energy of the Ising degrees of freedom is
increased, we find that the aforementioned gapless Dirac de-
confined phase enters a symmetry broken confined phase. The
nature of symmetry breaking depends on the value of N . For
N = 1 it corresponds to a charge density wave, while for
N = 2, due to an enlarged symmetry, the symmetry broken
phase can correspond to a superconductor or a Néel antifer-
romagnet (AFM), depending on the sign of the infinitesimal
symmetry breaking field. The N = 3 case is even richer.
We find that after exiting the deconfined phase, the model
enters a valence bond solid (VBS) phase, and as the tuning pa-
rameter controlling the kinetic energy of Ising spins is tuned
further, the valence-bond solid quantum melts and yields a
Néel AFM phase. The phase transition between the VBS and
AFM phase, if second-order, will correspond to a deconfined
quantum critical point [30], reported earlier in the context of
quantum magnets [31, 32]. Our results are consistent with a
second order transition.

II. MODEL AND SYMMETRIES

Our model reads:

Ĥ =
X

hiii, jjji
Ẑhiii, jjji *,

NX

↵=1
ĉ†
iii,↵ ĉjjj,↵ + H.c.+- � N h

X

hiii, jjji
X̂hiii, jjji. (1)

Here, ĉ†
iii,↵ creates a fermion of flavor ↵ in a Wannier state

centered around lattice site iii of a square lattice and the sum
runs over bonds of nearest neighbors. Each bond, bbb = hiii, jjji,
accommodates a two level system spanned by the Hilbert space
|0ibbb and |1ibbb and in this basis, Ẑhiii, jjji, and X̂hiii, jjji, corresponds
to the Pauli spin matrices

⇣
1 0
0 �1

⌘
and
⇣

0 1
1 0

⌘
respectively. h

tunes the strength of the transverse field. Note that we have set
the coe�cient of the hopping term to unity so that all energy
scales, including the size of h and the temperature T , will be
measured relative to the hopping term.

A. Discrete Symmetries

The model (Eq. 1) leads to a number of symmetries. The
particle-hole symmetry we consider is

P̂�1
↵ ĉ†

iii,� P̂↵ = �↵,�eiKKK ·iii ĉiii,� +
⇣
1 � �↵,�

⌘
ĉ†
iii,� (2)

and it satisfies f
P̂↵, Ĥ

g
= 0. (3)

As an explicit operator, P̂↵ =
Q

i (ciii,↵eiKKK ·iii/2 + ĉ†
iii,↵e�iKKK ·iii/2)

where K = (⇡, ⇡). Thus it is a fermionic (bosonic) operator
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• “Simple” model: only one continuous tuning parameter. 

• Hosts a gauge theory without being a bona fide gauge 
theory. Conceptually interesting. 

• No fermion sign problem! Results obtained using auxiliary 
field Monte Carlo. 

• Hosts a deconfined quantum critical point and possibly 
other exotic criticality. 

• Related: An application of the sign problem to deduce a 
result on many-body Hamiltonians.



Symmetries
• Particle-hole symmetries:
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Explicitly:
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if the total number of lattice sites is odd (even). As it will
become clearer later in the paper, it is helpful to define a Z2
valued order-parameter p̂iii that captures the breaking of the
particle-hole symmetry,

p̂iii =
NY

↵=1

�
1 � 2n̂iii,↵

�
= (�1) N̂i

i

i . (4)

This is nothing but the parity of fermion particle number at
site iii. Under particle-hole transformation, p̂iii ! �p̂iii .

A more interesting symmetry corresponds to the local con-
servation laws:

f
Q̂iii, Ĥ

g
= 0 (5)

where

Q̂iii = X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iii (6)

with
f
Q̂iii, Q̂ jjj

g
= 0 and Q̂2

iii
= 1. Despite an extensive number

of conservation laws, our Hamiltonian is not integrable. This
is because the total number of degrees of freedom, Ndo f ,
after taking into account LxLy number of conserved Q̂iii’s on
a Lx ⇥ Ly lattice, are still extensive: Ndo f = Number of
Ising spins + Number of fermions � Number of constraints
= 2LxLy + N LxLy � LxLy = (N + 1)LxLy .

Crucially, the operators Q̂iii anti-commute with the generator
of particle-hole symmetry: P̂�1

↵ Q̂iii P̂↵ = �Q̂iii . Therefore, the
low energy theory of our model cannot contain terms that are
proportional to Q̂iii unless the particle-hole symmetry is spon-
taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
symmetry spontaneously. For example, one can in principle
construct a state | i which is an eigenstate of all Q̂iii’s, (and
therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
less satisfies h | p̂iii | i = 0, and h | p̂iii p̂jjj | i ! 0 as |iii� jjj | ! 1.

Another consequence of anticommutation between Q̂iii and
P̂↵ is that the spectra of the Hamiltonian is at least doubly
degenerate. In fact, on a lattice with an odd number of total
sites, the Hamiltonian possesses a N = 2 SUSY [33]. This is
because, as discussed, P̂↵ is a fermionic operator and together
with bosonic operator Q̂iii can be used to define a fermionic
SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:

X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1

iii
=
⇣
1 � 2�iii, jjj

⌘
ĉ†
jjj,↵ , one can

readily show that

hĉ†
iii1,↵

(⌧)ĉiii
n

,↵ (0)i = �iii1,iiin hĉ†iii1,↵ (⌧)ĉiii1,↵ (0)i. (7)

or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as

hĉ†
iii1,↵

(⌧)
n�1Y

j=1
Ẑhiii

j

,iii
j+1i
⇣
⌧j
⌘

ĉiii
n

,↵ (0)i (9)

where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
iii,↵ !

NX

�=1
U↵,� ĉ†

iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:

• O(2N) symmetry:
�i � Oij�j

P̂�1
� ĉ†iii,� P̂� = ��,�eiKKK·iii ĉiii,� + (1� ��,�)
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SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:
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(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
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not prohibited in our model. As already mentioned, if one
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ĉiii
n

,↵ (0)i (9)
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operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
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low energy theory of our model cannot contain terms that are
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taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
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therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
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At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
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field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
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operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
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actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:
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x
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x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1

iii
=
⇣
1 � 2�iii, jjj

⌘
ĉ†
jjj,↵ , one can

readily show that

hĉ†
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,↵ (0)i = �iii1,iiin hĉ†iii1,↵ (⌧)ĉiii1,↵ (0)i. (7)

or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as

hĉ†
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(⌧)
n�1Y

j=1
Ẑhiii
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,iii
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⇣
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ĉiii
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where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
iii,↵ !

NX

�=1
U↵,� ĉ†

iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:
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“Gauss’s law”
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if the total number of lattice sites is odd (even). As it will
become clearer later in the paper, it is helpful to define a Z2
valued order-parameter p̂iii that captures the breaking of the
particle-hole symmetry,

p̂iii =
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↵=1

�
1 � 2n̂iii,↵

�
= (�1) N̂i

i

i . (4)

This is nothing but the parity of fermion particle number at
site iii. Under particle-hole transformation, p̂iii ! �p̂iii .

A more interesting symmetry corresponds to the local con-
servation laws:

f
Q̂iii, Ĥ

g
= 0 (5)

where
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with
f
Q̂iii, Q̂ jjj
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iii
= 1. Despite an extensive number

of conservation laws, our Hamiltonian is not integrable. This
is because the total number of degrees of freedom, Ndo f ,
after taking into account LxLy number of conserved Q̂iii’s on
a Lx ⇥ Ly lattice, are still extensive: Ndo f = Number of
Ising spins + Number of fermions � Number of constraints
= 2LxLy + N LxLy � LxLy = (N + 1)LxLy .

Crucially, the operators Q̂iii anti-commute with the generator
of particle-hole symmetry: P̂�1

↵ Q̂iii P̂↵ = �Q̂iii . Therefore, the
low energy theory of our model cannot contain terms that are
proportional to Q̂iii unless the particle-hole symmetry is spon-
taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
symmetry spontaneously. For example, one can in principle
construct a state | i which is an eigenstate of all Q̂iii’s, (and
therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
less satisfies h | p̂iii | i = 0, and h | p̂iii p̂jjj | i ! 0 as |iii� jjj | ! 1.

Another consequence of anticommutation between Q̂iii and
P̂↵ is that the spectra of the Hamiltonian is at least doubly
degenerate. In fact, on a lattice with an odd number of total
sites, the Hamiltonian possesses a N = 2 SUSY [33]. This is
because, as discussed, P̂↵ is a fermionic operator and together
with bosonic operator Q̂iii can be used to define a fermionic
SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:
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(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1

iii
=
⇣
1 � 2�iii, jjj

⌘
ĉ†
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or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as
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where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
iii,↵ !

NX

�=1
U↵,� ĉ†

iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:
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if the total number of lattice sites is odd (even). As it will
become clearer later in the paper, it is helpful to define a Z2
valued order-parameter p̂iii that captures the breaking of the
particle-hole symmetry,

p̂iii =
NY

↵=1

�
1 � 2n̂iii,↵

�
= (�1) N̂i

i

i . (4)

This is nothing but the parity of fermion particle number at
site iii. Under particle-hole transformation, p̂iii ! �p̂iii .

A more interesting symmetry corresponds to the local con-
servation laws:

f
Q̂iii, Ĥ

g
= 0 (5)

where

Q̂iii = X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
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X̂iii,iii�aaa
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p̂iii (6)

with
f
Q̂iii, Q̂ jjj
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= 0 and Q̂2

iii
= 1. Despite an extensive number

of conservation laws, our Hamiltonian is not integrable. This
is because the total number of degrees of freedom, Ndo f ,
after taking into account LxLy number of conserved Q̂iii’s on
a Lx ⇥ Ly lattice, are still extensive: Ndo f = Number of
Ising spins + Number of fermions � Number of constraints
= 2LxLy + N LxLy � LxLy = (N + 1)LxLy .

Crucially, the operators Q̂iii anti-commute with the generator
of particle-hole symmetry: P̂�1

↵ Q̂iii P̂↵ = �Q̂iii . Therefore, the
low energy theory of our model cannot contain terms that are
proportional to Q̂iii unless the particle-hole symmetry is spon-
taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
symmetry spontaneously. For example, one can in principle
construct a state | i which is an eigenstate of all Q̂iii’s, (and
therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
less satisfies h | p̂iii | i = 0, and h | p̂iii p̂jjj | i ! 0 as |iii� jjj | ! 1.

Another consequence of anticommutation between Q̂iii and
P̂↵ is that the spectra of the Hamiltonian is at least doubly
degenerate. In fact, on a lattice with an odd number of total
sites, the Hamiltonian possesses a N = 2 SUSY [33]. This is
because, as discussed, P̂↵ is a fermionic operator and together
with bosonic operator Q̂iii can be used to define a fermionic
SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:
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x
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x

X̂iii,iii+aaa
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X̂iii,iii�aaa
y

(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1

iii
=
⇣
1 � 2�iii, jjj

⌘
ĉ†
jjj,↵ , one can

readily show that

hĉ†
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(⌧)ĉiii
n

,↵ (0)i = �iii1,iiin hĉ†iii1,↵ (⌧)ĉiii1,↵ (0)i. (7)

or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as

hĉ†
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(⌧)
n�1Y

j=1
Ẑhiii

j
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j+1i
⇣
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where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
iii,↵ !

NX

�=1
U↵,� ĉ†

iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:
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Our model ≠ Gauge Theory
Unlike our model, in a gauge theory, there are no local 

symmetries.

The would-be local symmetries in a gauge theory are 
eliminated by imposing Gauss’s law 

3

if the total number of lattice sites is odd (even). As it will
become clearer later in the paper, it is helpful to define a Z2
valued order-parameter p̂iii that captures the breaking of the
particle-hole symmetry,

p̂iii =
NY

↵=1

�
1 � 2n̂iii,↵

�
= (�1) N̂i

i

i . (4)

This is nothing but the parity of fermion particle number at
site iii. Under particle-hole transformation, p̂iii ! �p̂iii .

A more interesting symmetry corresponds to the local con-
servation laws:

f
Q̂iii, Ĥ

g
= 0 (5)

where

Q̂iii = X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iii (6)

with
f
Q̂iii, Q̂ jjj

g
= 0 and Q̂2

iii
= 1. Despite an extensive number

of conservation laws, our Hamiltonian is not integrable. This
is because the total number of degrees of freedom, Ndo f ,
after taking into account LxLy number of conserved Q̂iii’s on
a Lx ⇥ Ly lattice, are still extensive: Ndo f = Number of
Ising spins + Number of fermions � Number of constraints
= 2LxLy + N LxLy � LxLy = (N + 1)LxLy .

Crucially, the operators Q̂iii anti-commute with the generator
of particle-hole symmetry: P̂�1

↵ Q̂iii P̂↵ = �Q̂iii . Therefore, the
low energy theory of our model cannot contain terms that are
proportional to Q̂iii unless the particle-hole symmetry is spon-
taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
symmetry spontaneously. For example, one can in principle
construct a state | i which is an eigenstate of all Q̂iii’s, (and
therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
less satisfies h | p̂iii | i = 0, and h | p̂iii p̂jjj | i ! 0 as |iii� jjj | ! 1.

Another consequence of anticommutation between Q̂iii and
P̂↵ is that the spectra of the Hamiltonian is at least doubly
degenerate. In fact, on a lattice with an odd number of total
sites, the Hamiltonian possesses a N = 2 SUSY [33]. This is
because, as discussed, P̂↵ is a fermionic operator and together
with bosonic operator Q̂iii can be used to define a fermionic
SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:

X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1
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or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as
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where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
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NX
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iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:

We do not enforce Gauss’s law.



Emergence of Gauss’s law 
at T = 0

3

if the total number of lattice sites is odd (even). As it will
become clearer later in the paper, it is helpful to define a Z2
valued order-parameter p̂iii that captures the breaking of the
particle-hole symmetry,

p̂iii =
NY

↵=1

�
1 � 2n̂iii,↵

�
= (�1) N̂i

i

i . (4)

This is nothing but the parity of fermion particle number at
site iii. Under particle-hole transformation, p̂iii ! �p̂iii .

A more interesting symmetry corresponds to the local con-
servation laws:
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= 0 (5)

where
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with
f
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iii
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of conservation laws, our Hamiltonian is not integrable. This
is because the total number of degrees of freedom, Ndo f ,
after taking into account LxLy number of conserved Q̂iii’s on
a Lx ⇥ Ly lattice, are still extensive: Ndo f = Number of
Ising spins + Number of fermions � Number of constraints
= 2LxLy + N LxLy � LxLy = (N + 1)LxLy .

Crucially, the operators Q̂iii anti-commute with the generator
of particle-hole symmetry: P̂�1

↵ Q̂iii P̂↵ = �Q̂iii . Therefore, the
low energy theory of our model cannot contain terms that are
proportional to Q̂iii unless the particle-hole symmetry is spon-
taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
symmetry spontaneously. For example, one can in principle
construct a state | i which is an eigenstate of all Q̂iii’s, (and
therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
less satisfies h | p̂iii | i = 0, and h | p̂iii p̂jjj | i ! 0 as |iii� jjj | ! 1.

Another consequence of anticommutation between Q̂iii and
P̂↵ is that the spectra of the Hamiltonian is at least doubly
degenerate. In fact, on a lattice with an odd number of total
sites, the Hamiltonian possesses a N = 2 SUSY [33]. This is
because, as discussed, P̂↵ is a fermionic operator and together
with bosonic operator Q̂iii can be used to define a fermionic
SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:

X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1

iii
=
⇣
1 � 2�iii, jjj

⌘
ĉ†
jjj,↵ , one can

readily show that

hĉ†
iii1,↵

(⌧)ĉiii
n

,↵ (0)i = �iii1,iiin hĉ†iii1,↵ (⌧)ĉiii1,↵ (0)i. (7)

or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as

hĉ†
iii1,↵

(⌧)
n�1Y

j=1
Ẑhiii

j

,iii
j+1i
⇣
⌧j
⌘

ĉiii
n

,↵ (0)i (9)

where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
iii,↵ !

NX

�=1
U↵,� ĉ†

iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:

is conserved

Which set of Qi  will minimize ground state energy? 
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FIG. 2. (color online) Dynamical spin structure factor at h = 0. At the
considered temperature we can safely neglect the thermal fluctuations
of the Ising fields. Only Ising field configurations with a ⇡-flux per
plaquette contribute.

and one has to find an arrangement of Ising spins which will
minimize the energy. Local Z2 invariance implies that the
energy of an eigenstate depends only on the Z2 flux F̂iii through
a plaquette:

F̂iii =Ẑhiii,iii+aaa
x

i Ẑhiii+aaa
x

,iii+aaa
x

+aaa
y

i ⇥
Ẑhiii+aaa

x

+aaa
y

,iii+aaa
y

i Ẑhiii+aaa
y

,iiii. (22)

Lieb’s work [40] tells us that the minimal energy is realized
by ⇡-flux configurations i.e. F̂iii = �1. This means that the
coupling to the fermions e�ectively generates a Z2 magnetic
field term

|J |
X

iii

F̂iii (23)

in the Hamiltonian. On the torus with Lx ⇥ Ly sites, there are
2L

x

L
y configurations of the Ising field that correspond to the

⇡-flux through every plaquette, and therefore, an equal number
of ground states at h = 0. This huge ground state degeneracy
can also be thought of as a result of the conserved quantities Q̂iii

that relate di�erent ground states. To see the e�ect of ⇡-flux on
fermions, let us chose a two orbital unit cell with unit vectors
aaa± = aaax±aaay such that the intra-unit cell Ising field is�1 while
all others are set to 1. As mentioned above, the single particle
spectral function depends on the specific choice of Ising fields.
On the other hand, the two particle Green functions in the
particle-hole channel are independent of the background Ising
configuration. In Fig. 2, we plot the ground state dynamical
spin-spin correlations function, S(qqq,!), valid for all N . One
observes a particle-hole continuum with gapless excitations
at wave vectors connecting the Dirac cones qqq = (⇡, 0) and
qqq = (⇡, ⇡). One key interest of the QMC simulations will be
to study the fate of this particle-hole continuum at non-zero
values of h.

As one might expect, and in accord with the third law of
thermodynamics, quantum fluctuations will lift the zero tem-
perature finite entropy density. In general, at non-zero values
of h, terms which do not violate symmetries of the model

will be dynamically generated. In particular, alongside the
magnetic field term of Eq. 23 one can write down,

ĤQ =
X

iii, jjj

Kiii, jjjQ̂iiiQ̂ jjj . (24)

which is invariant under the particle-hole symmetry that sends
Q̂iii ! �Q̂iii . Since this is nothing but a classical Ising Hamil-
tonian, one can foresee that there will likely be a finite tem-
perature Ising transition below which the Q̂iii’s spontaneously
order. As discussed in the following sections, this symmetry
breaking will result in an emergent Z2 gauge structure in the
ground state phase diagram and will also determine the nature
of both confined and deconfined phases.

IV. METHODOLOGY

In the Majorana representation of Eq. 11 the O(2N) sym-
metry of our model is manifest. As a consequence, sign free
quantum Monte Carlo (QMC) simulations can be carried out
for all values of N [41, 42]. We have used a standard im-
plementation of the finite temperature auxiliary field approach
[15, 16, 43] to evaluate

hÔi =
Tr

f
e��Ĥ Ô

g
Tr

f
e��Ĥ

g (25)

where the trace runs over the fermionic and Ising degrees of
freedom and � corresponds to the inverse temperature. For
Hubbard type model simulations, the auxiliary field corre-
sponds to a Hubbard-Stratonovitch field with no explicit imag-
inary time dynamics [15, 16, 43]. Here, in contrast, the aux-
iliary field corresponds to the z-component of the Ising field,
and its imaginary time dynamics is controlled by the trans-
verse field. We have adopted a single spin flip algorithm,
which turns out to be e�cient (high acceptance rates) at large
values of h where the field oscillates rapidly in imaginary
time. At weak couplings, the Ising field becomes classical and
the single spin-flip update in space-time becomes increasingly
ine�cient. This renders simulations at low values of h expen-
sive. Unless mentioned otherwise we have used a Trotter time
step �⌧ = 0.2 so as to allow for a bond decomposition of the
infinitesimal time propagator: e��⌧Ĥ ' Qbbb e��⌧Ĥb

b

b , where
Ĥbbb corresponds to the Hamiltonian on a single bond. Within
the auxiliary field QMC method one can compute equal time
as well as imaginary time displaced correlation functions. We
have carried out the analytical continuation with a stochastic
implementation of the Maximum Entropy method [44, 45].
Eq. 7, which states that the single-particle Green’s function
is independent of momentum, provides an ideal test for the
QMC as well as for the analytical continuation since the local-
ity of the single particle Green function results from the Monte
Carlo sampling. Fig. 3 shows the single particle spectral func-
tion A(kkk,!) = �Im Gret(kkk,!) for the N = 1 model which
is obtained from Wick rotation of the imaginary time Green
function G(kkk, ⌧) = �hTĉkkk (⌧)ĉ†

kkk
(0)i. The kkk-independence of

the data should be seen as a measure of our spectral resolution.

Perturbatively in h:

Ki,i+1 � (�1)N+1

More convincingly, numerics show Qi order 
ferromagnetically for even N and anti-ferromagnetically 

for odd N.

Effective model of Qi’s (classical variables):

Terms linear in Qi not allowed due to particle-hole symmetry. 
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Qi  = 1N = even Qi  = (-1)x+yN = odd

= odd number of fermions
Xij = -1
Xij = +1

3

if the total number of lattice sites is odd (even). As it will
become clearer later in the paper, it is helpful to define a Z2
valued order-parameter p̂iii that captures the breaking of the
particle-hole symmetry,

p̂iii =
NY

↵=1

�
1 � 2n̂iii,↵

�
= (�1) N̂i

i

i . (4)

This is nothing but the parity of fermion particle number at
site iii. Under particle-hole transformation, p̂iii ! �p̂iii .

A more interesting symmetry corresponds to the local con-
servation laws:

f
Q̂iii, Ĥ

g
= 0 (5)

where

Q̂iii = X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iii (6)

with
f
Q̂iii, Q̂ jjj

g
= 0 and Q̂2

iii
= 1. Despite an extensive number

of conservation laws, our Hamiltonian is not integrable. This
is because the total number of degrees of freedom, Ndo f ,
after taking into account LxLy number of conserved Q̂iii’s on
a Lx ⇥ Ly lattice, are still extensive: Ndo f = Number of
Ising spins + Number of fermions � Number of constraints
= 2LxLy + N LxLy � LxLy = (N + 1)LxLy .

Crucially, the operators Q̂iii anti-commute with the generator
of particle-hole symmetry: P̂�1

↵ Q̂iii P̂↵ = �Q̂iii . Therefore, the
low energy theory of our model cannot contain terms that are
proportional to Q̂iii unless the particle-hole symmetry is spon-
taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
symmetry spontaneously. For example, one can in principle
construct a state | i which is an eigenstate of all Q̂iii’s, (and
therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
less satisfies h | p̂iii | i = 0, and h | p̂iii p̂jjj | i ! 0 as |iii� jjj | ! 1.

Another consequence of anticommutation between Q̂iii and
P̂↵ is that the spectra of the Hamiltonian is at least doubly
degenerate. In fact, on a lattice with an odd number of total
sites, the Hamiltonian possesses a N = 2 SUSY [33]. This is
because, as discussed, P̂↵ is a fermionic operator and together
with bosonic operator Q̂iii can be used to define a fermionic
SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:

X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1

iii
=
⇣
1 � 2�iii, jjj

⌘
ĉ†
jjj,↵ , one can

readily show that

hĉ†
iii1,↵

(⌧)ĉiii
n

,↵ (0)i = �iii1,iiin hĉ†iii1,↵ (⌧)ĉiii1,↵ (0)i. (7)

or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as

hĉ†
iii1,↵

(⌧)
n�1Y

j=1
Ẑhiii

j

,iii
j+1i
⇣
⌧j
⌘

ĉiii
n

,↵ (0)i (9)

where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
iii,↵ !

NX

�=1
U↵,� ĉ†

iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:
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FIG. 3. (color online) Single-particle spectral function A(kkk,!) for
the N = 1 model. As argued in the text, A(kkk,!) is kkk-independent.

V. NUMERICAL RESULTS

In this section we will describe our numerical results ob-
tained from finite temperature auxiliary field simulations.

Summary of Results

A sketch of the zero temperature phase diagram in the trans-
verse field h versus N plane is shown in Fig. 1. We will argue
below that for all values of N , there is a finite temperature Ising
transition at which the Q̂iii operators order. Since

f
Q̂iii, Ĥ

g
= 0,

this is akin to spontaneous symmetry breaking in a classical
Ising model. For even (odd) values of N we observe (anti)
ferromagnetic ordering of the Q̂iii’s so that at zero tempera-
ture we can understand our results in terms of an e�ective Z2
gauge theory coupled to 2N Dirac fermions, with the under-
standing that non-gauge invariant unequal time, equal-space
correlators do not vanish, as discussed earlier. The (anti) fer-
romagnetic ordering for even (odd) values of N is consistent
with the fact that perturbatively, the couplings Ki, j in Eq. 24
for nearest neighbour vertices are proportional to (�1)N+1.
We emphasize that due to perfect ordering of Q̂iii in the ground
state |0i i.e. Q̂iii |0i = eiNKKK ·iii |0i, all equal time correlation
functions, and therefore, the zero-temperature phase diagram
are identical to that of a proper gauge theory described by the
Hamiltonian in Eq. 1 supplemented with an explicit constraint
Q̂iii |0i = eiNKKK ·iii |0i.

Spontaneous breaking of Q̂iii ! �Q̂iii generates a term pro-
portional to

P
i eiNKKK ·iii p̂iii in the e�ective Hamiltonian, leading

to spontaneous charge ordering of fermions below the finite
temperature transition. The relevance/irrelevance of this term
determines the fate of h = 0 gapless Dirac fermions (Fig. 2) at
infinitesimal h. When N = 1, this term is a fermion bilinear
proportional to

P
i eiKKK ·iii (1 � 2n̂iii ) and thus leads to sponta-

neous charge-ordering and mass gap for fermions at infinites-
imal h. For N = 2, this term is proportional to the Hubbard
term

P
i

�
1 � 2n̂iii,1

� �
1 � 2n̂iii,2

�
where the overall sign of this

term is determined by whether hQ̂iiii = 1 or �1. The Hubbard
term is irrelevant for gapless Dirac fermions, and therefore
one expects to find a stable Z2 Dirac deconfined phase (Z2D

in Fig. 1). Similarly, when N = 3, the corresponding termP
i eiKKK ·iii

�
1 � 2n̂iii,1

� �
1 � 2n̂iii,2

� �
1 � 2n̂iii,3

�
is irrelevant at the

h = 0 point, leading again to a stable Z2D phase.
As h is increased, the aforementioned Dirac deconfined

phase undergoes a transition to a symmetry broken confined
phase whose nature depends on the value of N (Fig. 1). For
N = 2, we find a Néel antiferromagnet, or a superconductor
depending on whether hQ̂iiii = �1 or 1, respectively. For N = 3,
we find two symmetry broken phases, a dimerized (⌘ Valence
Bond Solid) phase separated from the Z2D phase again by a
seemingly continuous transition, and a Néel phase at larger
values of h. The transition between the spin-dimerized state
and the Néel phase is apparently also continuous and thus
provides an example of a deconfined quantum critical point
[30].

A. N=1

As already discussed briefly in Sec. II, in the large-h limit,
our model Hamiltonian (Eq. 1) maps onto (Eq. 19)

Ĥ1 =
1
h

X

hiii, jjji
(n̂iii � 1/2)

⇣
n̂jjj � 1/2

⌘
(26)

so that the ground state is a charge density wave. In this limit
hX̂bbbi ' 1 and the charge ordering follows a KKK = (⇡, ⇡) mod-
ulation such that the Q̂iii’s, by definition (Eq. 6), order anti-
ferromagnetically. Therefore, as a function of temperature,
there must be a finite temperature transition in the 2D Ising
universality class below which the Q̂iii develop long range or-
der. In the absence of a particle-hole symmetry breaking field,
hQ̂iiii = 0 on any finite lattice and one has to measure corre-
lation functions to detect ordering. The hQ̂iiiQ̂ jjj i correlation
functions turn out to be very noisy and we have found it more
convenient to include a small symmetry breaking field:

Ĥs = hs

X

iii

eiKKK ·iii (n̂iii � 1/2) . (27)

Such a term in the Hamiltonian does not introduce a negative
sign problem [46] and pins the CDW. Since

f
Q̂iii, Ĥs

g
= 0, Q̂iii

remains a good quantum number at finite value of hs . In fact
Ĥs acts on the Ising model of the Q̂iii variables as a staggered
magnetic field.

Fig. 4(a) plots

hQ̂iKKK =
1
L2

L2X

iii=1
eiKKK ·iiihQ̂iiii (28)

at a small value of the particle-hole symmetry breaking field,
hs = 0.01. At low temperatures we find that hQ̂iKKK scales to
unity for all values of h. Since Q̂iii is a good quantum number,
even in the presence of the symmetry breaking field, this means
that the ground state has

Q̂iii = eiKKK ·iii (29)

6

FIG. 3. (color online) Single-particle spectral function A(kkk,!) for
the N = 1 model. As argued in the text, A(kkk,!) is kkk-independent.

V. NUMERICAL RESULTS

In this section we will describe our numerical results ob-
tained from finite temperature auxiliary field simulations.

Summary of Results

A sketch of the zero temperature phase diagram in the trans-
verse field h versus N plane is shown in Fig. 1. We will argue
below that for all values of N , there is a finite temperature Ising
transition at which the Q̂iii operators order. Since

f
Q̂iii, Ĥ

g
= 0,

this is akin to spontaneous symmetry breaking in a classical
Ising model. For even (odd) values of N we observe (anti)
ferromagnetic ordering of the Q̂iii’s so that at zero tempera-
ture we can understand our results in terms of an e�ective Z2
gauge theory coupled to 2N Dirac fermions, with the under-
standing that non-gauge invariant unequal time, equal-space
correlators do not vanish, as discussed earlier. The (anti) fer-
romagnetic ordering for even (odd) values of N is consistent
with the fact that perturbatively, the couplings Ki, j in Eq. 24
for nearest neighbour vertices are proportional to (�1)N+1.
We emphasize that due to perfect ordering of Q̂iii in the ground
state |0i i.e. Q̂iii |0i = eiNKKK ·iii |0i, all equal time correlation
functions, and therefore, the zero-temperature phase diagram
are identical to that of a proper gauge theory described by the
Hamiltonian in Eq. 1 supplemented with an explicit constraint
Q̂iii |0i = eiNKKK ·iii |0i.

Spontaneous breaking of Q̂iii ! �Q̂iii generates a term pro-
portional to

P
i eiNKKK ·iii p̂iii in the e�ective Hamiltonian, leading

to spontaneous charge ordering of fermions below the finite
temperature transition. The relevance/irrelevance of this term
determines the fate of h = 0 gapless Dirac fermions (Fig. 2) at
infinitesimal h. When N = 1, this term is a fermion bilinear
proportional to

P
i eiKKK ·iii (1 � 2n̂iii ) and thus leads to sponta-

neous charge-ordering and mass gap for fermions at infinites-
imal h. For N = 2, this term is proportional to the Hubbard
term

P
i

�
1 � 2n̂iii,1

� �
1 � 2n̂iii,2

�
where the overall sign of this

term is determined by whether hQ̂iiii = 1 or �1. The Hubbard
term is irrelevant for gapless Dirac fermions, and therefore
one expects to find a stable Z2 Dirac deconfined phase (Z2D

in Fig. 1). Similarly, when N = 3, the corresponding termP
i eiKKK ·iii
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1 � 2n̂iii,1

� �
1 � 2n̂iii,2

� �
1 � 2n̂iii,3

�
is irrelevant at the

h = 0 point, leading again to a stable Z2D phase.
As h is increased, the aforementioned Dirac deconfined

phase undergoes a transition to a symmetry broken confined
phase whose nature depends on the value of N (Fig. 1). For
N = 2, we find a Néel antiferromagnet, or a superconductor
depending on whether hQ̂iiii = �1 or 1, respectively. For N = 3,
we find two symmetry broken phases, a dimerized (⌘ Valence
Bond Solid) phase separated from the Z2D phase again by a
seemingly continuous transition, and a Néel phase at larger
values of h. The transition between the spin-dimerized state
and the Néel phase is apparently also continuous and thus
provides an example of a deconfined quantum critical point
[30].

A. N=1

As already discussed briefly in Sec. II, in the large-h limit,
our model Hamiltonian (Eq. 1) maps onto (Eq. 19)

Ĥ1 =
1
h

X

hiii, jjji
(n̂iii � 1/2)

⇣
n̂jjj � 1/2

⌘
(26)

so that the ground state is a charge density wave. In this limit
hX̂bbbi ' 1 and the charge ordering follows a KKK = (⇡, ⇡) mod-
ulation such that the Q̂iii’s, by definition (Eq. 6), order anti-
ferromagnetically. Therefore, as a function of temperature,
there must be a finite temperature transition in the 2D Ising
universality class below which the Q̂iii develop long range or-
der. In the absence of a particle-hole symmetry breaking field,
hQ̂iiii = 0 on any finite lattice and one has to measure corre-
lation functions to detect ordering. The hQ̂iiiQ̂ jjj i correlation
functions turn out to be very noisy and we have found it more
convenient to include a small symmetry breaking field:

Ĥs = hs

X

iii

eiKKK ·iii (n̂iii � 1/2) . (27)

Such a term in the Hamiltonian does not introduce a negative
sign problem [46] and pins the CDW. Since

f
Q̂iii, Ĥs

g
= 0, Q̂iii

remains a good quantum number at finite value of hs . In fact
Ĥs acts on the Ising model of the Q̂iii variables as a staggered
magnetic field.

Fig. 4(a) plots

hQ̂iKKK =
1
L2

L2X

iii=1
eiKKK ·iiihQ̂iiii (28)

at a small value of the particle-hole symmetry breaking field,
hs = 0.01. At low temperatures we find that hQ̂iKKK scales to
unity for all values of h. Since Q̂iii is a good quantum number,
even in the presence of the symmetry breaking field, this means
that the ground state has

Q̂iii = eiKKK ·iii (29)

This generates a term

in the effective Hamiltonian, thus breaking the 
particle-hole symmetry.

=
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FIG. 3. (color online) Single-particle spectral function A(kkk,!) for
the N = 1 model. As argued in the text, A(kkk,!) is kkk-independent.

V. NUMERICAL RESULTS

In this section we will describe our numerical results ob-
tained from finite temperature auxiliary field simulations.

Summary of Results

A sketch of the zero temperature phase diagram in the trans-
verse field h versus N plane is shown in Fig. 1. We will argue
below that for all values of N , there is a finite temperature Ising
transition at which the Q̂iii operators order. Since

f
Q̂iii, Ĥ

g
= 0,

this is akin to spontaneous symmetry breaking in a classical
Ising model. For even (odd) values of N we observe (anti)
ferromagnetic ordering of the Q̂iii’s so that at zero tempera-
ture we can understand our results in terms of an e�ective Z2
gauge theory coupled to 2N Dirac fermions, with the under-
standing that non-gauge invariant unequal time, equal-space
correlators do not vanish, as discussed earlier. The (anti) fer-
romagnetic ordering for even (odd) values of N is consistent
with the fact that perturbatively, the couplings Ki, j in Eq. 24
for nearest neighbour vertices are proportional to (�1)N+1.
We emphasize that due to perfect ordering of Q̂iii in the ground
state |0i i.e. Q̂iii |0i = eiNKKK ·iii |0i, all equal time correlation
functions, and therefore, the zero-temperature phase diagram
are identical to that of a proper gauge theory described by the
Hamiltonian in Eq. 1 supplemented with an explicit constraint
Q̂iii |0i = eiNKKK ·iii |0i.

Spontaneous breaking of Q̂iii ! �Q̂iii generates a term pro-
portional to

P
i eiNKKK ·iii p̂iii in the e�ective Hamiltonian, leading

to spontaneous charge ordering of fermions below the finite
temperature transition. The relevance/irrelevance of this term
determines the fate of h = 0 gapless Dirac fermions (Fig. 2) at
infinitesimal h. When N = 1, this term is a fermion bilinear
proportional to

P
i eiKKK ·iii (1 � 2n̂iii ) and thus leads to sponta-

neous charge-ordering and mass gap for fermions at infinites-
imal h. For N = 2, this term is proportional to the Hubbard
term

P
i

�
1 � 2n̂iii,1

� �
1 � 2n̂iii,2

�
where the overall sign of this

term is determined by whether hQ̂iiii = 1 or �1. The Hubbard
term is irrelevant for gapless Dirac fermions, and therefore
one expects to find a stable Z2 Dirac deconfined phase (Z2D

in Fig. 1). Similarly, when N = 3, the corresponding termP
i eiKKK ·iii

�
1 � 2n̂iii,1

� �
1 � 2n̂iii,2

� �
1 � 2n̂iii,3

�
is irrelevant at the

h = 0 point, leading again to a stable Z2D phase.
As h is increased, the aforementioned Dirac deconfined

phase undergoes a transition to a symmetry broken confined
phase whose nature depends on the value of N (Fig. 1). For
N = 2, we find a Néel antiferromagnet, or a superconductor
depending on whether hQ̂iiii = �1 or 1, respectively. For N = 3,
we find two symmetry broken phases, a dimerized (⌘ Valence
Bond Solid) phase separated from the Z2D phase again by a
seemingly continuous transition, and a Néel phase at larger
values of h. The transition between the spin-dimerized state
and the Néel phase is apparently also continuous and thus
provides an example of a deconfined quantum critical point
[30].

A. N=1

As already discussed briefly in Sec. II, in the large-h limit,
our model Hamiltonian (Eq. 1) maps onto (Eq. 19)

Ĥ1 =
1
h

X

hiii, jjji
(n̂iii � 1/2)

⇣
n̂jjj � 1/2

⌘
(26)

so that the ground state is a charge density wave. In this limit
hX̂bbbi ' 1 and the charge ordering follows a KKK = (⇡, ⇡) mod-
ulation such that the Q̂iii’s, by definition (Eq. 6), order anti-
ferromagnetically. Therefore, as a function of temperature,
there must be a finite temperature transition in the 2D Ising
universality class below which the Q̂iii develop long range or-
der. In the absence of a particle-hole symmetry breaking field,
hQ̂iiii = 0 on any finite lattice and one has to measure corre-
lation functions to detect ordering. The hQ̂iiiQ̂ jjj i correlation
functions turn out to be very noisy and we have found it more
convenient to include a small symmetry breaking field:

Ĥs = hs

X

iii

eiKKK ·iii (n̂iii � 1/2) . (27)

Such a term in the Hamiltonian does not introduce a negative
sign problem [46] and pins the CDW. Since

f
Q̂iii, Ĥs

g
= 0, Q̂iii

remains a good quantum number at finite value of hs . In fact
Ĥs acts on the Ising model of the Q̂iii variables as a staggered
magnetic field.

Fig. 4(a) plots

hQ̂iKKK =
1
L2

L2X

iii=1
eiKKK ·iiihQ̂iiii (28)

at a small value of the particle-hole symmetry breaking field,
hs = 0.01. At low temperatures we find that hQ̂iKKK scales to
unity for all values of h. Since Q̂iii is a good quantum number,
even in the presence of the symmetry breaking field, this means
that the ground state has

Q̂iii = eiKKK ·iii (29)

3

if the total number of lattice sites is odd (even). As it will
become clearer later in the paper, it is helpful to define a Z2
valued order-parameter p̂iii that captures the breaking of the
particle-hole symmetry,

p̂iii =
NY

↵=1

�
1 � 2n̂iii,↵

�
= (�1) N̂i

i

i . (4)

This is nothing but the parity of fermion particle number at
site iii. Under particle-hole transformation, p̂iii ! �p̂iii .

A more interesting symmetry corresponds to the local con-
servation laws:

f
Q̂iii, Ĥ

g
= 0 (5)

where

Q̂iii = X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iii (6)

with
f
Q̂iii, Q̂ jjj

g
= 0 and Q̂2

iii
= 1. Despite an extensive number

of conservation laws, our Hamiltonian is not integrable. This
is because the total number of degrees of freedom, Ndo f ,
after taking into account LxLy number of conserved Q̂iii’s on
a Lx ⇥ Ly lattice, are still extensive: Ndo f = Number of
Ising spins + Number of fermions � Number of constraints
= 2LxLy + N LxLy � LxLy = (N + 1)LxLy .

Crucially, the operators Q̂iii anti-commute with the generator
of particle-hole symmetry: P̂�1

↵ Q̂iii P̂↵ = �Q̂iii . Therefore, the
low energy theory of our model cannot contain terms that are
proportional to Q̂iii unless the particle-hole symmetry is spon-
taneously broken. The anti-commutation also implies that
the energy eigenstates cannot simultaneously be particle-hole
symmetric and eigenstates of Q̂iii . In particular, particle-hole
symmetric eigenstates satisfy hQ̂iiii = 0. However, it’s worth
emphasizing that even if an energy eigenstate is not particle-
hole symmetric, it does not necessarily break the particle-hole
symmetry spontaneously. For example, one can in principle
construct a state | i which is an eigenstate of all Q̂iii’s, (and
therefore cannot be eigenstate of P̂↵ for any ↵), but neverthe-
less satisfies h | p̂iii | i = 0, and h | p̂iii p̂jjj | i ! 0 as |iii� jjj | ! 1.

Another consequence of anticommutation between Q̂iii and
P̂↵ is that the spectra of the Hamiltonian is at least doubly
degenerate. In fact, on a lattice with an odd number of total
sites, the Hamiltonian possesses a N = 2 SUSY [33]. This is
because, as discussed, P̂↵ is a fermionic operator and together
with bosonic operator Q̂iii can be used to define a fermionic
SUSY generator Q = pH/2P̂↵ (1 + Q̂iii ) for any ↵ and i, so
that {Q,Q†} = 2H , Q2 = 0, and [Q, H] = 0.

At this point it is important to pause and note that even
though our Hamiltonian (Eq. 1) bears a strong resemblance
to a Z2 gauge theory coupled to matter fields [27–29], ours is
actually not a gauge theory due to an important di�erence. Un-
like a matter-gauge theory, we do not impose the Gauss’s law
constraint at any site. In a conventional Z2 gauge theory, the
field X̂iii,iii+n̂ would correspond to the Z2 electric field along di-
rection n̂ at site iii, and thus the Gauss’s law (‘r.E = ⇢’) reads:

X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

(⌘ r.E) = p̂iii (⌘ ⇢). Satisfying
this operator equation would thus require projecting the Hamil-
tonian to a specific set of eigenvalues of operators Q̂iii (namely,
Q̂iii = 1 [34]). In contrast, we do not impose any constraint on
the Q̂iii’s. They thus behave like classical degrees of freedom,
whose values are allowed to vary from one eigenstate to an-
other, and for a given many-body eigenstate these values will
be determined by the intrinsic dynamics of our Hamiltonian.

The local conservation of Q̂iii has important consequences.
On one hand, since Q̂iii ĉ†jjj,↵Q̂�1

iii
=
⇣
1 � 2�iii, jjj

⌘
ĉ†
jjj,↵ , one can

readily show that

hĉ†
iii1,↵

(⌧)ĉiii
n

,↵ (0)i = �iii1,iiin hĉ†iii1,↵ (⌧)ĉiii1,↵ (0)i. (7)

or equivalently

hẐbbb (⌧) Ẑbbb0 (0)i = �bbb,bbb0 hẐbbb (⌧) Ẑbbb (0)i. (8)

Thus, a bare single fermion ĉiii,↵ as well as the Ising operator Ẑ ,
are localized along the real space axis, but can propagate along
the imaginary time direction. Propagation along the imaginary
time implies transitions between di�erent Q̂iii sectors which is
not prohibited in our model. As already mentioned, if one
were to instead impose a constraint on the values of Q̂iii , it
would prohibit propagation along the time direction as well,
leading to a local Z2 gauge redundancy.

On the other hand, quantities such as

hĉ†
iii1,↵

(⌧)
n�1Y

j=1
Ẑhiii

j

,iii
j+1i
⇣
⌧j
⌘

ĉiii
n

,↵ (0)i (9)

where one attaches a string of Ẑ-operators along certain cho-
sen bonds connecting iii1 to iiin , as well as closed paths of Ẑ-
operators, or the expectation value of X̂hiii, jjji are all quantities
which do not vanish due to symmetry arguments. Again, since
the Hilbert space is not restricted to a single choice of Q̂i the
strings are continuous in space but can be discontinuous in the
imaginary time.

B. Continuous Symmetries

The model is clearly invariant under global U(N) rotations
in flavor space:

ĉ†
iii,↵ !

NX

�=1
U↵,� ĉ†

iii,� (10)

where U corresponds to an U(N) matrix. We recall that U(N)
= SU(N )⇥U(1)

Z
N

where the SU(N) component corresponds to the
rotations among the N-flavors and the U(1) corresponds to the
global particle number conservation ci,↵ ! ei✓ci,↵ .

In fact, the full set of continuous symmetries is bigger than
U(N) and corresponds to O(2N). This symmetry is manifest
if one makes a unitary transformation cjjj,↵ ! icjjj,↵ on only
one of the sublattices of the square lattice, and then writes
the complex fermions in terms of their Majorana components:
cjjj,↵ =

⇣
�jjj,↵,1 + i�jjj,↵,2

⌘
/2. The Hamiltonian then becomes:

This symmetry is restored above T = Tc > 0
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FIG. 4. (color online) (a) Staggered order parameter of Eq. 28 at finite
symmetry breaking field hs = 0.01. (b) Staggered order parameter
of Eq. 31 again at finite symmetry breaking field hs = 0.01. The
temperature scale is normalized by T1/2 defined in Eq. 30. (c) T1/2 as
a function of h. (d) Data collapse of the density-density correlation
function defined in Eq. 32. This correlation function is related to
the CDW order parameter via Eq. 34. A reasonable data collapse is
obtained using the 2D Ising exponents.

and the gauge constraint is dynamically generated. The tem-
perature scale at which hQ̂iKKK takes half of its maximal value
defines T1/2

hQ̂iKKK (T = T1/2) = 1/2. (30)

Fig. 4(c) plots T1/2 as a function of h. The plot is consistent
with the expectation that T1/2 vanishes at h = 0 and h = 1
since in both limits all Q̂iii configurations are degenerate.

Ordering of Q̂iii implies charge ordering. This
is because the low-energy e�ective Hamiltonian
now contains a term proportional to

P
iii eiKKK ·iiiQ̂iii =P

iii eiKKK ·iii X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iii . At the same
time, by symmetry, the e�ective Hamiltonian already contains
a term proportional to

P
iii X̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

. The
product of these two terms, which will also be generated, is
proportional to

P
iii eiKKK ·iii p̂iii and leads to charge-ordering. To

confirm this, we have hence computed

hp̂iKKK =
1
L2

L2X

iii=1
eiKKK ·iiihp̂iiii. (31)

As apparent from Fig. 4(b) the energy scale at which hp̂iKKK
picks up, matches T1/2 defined in Eq. 30. As a further test
we have computed charge-charge correlation functions in the
absence of symmetry breaking field:

N (qqq) =
1
4

X

rrr

eiqqq ·rrr hp̂rrr p̂000i (32)

where p̂iii = (1 � 2n̂iii ). At low temperatures, ordering occurs
at the antiferromagnetic wave vector KKK = (⇡, ⇡) and as shown
in Fig. 4(c) a reasonable data collapse is obtained using the 2D
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FIG. 5. (color online) (a) Electric field and (b) magnetic flux for the
N = 1 model as a function of the transverse field. After taking into
account the strong finite temperature and size e�ects in the small h
limit, the data is consistent with a smooth behavior.

Ising exponents, ⌘ = 1/4 and ⌫ = 1. For the value of h = 1
considered in Fig. 4(d) we obtain Tc ' 0.17 which stands, to a
first approximation, in agreement with the value of T1/2 listed
in Fig. 4(b).

Fig. 5 plots ‘gauge invariant’ quantities hX̂bbbi and hF̂iiii
(Eq. 22) corresponding to the Ising field. We note that the
average electric field is given by

hX̂bbbi =
1
L2
@F
@h

(33)

where F is the free energy, and therefore provides a direct
access to the behavior of free energy as a function of h. At
small values of h one observes strong finite size and tempera-
ture e�ects for both quantities. Our lowest temperature results
support a smooth crossover from hX̂bbbi = 0, hF̂iiii = �1 to
hX̂bbbi = 1, hF̂iiii = 0 as h grows. This implies that there is no
level crossing associated with a change of ground state quan-
tum numbers and that the gauge constraint remains enforced
for all values of the transverse field. At h = 0 all plaquettes
are threaded by a ⇡-flux static magnetic field and no electric
field is present. Starting form this limit gauge fluctuations in-
troduce pairs of Z2 vortices – which are nothing but plaquettes
with zero flux – such that as a function of h the magnetic field
grows. The fluctuations of the magnetic field induce the onset
of the electric field.

We now discuss the zero-temperature phase diagram. The
CDW order parameter,

�CDW =

q
N (KKK )/L2, (34)

at low temperatures and as a function of h is plotted in Fig. 6.
Consistent with the fact that at h = 0, the spectrum is gapless
(Fig. 2), and correspondingly T1/2 ! 0 as h ! 0 (Fig. 4), the
CDW order parameter also approaches zero as h ! 0. We
expect that hQ̂iiii , 0 for any non-zero h, and therefore the Z2D
phase is stable only at h = 0.

7

 0

 0.04

 0.08

 0.12

 0.16

 0.2

-2 -1  0  1  2  3  4

N
(K

) 
L

η
 -

2
 

L ( T - Tc)
ν

N=1, Tc =0.17, h / ξ = 1

L=6
L=8

L=10
L=12

 0

 0.25

 0.5

 0.75

 1

 0  0.5  1  1.5  2  2.5  3  3.5

<
Q

>
K

 T / T1/2

N=1, L=12, hs/ξ= 0.01 

h=0.15
h=0.25

h=0.5
h=1.0
h=1.5
h=2.0
h=2.5
h=3.0

 0

 0.25

 0.5

 0.75

 1

 0  0.5  1  1.5  2  2.5  3  3.5

<
p

>
K

 T /T1/2

N=1, L=12, hs/ξ=0.01

h=0.15
h=0.25

h=0.5
h=1.0
h=1.5
h=2.0
h=2.5
h=3.0

 0

 0.05

 0.1

 0.15

 0.2

 0  0.5  1  1.5  2  2.5  3

T
1
/2

/ξ

 h / ξ

N=1, L=12, hs/ξ= 0.01 

FIG. 4. (color online) (a) Staggered order parameter of Eq. 28 at finite
symmetry breaking field hs = 0.01. (b) Staggered order parameter
of Eq. 31 again at finite symmetry breaking field hs = 0.01. The
temperature scale is normalized by T1/2 defined in Eq. 30. (c) T1/2 as
a function of h. (d) Data collapse of the density-density correlation
function defined in Eq. 32. This correlation function is related to
the CDW order parameter via Eq. 34. A reasonable data collapse is
obtained using the 2D Ising exponents.

and the gauge constraint is dynamically generated. The tem-
perature scale at which hQ̂iKKK takes half of its maximal value
defines T1/2

hQ̂iKKK (T = T1/2) = 1/2. (30)

Fig. 4(c) plots T1/2 as a function of h. The plot is consistent
with the expectation that T1/2 vanishes at h = 0 and h = 1
since in both limits all Q̂iii configurations are degenerate.

Ordering of Q̂iii implies charge ordering. This
is because the low-energy e�ective Hamiltonian
now contains a term proportional to

P
iii eiKKK ·iiiQ̂iii =P

iii eiKKK ·iii X̂iii,iii+aaa
x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iii . At the same
time, by symmetry, the e�ective Hamiltonian already contains
a term proportional to

P
iii X̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

. The
product of these two terms, which will also be generated, is
proportional to

P
iii eiKKK ·iii p̂iii and leads to charge-ordering. To

confirm this, we have hence computed

hp̂iKKK =
1
L2

L2X

iii=1
eiKKK ·iiihp̂iiii. (31)

As apparent from Fig. 4(b) the energy scale at which hp̂iKKK
picks up, matches T1/2 defined in Eq. 30. As a further test
we have computed charge-charge correlation functions in the
absence of symmetry breaking field:

N (qqq) =
1
4

X

rrr

eiqqq ·rrr hp̂rrr p̂000i (32)

where p̂iii = (1 � 2n̂iii ). At low temperatures, ordering occurs
at the antiferromagnetic wave vector KKK = (⇡, ⇡) and as shown
in Fig. 4(c) a reasonable data collapse is obtained using the 2D

 0

 0.25

 0.5

 0.75

 1

 0  0.1  0.2  0.3  0.4  0.5

<
X

b
>

 h /ξ

N=1

L=12, β=40

L=12, β=80

L=16, β=120

-1

-0.75

-0.5

-0.25

 0

 0  0.1  0.2  0.3  0.4  0.5

<
 F

i 
>

 h

N=1

L=10, β=40

L=12, β=40

L=12, β=80

L=16, β=120

FIG. 5. (color online) (a) Electric field and (b) magnetic flux for the
N = 1 model as a function of the transverse field. After taking into
account the strong finite temperature and size e�ects in the small h
limit, the data is consistent with a smooth behavior.

Ising exponents, ⌘ = 1/4 and ⌫ = 1. For the value of h = 1
considered in Fig. 4(d) we obtain Tc ' 0.17 which stands, to a
first approximation, in agreement with the value of T1/2 listed
in Fig. 4(b).

Fig. 5 plots ‘gauge invariant’ quantities hX̂bbbi and hF̂iiii
(Eq. 22) corresponding to the Ising field. We note that the
average electric field is given by

hX̂bbbi =
1
L2
@F
@h

(33)

where F is the free energy, and therefore provides a direct
access to the behavior of free energy as a function of h. At
small values of h one observes strong finite size and tempera-
ture e�ects for both quantities. Our lowest temperature results
support a smooth crossover from hX̂bbbi = 0, hF̂iiii = �1 to
hX̂bbbi = 1, hF̂iiii = 0 as h grows. This implies that there is no
level crossing associated with a change of ground state quan-
tum numbers and that the gauge constraint remains enforced
for all values of the transverse field. At h = 0 all plaquettes
are threaded by a ⇡-flux static magnetic field and no electric
field is present. Starting form this limit gauge fluctuations in-
troduce pairs of Z2 vortices – which are nothing but plaquettes
with zero flux – such that as a function of h the magnetic field
grows. The fluctuations of the magnetic field induce the onset
of the electric field.

We now discuss the zero-temperature phase diagram. The
CDW order parameter,

�CDW =

q
N (KKK )/L2, (34)

at low temperatures and as a function of h is plotted in Fig. 6.
Consistent with the fact that at h = 0, the spectrum is gapless
(Fig. 2), and correspondingly T1/2 ! 0 as h ! 0 (Fig. 4), the
CDW order parameter also approaches zero as h ! 0. We
expect that hQ̂iiii , 0 for any non-zero h, and therefore the Z2D
phase is stable only at h = 0.



Soluble Limits #1: h = 0
Ground state energy minimized when Z2 flux  

through each plaquette is π  (Lieb 1994).

Low energy theory: 2N Dirac fermions coupled to  
static Z2 gauge field.

Are Dirac fermions stable to dynamic gauge field? 
(i.e. when h ≠ 0).
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FIG. 2. (color online) Dynamical spin structure factor at h = 0. At the
considered temperature we can safely neglect the thermal fluctuations
of the Ising fields. Only Ising field configurations with a ⇡-flux per
plaquette contribute.

and one has to find an arrangement of Ising spins which will
minimize the energy. Local Z2 invariance implies that the
energy of an eigenstate depends only on the Z2 flux F̂iii through
a plaquette:

F̂iii =Ẑhiii,iii+aaa
x

i Ẑhiii+aaa
x

,iii+aaa
x

+aaa
y

i ⇥
Ẑhiii+aaa

x

+aaa
y

,iii+aaa
y

i Ẑhiii+aaa
y

,iiii. (22)

Lieb’s work [40] tells us that the minimal energy is realized
by ⇡-flux configurations i.e. F̂iii = �1. This means that the
coupling to the fermions e�ectively generates a Z2 magnetic
field term

|J |
X

iii

F̂iii (23)

in the Hamiltonian. On the torus with Lx ⇥ Ly sites, there are
2L

x

L
y configurations of the Ising field that correspond to the

⇡-flux through every plaquette, and therefore, an equal number
of ground states at h = 0. This huge ground state degeneracy
can also be thought of as a result of the conserved quantities Q̂iii

that relate di�erent ground states. To see the e�ect of ⇡-flux on
fermions, let us chose a two orbital unit cell with unit vectors
aaa± = aaax±aaay such that the intra-unit cell Ising field is�1 while
all others are set to 1. As mentioned above, the single particle
spectral function depends on the specific choice of Ising fields.
On the other hand, the two particle Green functions in the
particle-hole channel are independent of the background Ising
configuration. In Fig. 2, we plot the ground state dynamical
spin-spin correlations function, S(qqq,!), valid for all N . One
observes a particle-hole continuum with gapless excitations
at wave vectors connecting the Dirac cones qqq = (⇡, 0) and
qqq = (⇡, ⇡). One key interest of the QMC simulations will be
to study the fate of this particle-hole continuum at non-zero
values of h.

As one might expect, and in accord with the third law of
thermodynamics, quantum fluctuations will lift the zero tem-
perature finite entropy density. In general, at non-zero values
of h, terms which do not violate symmetries of the model

will be dynamically generated. In particular, alongside the
magnetic field term of Eq. 23 one can write down,

ĤQ =
X

iii, jjj

Kiii, jjjQ̂iiiQ̂ jjj . (24)

which is invariant under the particle-hole symmetry that sends
Q̂iii ! �Q̂iii . Since this is nothing but a classical Ising Hamil-
tonian, one can foresee that there will likely be a finite tem-
perature Ising transition below which the Q̂iii’s spontaneously
order. As discussed in the following sections, this symmetry
breaking will result in an emergent Z2 gauge structure in the
ground state phase diagram and will also determine the nature
of both confined and deconfined phases.

IV. METHODOLOGY

In the Majorana representation of Eq. 11 the O(2N) sym-
metry of our model is manifest. As a consequence, sign free
quantum Monte Carlo (QMC) simulations can be carried out
for all values of N [41, 42]. We have used a standard im-
plementation of the finite temperature auxiliary field approach
[15, 16, 43] to evaluate

hÔi =
Tr

f
e��Ĥ Ô

g
Tr

f
e��Ĥ

g (25)

where the trace runs over the fermionic and Ising degrees of
freedom and � corresponds to the inverse temperature. For
Hubbard type model simulations, the auxiliary field corre-
sponds to a Hubbard-Stratonovitch field with no explicit imag-
inary time dynamics [15, 16, 43]. Here, in contrast, the aux-
iliary field corresponds to the z-component of the Ising field,
and its imaginary time dynamics is controlled by the trans-
verse field. We have adopted a single spin flip algorithm,
which turns out to be e�cient (high acceptance rates) at large
values of h where the field oscillates rapidly in imaginary
time. At weak couplings, the Ising field becomes classical and
the single spin-flip update in space-time becomes increasingly
ine�cient. This renders simulations at low values of h expen-
sive. Unless mentioned otherwise we have used a Trotter time
step �⌧ = 0.2 so as to allow for a bond decomposition of the
infinitesimal time propagator: e��⌧Ĥ ' Qbbb e��⌧Ĥb

b

b , where
Ĥbbb corresponds to the Hamiltonian on a single bond. Within
the auxiliary field QMC method one can compute equal time
as well as imaginary time displaced correlation functions. We
have carried out the analytical continuation with a stochastic
implementation of the Maximum Entropy method [44, 45].
Eq. 7, which states that the single-particle Green’s function
is independent of momentum, provides an ideal test for the
QMC as well as for the analytical continuation since the local-
ity of the single particle Green function results from the Monte
Carlo sampling. Fig. 3 shows the single particle spectral func-
tion A(kkk,!) = �Im Gret(kkk,!) for the N = 1 model which
is obtained from Wick rotation of the imaginary time Green
function G(kkk, ⌧) = �hTĉkkk (⌧)ĉ†

kkk
(0)i. The kkk-independence of

the data should be seen as a measure of our spectral resolution.
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FIG. 2. (color online) Dynamical spin structure factor at h = 0. At the
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plaquette contribute.

and one has to find an arrangement of Ising spins which will
minimize the energy. Local Z2 invariance implies that the
energy of an eigenstate depends only on the Z2 flux F̂iii through
a plaquette:
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Ĥbbb corresponds to the Hamiltonian on a single bond. Within
the auxiliary field QMC method one can compute equal time
as well as imaginary time displaced correlation functions. We
have carried out the analytical continuation with a stochastic
implementation of the Maximum Entropy method [44, 45].
Eq. 7, which states that the single-particle Green’s function
is independent of momentum, provides an ideal test for the
QMC as well as for the analytical continuation since the local-
ity of the single particle Green function results from the Monte
Carlo sampling. Fig. 3 shows the single particle spectral func-
tion A(kkk,!) = �Im Gret(kkk,!) for the N = 1 model which
is obtained from Wick rotation of the imaginary time Green
function G(kkk, ⌧) = �hTĉkkk (⌧)ĉ†
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Small h

N = 1

Particle-hole symmetry breaking dictates 
small-h phase diagram
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⇒ CDW gap for infinitesimal h.

Heff = HDirac + h�
�

i (1� 2n̂iii,1) (1� 2n̂iii,2)N = 2

⇒ Z2 Dirac phase stable. Same conclusion for N=3. 



Soluble Limits #2: h = ∞
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X

hiii, jjji
X̂hiii, jjji (11)

which is manifestly O(2N) invariant.
Since we are in two spatial dimensions, the aforementioned

global continuous symmetry can break spontaneously at zero
temperature. In many of the examples we will discuss, the
symmetry breaking will be manifest in long-ranged correlation
functions such as:

SSpin(iii � jjj, ⌧ � ⌧0) = 1
N

X

↵,�

hŜ↵
� (iii, ⌧) Ŝ�

↵ ( jjj, ⌧0)i. (12)

Here

Ŝ↵
� (iii) = ĉ†

iii,↵ ĉiii,� �
1
N
�↵,�

NX

�=1
ĉ†
iii,� ĉiii,� (13)

are the generators of the subgroup SU(N) of the aforemen-
tioned O(2N) symmetry.

Before moving on, we note that the discrete particle-hole
symmetry provides exact mapping between seemingly di�er-
ent correlations functions. For example, let us consider the
transverse (↵ , �) spin operator

P̂�1
� Ŝ↵

� (iii, ⌧)P̂� = eiKKK ·iii ĉ†
iii,↵ (⌧)ĉ†

iii,� (⌧). (14)

Hence, the particle-hole condensate atqqq = KKK = (⇡, ⇡) is equiv-
alent to a particle-particle condensate at qqq = (0, 0). Equiva-
lently, a charge density wave at qqq = (⇡, ⇡) transforms to a
diagonal spin-density wave at the same wave vector.

III. EFFECTIVE MODEL AT WEAK AND STRONG
COUPLING

A. Strong transverse field limit

In this limit, we can understand the model in terms of a Su-
Schrie�er-Heeger coupling [35] to an Einstein phonon mode
of frequency h, but with a truncated phonon Hilbert space.
This reading of the model is certainly valid in the high fre-
quency limit where phonon modes are not highly occupied.
In particular, and in the |±i = 1p

2
(|1i + |0i) basis, we can

represent the Ising spins in terms of hard core bosons:

X̂bbb = 2b̂†
bbb

b̂bbb � 1, Ẑbbb = b̂†
bbb
+ b̂bbb (15)

At high frequencies, the occupation of the bosonic level will
be small so that one can safely relax the hard-core boson con-
straint,

⇣
b̂†
bbb

⌘2
= 0, and promote the bosonic operators to soft

core ones. In this approximation, the analogy to phonons is ex-
act. Integrating out the phonons leads to a retarded interaction
resulting in the action:

S = � 1
2N h

X

hiii, jjji

Z �

0
d⌧d⌧0 k̂hiii, jjji(⌧)D(⌧ � ⌧0) k̂hiii, jjji(⌧0) (16)

with

k̂hiii, jjji =
NX

↵=1

⇣
ĉ†
iii,↵ ĉjjj,↵ + H.c.

⌘
, (17)

the local hopping term, and

D(⌧) = h
e�2(�� |⌧ |)h + e�2 |⌧ |h

1 � e�2�h , (18)

the bosonic propagator for �� < ⌧ < �. In the high frequency
limit and for constant values of � the interaction becomes
instantaneous limh!1 D(⌧) = �(⌧) and the full Hamiltonian
reduces to

Ĥ1 = �
1

2N h

X

hiii, jjji
k̂2
hiii, jjji. (19)

This interaction was recently considered in the context of
SU(N) fermions on the honeycomb lattice in Ref. [36].

The form in Eq. 19 is easy to understand. In the strong cou-
pling limit, the Ising spins are polarized along the x-direction,
and fermion hopping is prohibited since this implies flipping
of the spin against the transverse field. Virtual processes can
nevertheless occur and generate a super exchange energy scale
J / 1

2Nh .
It is instructive to consider the nature of phases in this limit

for a few values of N . First, at large N , the Hamiltonian Ĥ1 in
Eq. 19 can be solved exactly (Ref. [37]) and the ground state
corresponds to a valence bond solid state. For the N = 1 case,
the Hamiltonian is simply H = 1

2Nh

P
hiii, jjji
⇣
niii � 1

2

⌘ ⇣
njjj � 1

2

⌘

and thus the ground state corresponds to a charge-density wave.
For N = 2 case, one finds

� 1
4h

X

hiii, jjji
k̂2
hiii, jjji =

1
h

X

hiii, jjji

⇣
ŜSSiii ŜSS jjj + ⌘̂⌘⌘iii⌘̂⌘⌘ jjj

⌘
. (20)

Here ŜSSiii is the spin-1/2 operator and ⌘̂⌘⌘iii = P̂�1
" ŜSSiii P̂" is the

‘Anderson’s pseudospin’ [38],[39]. In the strong coupling
limit charge is localized and the Ising spins are frozen in the
x-direction. Such wave functions have well defined quantum
numbers Q̂iii . If one choses Q̂iii = �1, then the ground state will
be a Néel state for the fermions while the Ising spins point along
the x-direction. It is interesting to note that at h = 1 the kinetic
energy vanishes and that all real space charge configurations
and thereby all Q̂iii sectors are degenerate.

B. Weak transverse field limit

In the h ! 0 limit, the imaginary time scale on which
the Ising spins can fluctuate diverges such that the Ising spin
degrees of freedom become classical. The model then reduces
to

Ĥ0 =
X

hiii, jjji
Zhiii, jjji *,

NX

↵=1
ĉ†
iii,↵ ĉjjj,↵ + H.c.+- (21)
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which is manifestly O(2N) invariant.
Since we are in two spatial dimensions, the aforementioned

global continuous symmetry can break spontaneously at zero
temperature. In many of the examples we will discuss, the
symmetry breaking will be manifest in long-ranged correlation
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Ŝ↵
� (iii) = ĉ†
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are the generators of the subgroup SU(N) of the aforemen-
tioned O(2N) symmetry.

Before moving on, we note that the discrete particle-hole
symmetry provides exact mapping between seemingly di�er-
ent correlations functions. For example, let us consider the
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Hence, the particle-hole condensate atqqq = KKK = (⇡, ⇡) is equiv-
alent to a particle-particle condensate at qqq = (0, 0). Equiva-
lently, a charge density wave at qqq = (⇡, ⇡) transforms to a
diagonal spin-density wave at the same wave vector.
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of frequency h, but with a truncated phonon Hilbert space.
This reading of the model is certainly valid in the high fre-
quency limit where phonon modes are not highly occupied.
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represent the Ising spins in terms of hard core bosons:
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SU(N) fermions on the honeycomb lattice in Ref. [36].
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and fermion hopping is prohibited since this implies flipping
of the spin against the transverse field. Virtual processes can
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2Nh

P
hiii, jjji
⇣
niii � 1

2

⌘ ⇣
njjj � 1

2

⌘

and thus the ground state corresponds to a charge-density wave.
For N = 2 case, one finds

� 1
4h

X

hiii, jjji
k̂2
hiii, jjji =

1
h

X

hiii, jjji

⇣
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limit charge is localized and the Ising spins are frozen in the
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numbers Q̂iii . If one choses Q̂iii = �1, then the ground state will
be a Néel state for the fermions while the Ising spins point along
the x-direction. It is interesting to note that at h = 1 the kinetic
energy vanishes and that all real space charge configurations
and thereby all Q̂iii sectors are degenerate.
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global continuous symmetry can break spontaneously at zero
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alent to a particle-particle condensate at qqq = (0, 0). Equiva-
lently, a charge density wave at qqq = (⇡, ⇡) transforms to a
diagonal spin-density wave at the same wave vector.
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In this limit, we can understand the model in terms of a Su-
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of frequency h, but with a truncated phonon Hilbert space.
This reading of the model is certainly valid in the high fre-
quency limit where phonon modes are not highly occupied.
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represent the Ising spins in terms of hard core bosons:
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bbb
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be small so that one can safely relax the hard-core boson con-
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This interaction was recently considered in the context of
SU(N) fermions on the honeycomb lattice in Ref. [36].

The form in Eq. 19 is easy to understand. In the strong cou-
pling limit, the Ising spins are polarized along the x-direction,
and fermion hopping is prohibited since this implies flipping
of the spin against the transverse field. Virtual processes can
nevertheless occur and generate a super exchange energy scale
J / 1
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It is instructive to consider the nature of phases in this limit

for a few values of N . First, at large N , the Hamiltonian Ĥ1 in
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the Hamiltonian is simply H = 1
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Here ŜSSiii is the spin-1/2 operator and ⌘̂⌘⌘iii = P̂�1
" ŜSSiii P̂" is the

‘Anderson’s pseudospin’ [38],[39]. In the strong coupling
limit charge is localized and the Ising spins are frozen in the
x-direction. Such wave functions have well defined quantum
numbers Q̂iii . If one choses Q̂iii = �1, then the ground state will
be a Néel state for the fermions while the Ising spins point along
the x-direction. It is interesting to note that at h = 1 the kinetic
energy vanishes and that all real space charge configurations
and thereby all Q̂iii sectors are degenerate.
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In the h ! 0 limit, the imaginary time scale on which
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iii,↵ ĉiii,� �
1
N
�↵,�

NX

�=1
ĉ†
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are the generators of the subgroup SU(N) of the aforemen-
tioned O(2N) symmetry.

Before moving on, we note that the discrete particle-hole
symmetry provides exact mapping between seemingly di�er-
ent correlations functions. For example, let us consider the
transverse (↵ , �) spin operator

P̂�1
� Ŝ↵

� (iii, ⌧)P̂� = eiKKK ·iii ĉ†
iii,↵ (⌧)ĉ†

iii,� (⌧). (14)

Hence, the particle-hole condensate atqqq = KKK = (⇡, ⇡) is equiv-
alent to a particle-particle condensate at qqq = (0, 0). Equiva-
lently, a charge density wave at qqq = (⇡, ⇡) transforms to a
diagonal spin-density wave at the same wave vector.

III. EFFECTIVE MODEL AT WEAK AND STRONG
COUPLING

A. Strong transverse field limit

In this limit, we can understand the model in terms of a Su-
Schrie�er-Heeger coupling [35] to an Einstein phonon mode
of frequency h, but with a truncated phonon Hilbert space.
This reading of the model is certainly valid in the high fre-
quency limit where phonon modes are not highly occupied.
In particular, and in the |±i = 1p

2
(|1i + |0i) basis, we can

represent the Ising spins in terms of hard core bosons:

X̂bbb = 2b̂†
bbb

b̂bbb � 1, Ẑbbb = b̂†
bbb
+ b̂bbb (15)

At high frequencies, the occupation of the bosonic level will
be small so that one can safely relax the hard-core boson con-
straint,

⇣
b̂†
bbb

⌘2
= 0, and promote the bosonic operators to soft

core ones. In this approximation, the analogy to phonons is ex-
act. Integrating out the phonons leads to a retarded interaction
resulting in the action:

S = � 1
2N h

X

hiii, jjji

Z �

0
d⌧d⌧0 k̂hiii, jjji(⌧)D(⌧ � ⌧0) k̂hiii, jjji(⌧0) (16)

with

k̂hiii, jjji =
NX

↵=1

⇣
ĉ†
iii,↵ ĉjjj,↵ + H.c.

⌘
, (17)

the local hopping term, and

D(⌧) = h
e�2(�� |⌧ |)h + e�2 |⌧ |h

1 � e�2�h , (18)

the bosonic propagator for �� < ⌧ < �. In the high frequency
limit and for constant values of � the interaction becomes
instantaneous limh!1 D(⌧) = �(⌧) and the full Hamiltonian
reduces to

Ĥ1 = �
1

2N h

X

hiii, jjji
k̂2
hiii, jjji. (19)

This interaction was recently considered in the context of
SU(N) fermions on the honeycomb lattice in Ref. [36].

The form in Eq. 19 is easy to understand. In the strong cou-
pling limit, the Ising spins are polarized along the x-direction,
and fermion hopping is prohibited since this implies flipping
of the spin against the transverse field. Virtual processes can
nevertheless occur and generate a super exchange energy scale
J / 1

2Nh .
It is instructive to consider the nature of phases in this limit

for a few values of N . First, at large N , the Hamiltonian Ĥ1 in
Eq. 19 can be solved exactly (Ref. [37]) and the ground state
corresponds to a valence bond solid state. For the N = 1 case,
the Hamiltonian is simply H = 1

2Nh

P
hiii, jjji
⇣
niii � 1

2

⌘ ⇣
njjj � 1

2

⌘

and thus the ground state corresponds to a charge-density wave.
For N = 2 case, one finds

� 1
4h

X

hiii, jjji
k̂2
hiii, jjji =

1
h

X

hiii, jjji

⇣
ŜSSiii ŜSS jjj + ⌘̂⌘⌘iii⌘̂⌘⌘ jjj

⌘
. (20)

Here ŜSSiii is the spin-1/2 operator and ⌘̂⌘⌘iii = P̂�1
" ŜSSiii P̂" is the

‘Anderson’s pseudospin’ [38],[39]. In the strong coupling
limit charge is localized and the Ising spins are frozen in the
x-direction. Such wave functions have well defined quantum
numbers Q̂iii . If one choses Q̂iii = �1, then the ground state will
be a Néel state for the fermions while the Ising spins point along
the x-direction. It is interesting to note that at h = 1 the kinetic
energy vanishes and that all real space charge configurations
and thereby all Q̂iii sectors are degenerate.

B. Weak transverse field limit

In the h ! 0 limit, the imaginary time scale on which
the Ising spins can fluctuate diverges such that the Ising spin
degrees of freedom become classical. The model then reduces
to

Ĥ0 =
X

hiii, jjji
Zhiii, jjji *,

NX

↵=1
ĉ†
iii,↵ ĉjjj,↵ + H.c.+- (21)

4
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,

NX
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a=1,2
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+/
-
� N h

X

hiii, jjji
X̂hiii, jjji (11)
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for a few values of N . First, at large N , the Hamiltonian Ĥ1 in
Eq. 19 can be solved exactly (Ref. [37]) and the ground state
corresponds to a valence bond solid state. For the N = 1 case,
the Hamiltonian is simply H = 1
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Here ŜSSiii is the spin-1/2 operator and ⌘̂⌘⌘iii = P̂�1
" ŜSSiii P̂" is the

‘Anderson’s pseudospin’ [38],[39]. In the strong coupling
limit charge is localized and the Ising spins are frozen in the
x-direction. Such wave functions have well defined quantum
numbers Q̂iii . If one choses Q̂iii = �1, then the ground state will
be a Néel state for the fermions while the Ising spins point along
the x-direction. It is interesting to note that at h = 1 the kinetic
energy vanishes and that all real space charge configurations
and thereby all Q̂iii sectors are degenerate.

B. Weak transverse field limit

In the h ! 0 limit, the imaginary time scale on which
the Ising spins can fluctuate diverges such that the Ising spin
degrees of freedom become classical. The model then reduces
to

Ĥ0 =
X

hiii, jjji
Zhiii, jjji *,

NX

↵=1
ĉ†
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N = ∞

⇒ AFM/SC+CDW ground state.

Valence bond solid (Affleck, Marston, 1988)
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Hardness of Sign Problem

Consider the following equality on arbitrary graphs
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FIG. 6. (color online) (a) Size extrapolation of the charge density
wavve order parameter �CDW performed with a second order poly-
nomial in 1/L. (b) Extrapolated value of�CDW at di�erent tempera-
tures. Below h = 0.1 our lattice sizes are too small to unambiguously
extrapolate to the thermodynamic limit.

FIG. 7. (color online) Dynamical charge structure factor for the
N = 1 model.

with

N̂ (qqq) =
1
L

X

iii

eiqqq ·iii n̂iii . (37)

The intermediate states, | ni, have the same Q̂iii quantum num-
bers as in the ground state since

f
n̂iii, Q̂iii

g
= 0. Thereby, the

dynamical charge structure factor of Fig. 7 is identical to that
one would obtain when imposing exactly the gauge constraint
on the Hilbert space. Within this constrained Hilbert space,
the elementary excitations are closed Wilson loops of Ẑbbb op-
erators in Euclidian space-time as well as open strings of Ẑbbb

operators with particle-hole excitations at the extremities again
in 2+1 dimensions. For the considered values of h the ground
state shows long range CDW order and the gauge string binds
particle-hole excitations. This corresponds to the confined
phase of the gauge field and leads to the central peak feature
at the wave vector KKK = (⇡, ⇡) apparent in Fig. 7. In the limit
h ! 1 this becomes the dominant feature of the spectral

function. At higher energies or on shorter time scales, the
string does not bind particle-hole excitations and a continuum
very reminiscent of the h = 0 limit is apparent in the spectral
function.

B. N=2

As discussed in the Sec.II B, for N = 2 the global symmetry
is O(4). To understand the physical content of this symmetry,
it is instructive to consider the limit h ! 1:

Ĥ1 =�
1
4h

X

hiii, jjji

266664
2X

�=1

⇣
ĉ†
iii,� ĉjjj,� + H.c.

⌘377775
2

=
1
h

X

hiii, jjji

f
ŜSSiii ŜSS jjj + ⌘̂⌘⌘iii⌘̂⌘⌘ jjj

g
. (38)

Here, ŜSSiii = 1
2
P

�,�0 ĉ†
iii,�����,�0 ĉiii,�0 corresponds to a fermionic

representation of the spin operator and ⌘̂⌘⌘iii = P̂�1
1 ŜSSiii P̂1 where

P̂1 corresponds to particle-hole symmetry transformation de-
fined in Eq. 2. Since the ⌘⌘⌘-operators are derived from the
spin operators with a similarity transformation they satisfy the
SU(2) algebra as well. Furthermore,

f
⌘̂ jjj,↵, Ŝiii,�

g
= 0 so that at

the level of Lie algebra, the O(4) symmetry can be understood
as O(4) � SUS (2) ⌦ SU⌘ (2) [46], [47].

The Ising order parameter corresponding to particle-hole
symmetry breaking (Eq. 4) relates to the ŜSS- and ⌘̂⌘⌘-operators
via

p̂iii =
4
3

✓
⌘̂⌘⌘2
iii � ŜSS

2
iii

◆
. (39)

If particle-hole symmetry breaks, then there are two possi-
bilities. If hp̂iiii < 0, then the SUS (2) ⌦ SU⌘ (2) is reduced
to SUS (2). In the extreme limit of p = �1, sites are singly
occupied, and the model reduces to a spin-only model. Away
from this limit, there are charge fluctuations per site, but the
universal properties (such as the phase transition out of the de-
confined phase), which depends only on symmetries, can still
be understood in terms of only spin fluctuations. The other
possibility is that hp̂iiii > 0, in which case the sites are predom-
inantly empty or doubly occupied, leading to a charge-only
model in the extreme limit p = 1. In this case, the underlying
symmetry is SU⌘ (2) and the phase diagram can be understood
in terms of fluctuations of a three component vector consisting
of CDW (one component) and s-wave superconductor ( two
components, since it has both real and imaginary components).
Since the superconducting phase, whenever it exists, is always
degenerate with CDW due to SU⌘ (2) symmetry, henceforth
we will call the corresponding phase as just superconductor.

To detect the possibility of Ising transitions corresponding to
ordering of Q̂iii and p̂iii we compute the temperature dependence
of the internal energy for a range of values of h (Fig. 8). Note
that in contrast to the Q̂iii’s, p̂iii is not a good quantum number
since

f
p̂iii, Ĥ

g
, 0. The Ising transition in two-dimensions has

a specific heat exponent ↵ = 0 which implies that the specific
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bers as in the ground state since
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state shows long range CDW order and the gauge string binds
particle-hole excitations. This corresponds to the confined
phase of the gauge field and leads to the central peak feature
at the wave vector KKK = (⇡, ⇡) apparent in Fig. 7. In the limit
h ! 1 this becomes the dominant feature of the spectral

function. At higher energies or on shorter time scales, the
string does not bind particle-hole excitations and a continuum
very reminiscent of the h = 0 limit is apparent in the spectral
function.
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As discussed in the Sec.II B, for N = 2 the global symmetry
is O(4). To understand the physical content of this symmetry,
it is instructive to consider the limit h ! 1:
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confined phase), which depends only on symmetries, can still
be understood in terms of only spin fluctuations. The other
possibility is that hp̂iiii > 0, in which case the sites are predom-
inantly empty or doubly occupied, leading to a charge-only
model in the extreme limit p = 1. In this case, the underlying
symmetry is SU⌘ (2) and the phase diagram can be understood
in terms of fluctuations of a three component vector consisting
of CDW (one component) and s-wave superconductor ( two
components, since it has both real and imaginary components).
Since the superconducting phase, whenever it exists, is always
degenerate with CDW due to SU⌘ (2) symmetry, henceforth
we will call the corresponding phase as just superconductor.

To detect the possibility of Ising transitions corresponding to
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FIG. 1. (color online) Schematic zero temperature phase diagram of
the model in Eq. 1. We observe a Z2 Dirac deconfined phase (Z2D), a
spin-density wave (SDW) phase (⌘ Néel phase) (or a superconductor
(SC), depending on the pattern of particle-hole symmetry breaking),
a charge density wave (CDW) phase as well as a valence bond solid
(VBS). For N = 1, we do not find evidence for a Z2D phase beyond
h = 0 consistent with the arguments in the main text. The phase
transitions from the Z2D to SDW/SC (N = 2) and VBS (N = 3) are
seemingly continuous. At N = 3 we observe a deconfined quantum
critical point (DCQP) between the VBS and SDW phases.

Our Hamiltonian (Eq.1) is partially motivated by a recent
study of nematic instability of a Fermi surface [25] and velocity
fluctuations in Dirac metals [26]. It consists of N species of
fermions on the vertices of a square lattice interacting with
quantum Ising spins that live on the links of the same square
lattice. However, in contrast to the Hamiltonian in Ref. [25],
our Hamiltonian has a local Z2 invariance, which leads to
LxLy conserved operators on a Lx ⇥ Ly lattice. Furthermore,
we restrict ourselves to half-filling and thus at low energies,
instead of a Fermi surface, we either obtain either no fermions
(e.g. a Mott insulator) or Fermi points. These di�erences
completely alter the phase diagram of our model compared to
Ref. [25].

The phase diagram for various values of N is summarized in
Fig.1. For N > 1, we find that when the kinetic energy of the
aforementioned Ising spins is small compared to the kinetic
energy of the fermions, the ground state resembles deconfined
phase of the Z2 gauge theory coupled to 2N Dirac fermions
(the N = 1 case is special in that the deconfined fermions are
unstable to infinitesimal interactions). However, as we will
discuss in detail, there is an important distinction between this
phase and the deconfined phase of a conventional Z2 gauge
matter theory (Ref. [27–29]). Namely, the local Z2 invari-
ance in our model is an actual symmetry of the Hamiltonian
in contrast to the so-called ‘gauge symmetry’ in gauge-matter
theories which just corresponds to redundancy in the descrip-
tion of the physical states. This is because we do not project the
Hilbert space of our Hamiltonian to gauge invariant states, that
is, we do not impose the Gauss’s law. Instead, in our model,
the Gauss’s law in the ground state emerges due to spontaneous
symmetry breaking as the locally conserved operators order in
a certain definite pattern. One physical significance of this is

that in contrast to regular Z2 gauge theory, in our model, equal
space, unequal time non-gauge invariant correlation functions
do not vanish identically. Further, there is a finite temper-
ature Ising transition corresponding to the restoration of the
aforementioned symmetry.

As the kinetic energy of the Ising degrees of freedom is
increased, we find that the aforementioned gapless Dirac de-
confined phase enters a symmetry broken confined phase. The
nature of symmetry breaking depends on the value of N . For
N = 1 it corresponds to a charge density wave, while for N = 2,
due to an enlarged symmetry, the symmetry broken phase can
correspond to a superconductor or a spin density wave, de-
pending on the sign of infinitesimal symmetry breaking field.
The N = 3 case is even richer. We find that after exiting the
deconfined phase, the model enters a valence bond solid (VBS)
phase, and as the tuning parameter controlling the kinetic en-
ergy of Ising spins is tuned further, the valence-bond solid
quantum melts and yields a anti-ferromagnet phase. The phase
transition between the VBS and Néel phase, if second-order,
will correspond to a deconfined quantum critical point [30],
reported earlier in the context of quantum magnets [31, 32].
Our results are consistent with a second order transition.

II. MODEL AND SYMMETRIES

Our model reads:

Ĥ =
X

hiii, jjji
Ẑhiii, jjji *,

NX

↵=1
ĉ†
iii,↵ ĉjjj,↵ + H.c.+- + N h

X

hiii, jjji
X̂hiii, jjji (1)

Here, ĉ†
iii,↵ creates a fermion of flavor ↵ in a Wannier state

centered around lattice site iii of a square lattice and the sum
runs over bonds of nearest neighbors. Each bond, bbb = hiii, jjji,
accommodates a two level system spanned by the Hilbert space
|0ibbb and |1ibbb and in this basis, Ẑhiii, jjji, and X̂hiii, jjji, corresponds
to the Pauli spin matrices

⇣
1 0
0 �1

⌘
and
⇣

0 1
1 0

⌘
respectively. h

tunes the strength of the transverse field. Note that we have set
the coe�cient of the hopping term to unity so that all energy
scales, including the size of h and the temperature T , will be
measured relative to the hopping term.

A. Discrete Symmetries

The model (Eq.1) leads to a number of symmetries. The
particle-hole symmetry we consider is

P̂�1
↵ ĉ†

iii,� P̂↵ = �↵,�eiKKK ·iii ĉiii,� +
⇣
1 � �↵,�

⌘
ĉ†
iii,� (2)

and it satisfies f
P̂↵, Ĥ

g
= 0. (3)

As an explicit operator, P̂↵ =
Q

i (ciii,↵eiKKK ·iii/2 + ĉ†
iii,↵e�iKKK ·iii/2)

where K = (⇡, ⇡). Thus it is a fermionic (bosonic) operator
if the total number of lattice sites is odd (even). As it will
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FIG. 6. (color online) (a) Size extrapolation of the charge density
wavve order parameter �CDW performed with a second order poly-
nomial in 1/L. (b) Extrapolated value of�CDW at di�erent tempera-
tures. Below h = 0.1 our lattice sizes are too small to unambiguously
extrapolate to the thermodynamic limit.

FIG. 7. (color online) Dynamical charge structure factor for the
N = 1 model.

with

N̂ (qqq) =
1
L

X

iii

eiqqq ·iii n̂iii . (37)

The intermediate states, | ni, have the same Q̂iii quantum num-
bers as in the ground state since

f
n̂iii, Q̂iii

g
= 0. Thereby, the

dynamical charge structure factor of Fig. 7 is identical to that
one would obtain when imposing exactly the gauge constraint
on the Hilbert space. Within this constrained Hilbert space,
the elementary excitations are closed Wilson loops of Ẑbbb op-
erators in Euclidian space-time as well as open strings of Ẑbbb

operators with particle-hole excitations at the extremities again
in 2+1 dimensions. For the considered values of h the ground
state shows long range CDW order and the gauge string binds
particle-hole excitations. This corresponds to the confined
phase of the gauge field and leads to the central peak feature
at the wave vector KKK = (⇡, ⇡) apparent in Fig. 7. In the limit
h ! 1 this becomes the dominant feature of the spectral

function. At higher energies or on shorter time scales, the
string does not bind particle-hole excitations and a continuum
very reminiscent of the h = 0 limit is apparent in the spectral
function.

B. N=2

As discussed in the Sec.II B, for N = 2 the global symmetry
is O(4). To understand the physical content of this symmetry,
it is instructive to consider the limit h ! 1:
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ŜSSiii ŜSS jjj + ⌘̂⌘⌘iii⌘̂⌘⌘ jjj

g
. (38)

Here, ŜSSiii = 1
2
P

�,�0 ĉ†
iii,�����,�0 ĉiii,�0 corresponds to a fermionic

representation of the spin operator and ⌘̂⌘⌘iii = P̂�1
1 ŜSSiii P̂1 where

P̂1 corresponds to particle-hole symmetry transformation de-
fined in Eq. 2. Since the ⌘⌘⌘-operators are derived from the
spin operators with a similarity transformation they satisfy the
SU(2) algebra as well. Furthermore,

f
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g
= 0 so that at

the level of Lie algebra, the O(4) symmetry can be understood
as O(4) � SUS (2) ⌦ SU⌘ (2) [46], [47].

The Ising order parameter corresponding to particle-hole
symmetry breaking (Eq. 4) relates to the ŜSS- and ⌘̂⌘⌘-operators
via

p̂iii =
4
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2
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◆
. (39)

If particle-hole symmetry breaks, then there are two possi-
bilities. If hp̂iiii < 0, then the SUS (2) ⌦ SU⌘ (2) is reduced
to SUS (2). In the extreme limit of p = �1, sites are singly
occupied, and the model reduces to a spin-only model. Away
from this limit, there are charge fluctuations per site, but the
universal properties (such as the phase transition out of the de-
confined phase), which depends only on symmetries, can still
be understood in terms of only spin fluctuations. The other
possibility is that hp̂iiii > 0, in which case the sites are predom-
inantly empty or doubly occupied, leading to a charge-only
model in the extreme limit p = 1. In this case, the underlying
symmetry is SU⌘ (2) and the phase diagram can be understood
in terms of fluctuations of a three component vector consisting
of CDW (one component) and s-wave superconductor ( two
components, since it has both real and imaginary components).
Since the superconducting phase, whenever it exists, is always
degenerate with CDW due to SU⌘ (2) symmetry, henceforth
we will call the corresponding phase as just superconductor.

To detect the possibility of Ising transitions corresponding to
ordering of Q̂iii and p̂iii we compute the temperature dependence
of the internal energy for a range of values of h (Fig. 8). Note
that in contrast to the Q̂iii’s, p̂iii is not a good quantum number
since

f
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, 0. The Ising transition in two-dimensions has

a specific heat exponent ↵ = 0 which implies that the specific
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breaks the Q̂0iii ! �Q̂0iii symmetry explicitly, there is no finite
temperature transition in the 2D Toric code. The fields Q̂iii in
our model are of course classical in the sense that they are
conserved and don’t have any dynamics. It would be desir-
able to extend the idea of studying deconfined phases of gauge
theories without imposing the gauge constraint to other gauge
groups as well, particularly to the case of U (1) gauge theory
relevant to several spin-liquid candidates. Imposing gauge
constraint numerically is often challenging, and our results in-
dicate that at least in certain gauge theories, is not necessarily
required.

On the above note, it would also be interesting to explore
Toric code [14] like Hamiltonians with inbuilt Q̂0iii ! �Q̂0iii
symmetry, and study the implications of the melting of the
Gauss’s law at finite temperature. This could be especially in-
teresting in 4D Toric code where there exist finite temperature
quantum memory [71]. Is the quantum memory lost as soon
as the thermal expectation value hQ̂0iiii vanishes?

In our models, the finite temperature transition correspond-
ing to the ordering of Q̂iii coincided with spontaneous breaking
of particle-hole symmetry for all values of N . This is because
hX̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

i , 0. It is interesting to con-
template the possiblity of a phase where this is not the case
such that Q̂iii order while the spatial correlation functions of p̂iii
are short-ranged. Consider for example the model:

Ĥ =
X

hiii, jjji

f
Ẑhiii, jjji

⇣
ĉ†
iii
ĉjjj + H.c.

⌘
+ u Q̂0iiiQ̂

0
jjj

g
+ v
X

iii

Q̂iii (51)

where Q̂0
iii
= X̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

. One can imple-
ment a Q̂0

iii
! �Q̂0

iii
symmetry in the above Hamiltonian by de-

manding that Ĥ be invariant under the transformation Û�1ĤÛ
where Û =

Q0
hiii, jjji Ẑhiii, jjji

Q
iii P̂iii where the prime on the first

product denotes that it is taken over all vertical (horizontol)
links either only for even rows (columns) or only for odd rows
(columns). This transformation takes Q̂0

iii
! �Q̂0

iii
, Q̂iii ! Q̂iii

and X̂iii, jjj ! �X̂iii, jjj . Therefore, even though hQ̂iiii , 0 in this
model, the order parameter for the charge-ordering, namely,
hp̂iiii will be non-zero only if the Û symmetry is spontaneously
broken. A phase where Q̂iii order while p̂iii remain disor-
dered would necessarily involve interesting entanglement be-
tween the fermions and the Ising degrees of freedom because
one requires that hX̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iiii , 0 while
hp̂iiii = 0.

The N = 3 model has the richest phase diagram among
the models we study. In particular, apart from the continuous
transition between Z2D and VBS, the phase diagram contains
two distinct symmetry broken phases, the VBS and the SDW
phase. Remarkably, we find that these two phases are sepa-
rated by a second order transition (Fig. 15b), which is thus
expected to belong to a non-compact CP2 universality class
[30]. At this deconfined quantum critical point, we also study
the imaginary-time dynamics via the calculation of structure
factor S(q,!)(Fig. 19, and found a rather broad continuum
of excitations, consistent with the theoretical expectation that
at this transition, the e�ective description is in terms of frac-
tionalized ‘spinons’. To our knowledge, the dynamics at the

deconfined quantum criticality has not been studied numer-
ically in the past, and given rather distinct features seen in
our work, it would be worthwhile to pursue this direction in
quantum spin-models where much larger sizes are accessible
via bosonic Quantum Monte Carlo such as Stochastic Series
Expansion (SSE) [31].

Some cautionary statements are in order for the N = 3 case.
We found it challenging to perform scaling collapse at the both
quantum phase transitions, despite no indication of a first-order
transition in the behavior of the order parameter. One reason
for this could be that the two zero temperature transitions are
rather close by in the phase diagram. This is visible in the
behavior of the structure factor as h is tuned (Fig. 19) where a
di�use continuum of excitations exists all the way from h = 0
(Z2 Dirac phase) to h ⇠ 1/3 (VBS to SDW transition). It’s
also worth mentioning that the system sizes we are working
(L  16), are an order of magnitude smaller than the ones for
spin-models which exhibit deconfined quantum criticality.

We notice that when N is even, our model does not su�er
from sign problem even in the presence of the a non-zero
chemical potential on arbitrary lattices. Thus it would be
interesting to extend our study to a system with finite density
of fermions.

We would like to conclude with a conjecture only tangen-
tially related to the rest of the paper. Consider the Hamil-
tonian in Eq. 19 for N = 2 on an arbitrary graph, Ĥ1 =
Ĥ⌘ + Ĥ� where Ĥ⌘ =

P
hiii, jjji Jiii, jjj

⇣
⌘̂z
iii
⌘̂z
jjj
� 1

2

⇣
⌘̂+
iii
⌘̂�
jjj
+ ⌘̂�

iii
⌘̂+
jjj

⌘⌘

and Ĥs =
P
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⇣
ŝz
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ŝz
jjj
+ 1

2

⇣
ŝ+
iii

ŝ�
jjj
+ ŝ�

iii
ŝ+
jjj

⌘⌘
. Assuming

Jiii, jjj � 0, the Hamiltonian Ĥ1 is sign problem free on an
arbitrary graph because one can use Hubbard-Stratanovich
decomposition to write the partition function as a sum of
non-negative fermion determinants. On the other hand, con-
sidering its decomposition into spin-Hamiltonians Ĥ⌘ and
Ĥs , only Ĥ⌘ is sign problem free on an arbitrary graph
due to all non-positive o�-diagonal elements in a local ba-
sis. Since

⇥
⌘, S
⇤
= 0, the simulatability of Ĥ1 suggests that

its ground state is likely identical to that of Ĥ⌘ . That is, in
the ground state one expects no singly occupied sites – half
of the sites are unoccupied while the other half are doubly
occupied, so that only Ĥ⌘ acts non-trivially. This leads to
the following conjecture: Given a set of Ji j � 0, the ground
state energy of Ĥ� =

P
hiii, jjji Jiii, jjj

⇣
�z
iii
�z

jjj
� 1

2

⇣
�+
iii
��

jjj
+ ��

iii
�+

jjj

⌘⌘

is less than or equal to the ground state energy of Ĥ+ =P
hiii, jjji Jiii, jjj

⇣
�z
iii
�z

jjj
+ 1

2

⇣
�+
iii
��

jjj
+ ��

iii
�+

jjj

⌘⌘
. Clearly, on a bipar-

tite graph this conjectured inequality is always saturated. To
test this conjecture, we performed exact diagonalization study
for systems upto 10 qubits when Ji j are chosen randomly from
a uniform distribution on [0, 1] for a sample size of 1000. We
didn’t find any counterexample.

Prior to submission of this paper, we were aware of related
work by Snir Gazit, Mohit Randeria and Ashvin Vishwanath
[72]. We thank them for sharing their draft.
Acknowledgements: We would like to thank Yin-Chen He, I.
Herbut, A. Läuchli, F. Parisen Toldin, S. Trebst, Mike Zaletel
and especially Tim Hsieh for discussions. We especially thank
Ashvin Vishwanath for pointing out discrepancies in our un-
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breaks the Q̂0iii ! �Q̂0iii symmetry explicitly, there is no finite
temperature transition in the 2D Toric code. The fields Q̂iii in
our model are of course classical in the sense that they are
conserved and don’t have any dynamics. It would be desir-
able to extend the idea of studying deconfined phases of gauge
theories without imposing the gauge constraint to other gauge
groups as well, particularly to the case of U (1) gauge theory
relevant to several spin-liquid candidates. Imposing gauge
constraint numerically is often challenging, and our results in-
dicate that at least in certain gauge theories, is not necessarily
required.

On the above note, it would also be interesting to explore
Toric code [14] like Hamiltonians with inbuilt Q̂0iii ! �Q̂0iii
symmetry, and study the implications of the melting of the
Gauss’s law at finite temperature. This could be especially in-
teresting in 4D Toric code where there exist finite temperature
quantum memory [71]. Is the quantum memory lost as soon
as the thermal expectation value hQ̂0iiii vanishes?

In our models, the finite temperature transition correspond-
ing to the ordering of Q̂iii coincided with spontaneous breaking
of particle-hole symmetry for all values of N . This is because
hX̂iii,iii+aaa
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i , 0. It is interesting to con-
template the possiblity of a phase where this is not the case
such that Q̂iii order while the spatial correlation functions of p̂iii
are short-ranged. Consider for example the model:
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symmetry in the above Hamiltonian by de-

manding that Ĥ be invariant under the transformation Û�1ĤÛ
where Û =

Q0
hiii, jjji Ẑhiii, jjji

Q
iii P̂iii where the prime on the first

product denotes that it is taken over all vertical (horizontol)
links either only for even rows (columns) or only for odd rows
(columns). This transformation takes Q̂0

iii
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iii
, Q̂iii ! Q̂iii

and X̂iii, jjj ! �X̂iii, jjj . Therefore, even though hQ̂iiii , 0 in this
model, the order parameter for the charge-ordering, namely,
hp̂iiii will be non-zero only if the Û symmetry is spontaneously
broken. A phase where Q̂iii order while p̂iii remain disor-
dered would necessarily involve interesting entanglement be-
tween the fermions and the Ising degrees of freedom because
one requires that hX̂iii,iii+aaa
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p̂iiii , 0 while
hp̂iiii = 0.

The N = 3 model has the richest phase diagram among
the models we study. In particular, apart from the continuous
transition between Z2D and VBS, the phase diagram contains
two distinct symmetry broken phases, the VBS and the SDW
phase. Remarkably, we find that these two phases are sepa-
rated by a second order transition (Fig. 15b), which is thus
expected to belong to a non-compact CP2 universality class
[30]. At this deconfined quantum critical point, we also study
the imaginary-time dynamics via the calculation of structure
factor S(q,!)(Fig. 19, and found a rather broad continuum
of excitations, consistent with the theoretical expectation that
at this transition, the e�ective description is in terms of frac-
tionalized ‘spinons’. To our knowledge, the dynamics at the

deconfined quantum criticality has not been studied numer-
ically in the past, and given rather distinct features seen in
our work, it would be worthwhile to pursue this direction in
quantum spin-models where much larger sizes are accessible
via bosonic Quantum Monte Carlo such as Stochastic Series
Expansion (SSE) [31].

Some cautionary statements are in order for the N = 3 case.
We found it challenging to perform scaling collapse at the both
quantum phase transitions, despite no indication of a first-order
transition in the behavior of the order parameter. One reason
for this could be that the two zero temperature transitions are
rather close by in the phase diagram. This is visible in the
behavior of the structure factor as h is tuned (Fig. 19) where a
di�use continuum of excitations exists all the way from h = 0
(Z2 Dirac phase) to h ⇠ 1/3 (VBS to SDW transition). It’s
also worth mentioning that the system sizes we are working
(L  16), are an order of magnitude smaller than the ones for
spin-models which exhibit deconfined quantum criticality.

We notice that when N is even, our model does not su�er
from sign problem even in the presence of the a non-zero
chemical potential on arbitrary lattices. Thus it would be
interesting to extend our study to a system with finite density
of fermions.

We would like to conclude with a conjecture only tangen-
tially related to the rest of the paper. Consider the Hamil-
tonian in Eq. 19 for N = 2 on an arbitrary graph, Ĥ1 =
Ĥ⌘ + Ĥ� where Ĥ⌘ =

P
hiii, jjji Jiii, jjj

⇣
⌘̂z
iii
⌘̂z
jjj
� 1

2

⇣
⌘̂+
iii
⌘̂�
jjj
+ ⌘̂�

iii
⌘̂+
jjj

⌘⌘

and Ĥs =
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Jiii, jjj � 0, the Hamiltonian Ĥ1 is sign problem free on an
arbitrary graph because one can use Hubbard-Stratanovich
decomposition to write the partition function as a sum of
non-negative fermion determinants. On the other hand, con-
sidering its decomposition into spin-Hamiltonians Ĥ⌘ and
Ĥs , only Ĥ⌘ is sign problem free on an arbitrary graph
due to all non-positive o�-diagonal elements in a local ba-
sis. Since
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its ground state is likely identical to that of Ĥ⌘ . That is, in
the ground state one expects no singly occupied sites – half
of the sites are unoccupied while the other half are doubly
occupied, so that only Ĥ⌘ acts non-trivially. This leads to
the following conjecture: Given a set of Ji j � 0, the ground
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tite graph this conjectured inequality is always saturated. To
test this conjecture, we performed exact diagonalization study
for systems upto 10 qubits when Ji j are chosen randomly from
a uniform distribution on [0, 1] for a sample size of 1000. We
didn’t find any counterexample.

Prior to submission of this paper, we were aware of related
work by Snir Gazit, Mohit Randeria and Ashvin Vishwanath
[72]. We thank them for sharing their draft.
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breaks the Q̂0iii ! �Q̂0iii symmetry explicitly, there is no finite
temperature transition in the 2D Toric code. The fields Q̂iii in
our model are of course classical in the sense that they are
conserved and don’t have any dynamics. It would be desir-
able to extend the idea of studying deconfined phases of gauge
theories without imposing the gauge constraint to other gauge
groups as well, particularly to the case of U (1) gauge theory
relevant to several spin-liquid candidates. Imposing gauge
constraint numerically is often challenging, and our results in-
dicate that at least in certain gauge theories, is not necessarily
required.

On the above note, it would also be interesting to explore
Toric code [14] like Hamiltonians with inbuilt Q̂0iii ! �Q̂0iii
symmetry, and study the implications of the melting of the
Gauss’s law at finite temperature. This could be especially in-
teresting in 4D Toric code where there exist finite temperature
quantum memory [71]. Is the quantum memory lost as soon
as the thermal expectation value hQ̂0iiii vanishes?

In our models, the finite temperature transition correspond-
ing to the ordering of Q̂iii coincided with spontaneous breaking
of particle-hole symmetry for all values of N . This is because
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i , 0. It is interesting to con-
template the possiblity of a phase where this is not the case
such that Q̂iii order while the spatial correlation functions of p̂iii
are short-ranged. Consider for example the model:
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. One can imple-
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manding that Ĥ be invariant under the transformation Û�1ĤÛ
where Û =
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Q
iii P̂iii where the prime on the first

product denotes that it is taken over all vertical (horizontol)
links either only for even rows (columns) or only for odd rows
(columns). This transformation takes Q̂0
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, Q̂iii ! Q̂iii

and X̂iii, jjj ! �X̂iii, jjj . Therefore, even though hQ̂iiii , 0 in this
model, the order parameter for the charge-ordering, namely,
hp̂iiii will be non-zero only if the Û symmetry is spontaneously
broken. A phase where Q̂iii order while p̂iii remain disor-
dered would necessarily involve interesting entanglement be-
tween the fermions and the Ising degrees of freedom because
one requires that hX̂iii,iii+aaa
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p̂iiii , 0 while
hp̂iiii = 0.

The N = 3 model has the richest phase diagram among
the models we study. In particular, apart from the continuous
transition between Z2D and VBS, the phase diagram contains
two distinct symmetry broken phases, the VBS and the SDW
phase. Remarkably, we find that these two phases are sepa-
rated by a second order transition (Fig. 15b), which is thus
expected to belong to a non-compact CP2 universality class
[30]. At this deconfined quantum critical point, we also study
the imaginary-time dynamics via the calculation of structure
factor S(q,!)(Fig. 19, and found a rather broad continuum
of excitations, consistent with the theoretical expectation that
at this transition, the e�ective description is in terms of frac-
tionalized ‘spinons’. To our knowledge, the dynamics at the

deconfined quantum criticality has not been studied numer-
ically in the past, and given rather distinct features seen in
our work, it would be worthwhile to pursue this direction in
quantum spin-models where much larger sizes are accessible
via bosonic Quantum Monte Carlo such as Stochastic Series
Expansion (SSE) [31].

Some cautionary statements are in order for the N = 3 case.
We found it challenging to perform scaling collapse at the both
quantum phase transitions, despite no indication of a first-order
transition in the behavior of the order parameter. One reason
for this could be that the two zero temperature transitions are
rather close by in the phase diagram. This is visible in the
behavior of the structure factor as h is tuned (Fig. 19) where a
di�use continuum of excitations exists all the way from h = 0
(Z2 Dirac phase) to h ⇠ 1/3 (VBS to SDW transition). It’s
also worth mentioning that the system sizes we are working
(L  16), are an order of magnitude smaller than the ones for
spin-models which exhibit deconfined quantum criticality.

We notice that when N is even, our model does not su�er
from sign problem even in the presence of the a non-zero
chemical potential on arbitrary lattices. Thus it would be
interesting to extend our study to a system with finite density
of fermions.

We would like to conclude with a conjecture only tangen-
tially related to the rest of the paper. Consider the Hamil-
tonian in Eq. 19 for N = 2 on an arbitrary graph, Ĥ1 =
Ĥ⌘ + Ĥ� where Ĥ⌘ =

P
hiii, jjji Jiii, jjj

⇣
⌘̂z
iii
⌘̂z
jjj
� 1

2

⇣
⌘̂+
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⌘̂�
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iii
⌘̂+
jjj

⌘⌘

and Ĥs =
P
hiii, jjji Jiii, jjj
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ŝz
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ŝz
jjj
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⇣
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iii

ŝ�
jjj
+ ŝ�

iii
ŝ+
jjj

⌘⌘
. Assuming

Jiii, jjj � 0, the Hamiltonian Ĥ1 is sign problem free on an
arbitrary graph because one can use Hubbard-Stratanovich
decomposition to write the partition function as a sum of
non-negative fermion determinants. On the other hand, con-
sidering its decomposition into spin-Hamiltonians Ĥ⌘ and
Ĥs , only Ĥ⌘ is sign problem free on an arbitrary graph
due to all non-positive o�-diagonal elements in a local ba-
sis. Since

⇥
⌘, S
⇤
= 0, the simulatability of Ĥ1 suggests that

its ground state is likely identical to that of Ĥ⌘ . That is, in
the ground state one expects no singly occupied sites – half
of the sites are unoccupied while the other half are doubly
occupied, so that only Ĥ⌘ acts non-trivially. This leads to
the following conjecture: Given a set of Ji j � 0, the ground
state energy of Ĥ� =

P
hiii, jjji Jiii, jjj

⇣
�z
iii
�z

jjj
� 1

2

⇣
�+
iii
��

jjj
+ ��

iii
�+

jjj

⌘⌘

is less than or equal to the ground state energy of Ĥ+ =P
hiii, jjji Jiii, jjj

⇣
�z
iii
�z

jjj
+ 1

2

⇣
�+
iii
��

jjj
+ ��

iii
�+

jjj

⌘⌘
. Clearly, on a bipar-

tite graph this conjectured inequality is always saturated. To
test this conjecture, we performed exact diagonalization study
for systems upto 10 qubits when Ji j are chosen randomly from
a uniform distribution on [0, 1] for a sample size of 1000. We
didn’t find any counterexample.

Prior to submission of this paper, we were aware of related
work by Snir Gazit, Mohit Randeria and Ashvin Vishwanath
[72]. We thank them for sharing their draft.
Acknowledgements: We would like to thank Yin-Chen He, I.
Herbut, A. Läuchli, F. Parisen Toldin, S. Trebst, Mike Zaletel
and especially Tim Hsieh for discussions. We especially thank
Ashvin Vishwanath for pointing out discrepancies in our un-

when (already proved by Nie, Katsura, Oshikawa 2013).
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FIG. 1. (color online) Schematic zero temperature phase diagram
of the model in Eq. 1. We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferrimagnet phase (AFM) (or a superconductor
(SC), depending on the pattern of particle-hole symmetry breaking),
a charge density wave (CDW) phase as well as a valence bond solid
(VBS). For N = 1, we do not find evidence for a Z2D phase beyond
h = 0 consistent with the arguments in the main text. The phase
transitions from the Z2D to AFM/SC (N = 2) and VBS (N = 3) are
seemingly continuous. At N = 3 we observe a deconfined quantum
critical point (DCQP) between the VBS and AFM phases.

Our Hamiltonian (Eq. 1) is partially motivated by a recent
study of nematic instability of a Fermi surface [25] and velocity
fluctuations in Dirac metals [26]. It consists of N species of
fermions on the vertices of a square lattice interacting with
quantum Ising spins that live on the links of the same square
lattice. However, in contrast to the Hamiltonian in Ref. [25],
our Hamiltonian has a local Z2 invariance, which leads to
LxLy conserved operators on a Lx ⇥ Ly lattice. Furthermore,
we restrict ourselves to half-filling and thus at low energies,
instead of a Fermi surface, we either obtain either no fermions
(e.g. a Mott insulator) or Fermi points. These di�erences
completely alter the phase diagram of our model compared to
Ref. [25].

The phase diagram for various values of N is summarized in
Fig. 1. For N > 1, we find that when the kinetic energy of the
aforementioned Ising spins is small compared to the kinetic
energy of the fermions, the ground state resembles deconfined
phase of the Z2 gauge theory coupled to 2N Dirac fermions
(the N = 1 case is special in that the deconfined fermions are
unstable to infinitesimal interactions). However, as we will
discuss in detail, there is an important distinction between this
phase and the deconfined phase of a conventional Z2 gauge
matter theory (Ref. [27–29]). Namely, the local Z2 invari-
ance in our model is an actual symmetry of the Hamiltonian
in contrast to the so-called ‘gauge symmetry’ in gauge-matter
theories which just corresponds to redundancy in the descrip-
tion of the physical states. This is because we do not project the
Hilbert space of our Hamiltonian to gauge invariant states, that
is, we do not impose the Gauss’s law. Instead, in our model,
the Gauss’s law in the ground state emerges due to spontaneous
symmetry breaking as the locally conserved operators order in
a certain definite pattern. One physical significance of this is

that in contrast to regular Z2 gauge theory, in our model, equal
space, unequal time non-gauge invariant correlation functions
do not vanish identically. Further, there is a finite temper-
ature Ising transition corresponding to the restoration of the
aforementioned symmetry.

As the kinetic energy of the Ising degrees of freedom is
increased, we find that the aforementioned gapless Dirac de-
confined phase enters a symmetry broken confined phase. The
nature of symmetry breaking depends on the value of N . For
N = 1 it corresponds to a charge density wave, while for
N = 2, due to an enlarged symmetry, the symmetry broken
phase can correspond to a superconductor or a Néel antifer-
romagnet (AFM), depending on the sign of the infinitesimal
symmetry breaking field. The N = 3 case is even richer.
We find that after exiting the deconfined phase, the model
enters a valence bond solid (VBS) phase, and as the tuning pa-
rameter controlling the kinetic energy of Ising spins is tuned
further, the valence-bond solid quantum melts and yields a
Néel AFM phase. The phase transition between the VBS and
AFM phase, if second-order, will correspond to a deconfined
quantum critical point [30], reported earlier in the context of
quantum magnets [31, 32]. Our results are consistent with a
second order transition.

II. MODEL AND SYMMETRIES

Our model reads:

Ĥ =
X

hiii, jjji
Ẑhiii, jjji *,

NX

↵=1
ĉ†
iii,↵ ĉjjj,↵ + H.c.+- � N h

X

hiii, jjji
X̂hiii, jjji. (1)

Here, ĉ†
iii,↵ creates a fermion of flavor ↵ in a Wannier state

centered around lattice site iii of a square lattice and the sum
runs over bonds of nearest neighbors. Each bond, bbb = hiii, jjji,
accommodates a two level system spanned by the Hilbert space
|0ibbb and |1ibbb and in this basis, Ẑhiii, jjji, and X̂hiii, jjji, corresponds
to the Pauli spin matrices

⇣
1 0
0 �1

⌘
and
⇣

0 1
1 0

⌘
respectively. h

tunes the strength of the transverse field. Note that we have set
the coe�cient of the hopping term to unity so that all energy
scales, including the size of h and the temperature T , will be
measured relative to the hopping term.

A. Discrete Symmetries

The model (Eq. 1) leads to a number of symmetries. The
particle-hole symmetry we consider is

P̂�1
↵ ĉ†

iii,� P̂↵ = �↵,�eiKKK ·iii ĉiii,� +
⇣
1 � �↵,�

⌘
ĉ†
iii,� (2)

and it satisfies f
P̂↵, Ĥ

g
= 0. (3)

As an explicit operator, P̂↵ =
Q

i (ciii,↵eiKKK ·iii/2 + ĉ†
iii,↵e�iKKK ·iii/2)

where K = (⇡, ⇡). Thus it is a fermionic (bosonic) operator

This is because the particle-hole transformation operator is fermionic. 
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with

is a different eigenstate with the same energy.⇒

If O1 is bosonic and O2 fermionic, then one has supersymmetry. 

3

supersymmetric. The two-fold degeneracy of the spectra
found in the previous section can then be thought of as
a consequence of this underlying supersymmetry.

We first shift all the eigenvalues of the Hamiltonian H
by a constant so that they are all non-negative. Then we
define the following fermionic, non-Hermitian operator
Q̂:

Q̂ =

r
H

2
T̂ (1̂ + P̂ ), (11)

where 1̂ is the identity operator. Clearly, Q̂ commutes
with the Hamiltonian H: [H, Q̂] = 0. Most importantly,
due to the relation {T̂ , P̂} = 0, one finds

Q̂2 = (Q̂†)2 = 0, (12)

{Q̂, Q̂†} = 2H. (13)

Therefore, Q̂ acts as the generator of an N = 2 super-
symmetry (N equals two because Q̂ is a non-Hermitian
operator and can be decomposed as Q̂ = Q̂

1

+ iQ̂
2

where
Q̂

1

and Q̂
2

are Hermitian). Thus, all Majorana Hamil-
tonians in 1D which have an odd number of Majoranas
per unit cell with periodic boundary conditions furnish
an N = 2 supersymmetry.

Supersymmetry naturally explains the results derived
in the previous section on the nature of spectra. All
energy eigenvalues are doubly degenerate, and the cor-
responding eigenstates can be chosen as fermion parity
eigenstates with opposite parity. Explicitly, given an
eigenstate |niB with energy En and fermion parity +1,
its fermionic partner eigenstate, which has the same en-
ergy eigenvalue En but opposite parity, is given by:

|niF =
Q̂|niBp
2En

, (14)

where we have chosen the normalization so that

F hn|niF = 1. The opposite fermion parity of |niF follows
because {P̂ , Q̂} = 0.

Due to the factor of 1p
2En

in Eq. (14), in a general

supersymmetric theory, the existence of supersymmet-
ric partner eigenstates is guaranteed only when En 6= 0.
However, in our case, the zero of energy plays no special
role (recall that, generically, we already have to shift all
energy levels by a constant so that En � 0), and there-
fore, the supersymmetric partner eigenstates exist for all
n, including the ground state. Therefore, the Witten in-
dex, which is defined as the di↵erence between the num-
ber of bosonic and fermionic groundstates, is zero. As an

aside, one could equally well choose Q̂0 =
q

H
2

T̂ (1̂ � P̂ )

as the supersymmetric generator. Q̂0 and Q̂ are not inde-
pendent because they are unitarily related: Q̂0 = T̂ †Q̂T̂ .

1D, ANTI-PERIODIC BOUNDARY CONDITIONS

Local Hamiltonians of the above type but with anti-
periodic boundary conditions commute with the twisted
translation operator T̃ , which has the action

ˆ̃T�i
ˆ̃T�1 = �i+1

(i < N), (15)

ˆ̃T�N
ˆ̃T�1 = ��

1

. (16)

Since ˆ̃T commutes with P̂ , the degeneracy found above
is not required here.
However, we now show that for such Hamiltonians with

anti-periodic boundary conditions, it is not possible for
there to be both a unique ground state and a finite exci-
tation gap in the thermodynamic limit. Such constraints,
with origins in the Lieb-Schultz-Mattis theorem, have
been recently established for spin chains in which each
unit cell transforms under a projective representation of
a global symmetry (e.g., time reversal). We will now
make contact with these recent results by doubling the
Majorana system and reinterpreting it as a spin system
with additional symmetry from the doubling construc-
tion.
Assume for the sake of contradiction that the Hamilto-

nian H has a unique gapped ground state | 
0

i. Consider
the doubled system

HD = H + H̄, (17)

where H̄ is simply a second copy of H with Majorana
operators represented by �̄. Since each subsystem has
a unique gapped ground state, the composite HD also
has a unique gapped ground state | 

0

i ⌦ | 
0

i. We now
Jordan-Wigner transform HD into a spin system:

�i =
⇣Y

j<i

�z
j

⌘
�x
i , (18)

�̄i =
⇣Y

j<i

�z
j

⌘
�y
i . (19)

Care must be taken because the spin system with fixed
boundary conditions only corresponds to a fixed fermion
parity sector of the fermionic system. It is straightfor-
ward to check that the spin system with periodic bound-
ary conditions corresponds to the fermion system with
anti-periodic boundary conditions and even fermion par-
ity. This sector includes the composite ground state
| 

0

i ⌦ | 
0

i (whose parity is the square of the parity of
| 

0

i).
Through the doubling construction, HD has a set of

discrete symmetries involving swapping the two chains.
There is a Z

2

group generated by

� $ �̄, (20)

and a Z
4

group generated by

� ! ��̄, (21)

�̄ ! �. (22)
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FIG. 1. (color online) Schematic zero temperature phase diagram
of the model in Eq. 1. We observe a Z2 Dirac deconfined phase
(Z2D), a Néel antiferrimagnet phase (AFM) (or a superconductor
(SC), depending on the pattern of particle-hole symmetry breaking),
a charge density wave (CDW) phase as well as a valence bond solid
(VBS). For N = 1, we do not find evidence for a Z2D phase beyond
h = 0 consistent with the arguments in the main text. The phase
transitions from the Z2D to AFM/SC (N = 2) and VBS (N = 3) are
seemingly continuous. At N = 3 we observe a deconfined quantum
critical point (DCQP) between the VBS and AFM phases.

Our Hamiltonian (Eq. 1) is partially motivated by a recent
study of nematic instability of a Fermi surface [25] and velocity
fluctuations in Dirac metals [26]. It consists of N species of
fermions on the vertices of a square lattice interacting with
quantum Ising spins that live on the links of the same square
lattice. However, in contrast to the Hamiltonian in Ref. [25],
our Hamiltonian has a local Z2 invariance, which leads to
LxLy conserved operators on a Lx ⇥ Ly lattice. Furthermore,
we restrict ourselves to half-filling and thus at low energies,
instead of a Fermi surface, we either obtain either no fermions
(e.g. a Mott insulator) or Fermi points. These di�erences
completely alter the phase diagram of our model compared to
Ref. [25].

The phase diagram for various values of N is summarized in
Fig. 1. For N > 1, we find that when the kinetic energy of the
aforementioned Ising spins is small compared to the kinetic
energy of the fermions, the ground state resembles deconfined
phase of the Z2 gauge theory coupled to 2N Dirac fermions
(the N = 1 case is special in that the deconfined fermions are
unstable to infinitesimal interactions). However, as we will
discuss in detail, there is an important distinction between this
phase and the deconfined phase of a conventional Z2 gauge
matter theory (Ref. [27–29]). Namely, the local Z2 invari-
ance in our model is an actual symmetry of the Hamiltonian
in contrast to the so-called ‘gauge symmetry’ in gauge-matter
theories which just corresponds to redundancy in the descrip-
tion of the physical states. This is because we do not project the
Hilbert space of our Hamiltonian to gauge invariant states, that
is, we do not impose the Gauss’s law. Instead, in our model,
the Gauss’s law in the ground state emerges due to spontaneous
symmetry breaking as the locally conserved operators order in
a certain definite pattern. One physical significance of this is

that in contrast to regular Z2 gauge theory, in our model, equal
space, unequal time non-gauge invariant correlation functions
do not vanish identically. Further, there is a finite temper-
ature Ising transition corresponding to the restoration of the
aforementioned symmetry.

As the kinetic energy of the Ising degrees of freedom is
increased, we find that the aforementioned gapless Dirac de-
confined phase enters a symmetry broken confined phase. The
nature of symmetry breaking depends on the value of N . For
N = 1 it corresponds to a charge density wave, while for
N = 2, due to an enlarged symmetry, the symmetry broken
phase can correspond to a superconductor or a Néel antifer-
romagnet (AFM), depending on the sign of the infinitesimal
symmetry breaking field. The N = 3 case is even richer.
We find that after exiting the deconfined phase, the model
enters a valence bond solid (VBS) phase, and as the tuning pa-
rameter controlling the kinetic energy of Ising spins is tuned
further, the valence-bond solid quantum melts and yields a
Néel AFM phase. The phase transition between the VBS and
AFM phase, if second-order, will correspond to a deconfined
quantum critical point [30], reported earlier in the context of
quantum magnets [31, 32]. Our results are consistent with a
second order transition.

II. MODEL AND SYMMETRIES

Our model reads:

Ĥ =
X

hiii, jjji
Ẑhiii, jjji *,

NX

↵=1
ĉ†
iii,↵ ĉjjj,↵ + H.c.+- � N h

X

hiii, jjji
X̂hiii, jjji. (1)

Here, ĉ†
iii,↵ creates a fermion of flavor ↵ in a Wannier state

centered around lattice site iii of a square lattice and the sum
runs over bonds of nearest neighbors. Each bond, bbb = hiii, jjji,
accommodates a two level system spanned by the Hilbert space
|0ibbb and |1ibbb and in this basis, Ẑhiii, jjji, and X̂hiii, jjji, corresponds
to the Pauli spin matrices

⇣
1 0
0 �1

⌘
and
⇣

0 1
1 0

⌘
respectively. h

tunes the strength of the transverse field. Note that we have set
the coe�cient of the hopping term to unity so that all energy
scales, including the size of h and the temperature T , will be
measured relative to the hopping term.

A. Discrete Symmetries

The model (Eq. 1) leads to a number of symmetries. The
particle-hole symmetry we consider is

P̂�1
↵ ĉ†

iii,� P̂↵ = �↵,�eiKKK ·iii ĉiii,� +
⇣
1 � �↵,�

⌘
ĉ†
iii,� (2)

and it satisfies f
P̂↵, Ĥ

g
= 0. (3)

As an explicit operator, P̂↵ =
Q

i (ciii,↵eiKKK ·iii/2 + ĉ†
iii,↵e�iKKK ·iii/2)

where K = (⇡, ⇡). Thus it is a fermionic (bosonic) operator
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FIG. 11. (color online) (a) Magnetization as a function of system
size (see Eq. 43). In the ordered phase we have used a second order
polynomial form in 1/L to extrapolate to the thermodynamic limit.
At h = 0.1 and h = 0.075 we have set � = 120 and fitted the data to
the form f (x) = aL�b . (b) Estimated value of the magnetization in
the thermodynamic limit.

mines the pattern of symmetry breaking of the continuous
global symmetries in the confined phase. Specifically, super-
conducting phase corresponds to Q̂iii = 1 and hp̂iiii > 0 while
the AFM phase corresponds to Q̂iii = �1 and hp̂iiii < 0. One can
in fact explicitly map a superconducting state to an AFM state
by particle-hole transformation. Consider a superconducting
ground state | i, so that

⇣
Ĥ + ĤU

⌘
| i = h| i and Q̂iii | i = | i. (40)

Since
(
P̂", ĤU

)
= 0 and

(
P̂", Q̂iii

)
= 0, it follows that one can

generate an orthogonal state | 0i = P̂" | i which satisfies
⇣
Ĥ � ĤU

⌘
| 0i = h| 0i and Q̂iii | 0i = �| 0i. (41)

If the state | i corresponds to a superconductor, then | 0i
corresponds to an AFM, since h |ŜSSiii .ŜSS jjj | i = h 0 |⌘̂⌘⌘iii .⌘̂⌘⌘ jjj | 0i
for all iii, jjj. In the limit U ! 0, | 0i would also correspond to
an eigenstate of the Hamiltonian. As an aside, as discussed in
the introduction, when the number of sites is odd, then | i and
| 0i are supersymmetric partners [33], and thusN = 2 super-
symmetry relates superconducting and AFM order parameters.
Similar dichotomy between superconductor and AFM was also
explored in [50].

Let us investigate the zero temperature in the language of
spins i.e. in the sector Q̂iii = �1. We compute the spin-spin
correlations given by:

SSpin(qqq, ⌧) =
1
N

X

rrr,↵,�

eiqqq ·rrr hŜ↵
� (rrr, ⌧) Ŝ�

↵ (000, 0)i. (42)

The local moment of the antiferromagnetic order is then de-
fined as:

m =

r
1
L2 SSpin(KKK, 0). (43)

Note that
f
Ŝ↵

� (iii), Q̂iii

g
= 0 such that spin excitations do not
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FIG. 12. (color online) Dynamical spin structure factor for the N = 2 model as a function of h. For the smallest value of h we have considered
� = 60 as opposed to � = 40 for other values of the transverse field. This choice of temperature places us below Tc such that Q̂iii ' 1
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aforementioned quantities becomes large thus rendering the
calculation di�cult.

In Fig. 14(c) and (d) we plot the magnetic flux as well as
the electric field as a function of h. Size and temperature
e�ects are large at a small values of h. Nevertheless, our data
is consistent with absence of level crossing in the ground state
quantum numbers since owing to Eq. 33 this would result in a
jump in the electric field hX̂bbbi.

The anti-ferromagnetic ordering of p̂iii along with the con-
straint that there are on average one and a half electrons per
unit cell, gives us two options for the resulting charge ordering:
I. One can place two charges on sub-lattice A and one charge
on sub-lattice B. This choice leaves the SU(3) color degree
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of freedom unquenched. In particular, on sub-lattice A, two
SU(3) spins combine to give 3⌦3 = 3�6 where 3 corresponds
to the fundamental representation, 3 to the antisymmetric com-
plex conjugate representation with Young tableau consisting
of a single column and two rows and 6 to the symmetric rep-
resentation with Young tableau consisting of a single row and
two columns. Since we are working with fermions, only the 3
representation is relevant and has states given by

�†↵,iii =
1
2
✏↵,�,� ĉ†�,iii ĉ

†
�,iii . (45)

Here summation over repeated indices, running over the three
colors of SU(3), is implied. Neglecting the site index iii and
assuming that under an infinitesimal SU(3) rotation ĉ†� !
(1 + i✏eee ·TTT )�,� ĉ†� with TTT , the vector of Gell-Mann matrices,
eee a unit vector in R8, and ✏ a real infinitesimal, one will
show that �†↵ !

⇣
1 � i✏eee ·TTT

⌘
↵,�
�†� . On sub-lattice B the

single electron corresponds to the fundamental representation
of SU(3). With this assignment of representations, Néel states,
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as well spin-dimerized states can naturally occur. For the Néel
state we break the SU(3) symmetry by arbitrarily choosing a
color ↵ so as to define the state:

|Néeli =
Y

iii2A
�†↵,iii
Y

jjj 2B
ĉ†
jjj,↵ |0i. (46)

Fluctuations around this state will produce spin waves. On the
other hand, a possible VBS state with qqq = (⇡, 0) order is given
by:

|VBSi =
Y

iii,eiqqq ·iii=1

*
,

3X

↵=1
�†↵,iiic

†
↵,iii+aaa

x

+
- |0i. (47)

This state remains invariant under SU(3) rotations and thereby
defines a singlet.
II. The other charge ordering pattern consistent with the anti-
ferromagnetic structure of the p̂iii’s, corresponds to three par-
ticles on sub-lattice B and none on sub-lattice A. This assign-
ment quenches the spin degree of freedom.

One might expect that AFM state which possesses low lying
Goldstone modes is energetically favorable. Our QMC results
are consistent with this expectation. In Fig. 15 we plot the
equal time spin-spin correlation and corresponding staggered
moment m. Antiferromagnetic spin ordering is present down
to h ' 3/8 [52]. At lower values of h, the data is consistent
with the vanishing of AFM order parameter.

The uniform spin susceptibility plotted in Fig. 16 gives a
very clear account on the nature of the phases one expects
as a function of h. At h = 1 and at low temperatures, the
data is consistent with the AFM state with constant density of
states originating from the Goldstone modes. At h = 1/12 we
observe, similar to N = 2 case at h = 0.075, the characteris-
tic spin susceptibility of a Dirac deconfined phase. There is
however a distinct intermediate phase possessing no low lying
spin excitations. As hinted above, a very natural candidate
to account for this is spin-dimerization which breaks the C4
lattice symmetry. To verify this, we compute the dimer-dimer
correlation functions:
⇥
SVBS(qqq)

⇤
���,���0 = (48)

1
L2

X

iii, jjj

eiqqq ·(iii�jjj)
⇣
h�̂iii,iii+����̂jjj, jjj+���0 i � h�̂iii,iii+���ih�̂jjj, jjj+���0 i

⌘

with

�̂iii,iii+��� = Ŝ↵
� (iii) Ŝ�

↵ (iii + ���)

[53]. From the above correlation function, we define the dimer
order parameter as:

�VBS (qqq) =
r

1
L2 Tr

⇥
SVBS(qqq)

⇤
. (49)

Fig. 17 shows a finite size scaling of the above VBS order
parameter at wave vector qqq = (⇡, 0). Extrapolating to the
thermodynamic limit necessarily implies a choice for the fit
function. In the parameter range where we observe no low
lying spin-excitations in the susceptibility, we use a polynomial

fit up to second order in 1/L. This fit indeed confirms long
range valence-bond order in the vicinity of h = 1/6.

In Fig. 18 we show the temperature dependence of the VBS
and AFM correlation functions at qqq = (⇡, 0) and at qqq = (⇡, ⇡)
respectively and in the Z2D, VBS and AFM phases. The VBS
order breaks the lattice C4 symmetry and therefore one cor-
respondingly expects a finite temperature Kosterlitz-Thouless
transition below which SVBS(⇡, 0) diverges as a function of
system size. The AFM ordering breaks a continuous symme-
try and at finite temperatures the real space spin-spin correla-
tions will decay exponentially if the total system size is bigger
than the correlation length. In our model, there is also the
Ising transition of the Q̂iii’s which will feed into the spin and
dimer correlation functions. At h = 1 we can evaluate T1/2,
hQ̂iKKK (T1/2) = 1/2, from the data shown in Fig. 14(a). This
energy scales, which tracks the Ising transition temperature,
is shown in Fig. 18 (c). Here, the VBS correlations show
strong size e�ects above the T1/2 scale suggesting that the
Kosterlitz-Thouless transition temperature exceeds the order-
ing temperature of the Q̂iii’s. At T1/2 charge ordering equally
occurs (see Fig. 14(b)) leading to a dynamical selection of the
representations of SU(3) on each sub-lattice. The fact that at
T1/2 the antiferromagnetic spin correlations (Fig. 18 (f)) grow
agrees with the 3 and 3̄ representation pattern. The drop in the
VBS order parameter at this energy scale illustrates the com-
petition between these two ordered states and the data at h = 1
supports dominant AFM correlations in the low temperature
limit. We note that the data of Fig. 18 (f) seemingly supports
long range order at finite temperature. However, recall that the
antiferromagnetic correlation length grows exponentially with
inverse temperature [54] so that when it exceeds our largest
lattice size the QMC data falsely suggests long range ordering.
Our results at h = 1/6 in the VBS phase are plotted in Fig. 18
(b),(e). Comparing with the h=1 data set, one observes very
similar finite temperature behavior and we again interpret the
sharp downturn in the VBS correlation functions as a signa-
ture of the Ising transition. However, and in contrast to the
h = 1 data set, the low energy results are consistent with long
range dimer order. In the Z2D phase (see Fig 18 (a),(d)) the
Ising transition is again manifest in the sharp upturn in both
the dimer and the spin correlations.

Overall the data is consistent with a deconfined phase at
small values of h, a valence bond solid at intermediate values
of h and finally antiferromagnetic order at large values h.
The evolution of the order parameters is shown in Fig. 15(b).
From this we observe that the SU(3) model not only captures
a transition between the Z2 Dirac deconfined and the VBS,
similar to the N = 2 case, but also a transition from the spin-
dimerized state (VBS) to the AFM phase. Since we observe no
jump in the electric field (see Eq. 33) and the order parameters
also evolve continuously, we concluded that all transitions are
continuous. In particular, the transition between VBS and
AFM phases is then expected to be an instance of a deconfined
quantum critical point occurring at h ' 3/8, similar to those
found in quantum magnets [32]. The low energy theory for
this transition has been argued to be three complex bosons
coupled to a non-compact U(1) gauge field (non-compact CP2
theory) [30]. Within our limited system sizes we were not able
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FIG. 18. (color online) Temperature dependence of the dimer-dimer and spin-spin correlations in the Z2D, VBS and AFM phases of the N = 3
model. The arrow in Fig.(c) corresponds to the energy scale at which hQ̂iKKK plotted in Fig. 14 (a) takes a value of 1/2 (see Eq. 30).

FIG. 19. (color online) Dynamical spin structure factor for the SU(3) model. The simulations were carried out on a 16 ⇥ 16 lattice at � = 30
for h � 1/6 and at � = 60 for h = 1/12.

are tied to the same scale 1
2Nh such that we cannot dissociate

both features. Furthermore one easily sees that such charge
fluctuations do not occur in the SU(2) case, where we observe
a sharp spin-wave mode (Fig. 12e).

VI. SUMMARY AND FUTURE DIRECTIONS

Perhaps the most attractive feature of our model (Eq. 1)
is that despite its simplicity and the absence of fermion sign
problem, the phase diagram is rather rich (Fig. 1) and features
several highly entangled phases and quantum phase transitions.
In particular, in the Z2 deconfined phase, topological degrees
of freedom, namely, the dynamically generated Z2 gauge field
is coupled to gapless fermions. From an entanglement per-
spective, the Z2 Dirac phase will result in sharp universal
footprints in their entanglement structure and this provides an
attractive opportunity to apply some of the recently developed
techniques to calculate entanglement entropies and entangle-
ment spectrum [59–63]. Specifically, the universal part of the
entanglement in the Z2 Dirac phase is expected to follow the
relation �Z2D = �D + log(2) where �D is the universal value
for the same shaped region in a regular Dirac phase [64]. It
would be similarly interesting to study the entanglement struc-
ture at the transition from Z2D to symmetry broken phases for
N = 2 and N = 3, as well as at the deconfined critical point
between AFM and VBS.

The transitions from Z2D phase to the AFM/SC for N = 2
and to VBS for N = 3 are rather exotic since they appear to
be continuous while involving both symmetry breaking, and
confinement of the gauge field [65]. We don’t have an under-
standing of these transitions and it’s a worthwhile direction to
pursue.

Although our model is not microscopically motivated by any
specific material(s), the resulting phenomenology does share
several features with spin-liquid candidate materials [66–69]
which also exhibit broad, non-quasiparticle features in their
excitation spectrum. It is also worth noting that there have
been recent proposals for realizing dynamical gauge-matter
theories in cold atomic lattices where instead of imposing the
gauge constraint as a penalty term, the Hamiltonians such
as ours (Eq. 1) appear naturally due to angular momentum
conservation [70, 71].

Our model features an interesting interplay of several sym-
metries – an extensive number of conserved operators Q̂iii

that anti-commute with the particle-hole symmetry, as well
as continuous O(2N) symmetry that allows one to perform
sign free Monte Carlo for all N. The particle-hole symme-
try is the reason that our model hosts a finite temperature
transition where Q̂iii spontaneously orders leading to an ef-
fective ‘Gauss’s law’ for a Z2 gauge-matter theory, unlike a
conventional gauge theory [27, 29] where the Gauss’s law is
imposed explicitly on the Hilbert space. Contrast this also
with 2D Toric code [14] where the Gauss’s law is imposed
energetically by explicitly adding a term that is proportional
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FIG. 17. (color online) SU(3) VBS order parameter. At h = 1/12
corresponding to a rough estimate of the transition from the Z2 Dirac
deconfined to the dimerized phase, we fit the data to the form: aL�b .
The transition from the VBS phase to the AFM occurs approximately
at h = 2/3. For this value of h the data is consistent with a large
⌘ = 2b � 1 exponent, ⌘ ' 0.6 which is larger than the one obtained
for the J-Q model at SU(3) ⌘ ' 0.5 (see Ref. [51] ).

to confirm the literature value of the exponents [51, 55]. Note
however that even for the largest values of L in Ref. [55] the
⌫ exponent has still not converge. We notice that irrespective
of the value of ⌫, �m < �VBS where � corresponds to the
order parameter exponent. This inequality between �m and
�VBS is seemingly consistent with Fig. 15(b) where VBS
order parameter rises more sharply compared to the AFM
order parameter as one moves away from the transition on the
two sides.

Fig. 19 plots the evolution of the spin dynamical struc-
ture factor as a function of h. As for the SU(2) case,f
Q̂iii, Ŝ

�
↵ ( jjj)

g
= 0 such that intermediate states in the Lehmann

representation of the zero temperature spectral function do
not violate the dynamically generated constraint. Since we are
running through two phase transition in rather close proximity,
we have to disentangle features stemming from the Z2 Dirac
deconfined phase and from the deconfined quantum critical
point. The characteristic of the Z2D phase at h = 1/12 is the
spinon continuum, the high energy features of which are very
visible across the transition, and in the VBS phase (h = 1/6)
but then fade away when entering the AFM phase (h � 3/8)
and are completely absent in the strong coupling limit at h = 3.

At this coupling strength, one observes a pronounced Gold-
stone mode in the vicinity of KKK = (⇡, ⇡) accounting for the
spin order. Starting from this point and turning down the trans-
verse field h results in a loss of weight of the spin wave mode.
Upon close inspection, one equally sees that it shifts to higher
energies.

Another striking feature is the overall broadness of the spec-
tral function in the vicinity of the antiferromagnetic wave vec-
tor and in proximity of the VBS to AFM transition at h ' 1/3.
Qualitatively, this is consistent with a deconfined quantum
critical point which is characterized by a large value of the
anomalous dimension ⌘ characterizing a complete breakdown
of well defined quasiparticles at criticality. Of course, since
the spin susceptibility at criticality is expected to be of the
form:

�(qqq,!) ' 1
�
c2 |qqq �QQQ |2 � !2�1�⌘/2 (50)

with c the spin velocity, any non-zero ⌘ implies absence of
quasiparticles. However at a conventional Wilson-Fisher fixed
point in 2+1 dimensions, which describes a phase transition
between an AFM and a featureless paramagnet in the Heisen-
berg universality class ⌘ ⇡ 0.036 [56, 57], and correspond-
ingly there are essentially no broad features visible in S(q,!)
[58]. For the SU(3) J-Q model which shows a deconfined
critical point, ⌘ ' 0.4 [51] .

The data set at h = 3 (see Fig. 19e)) corresponds to the
strong coupling limit where the spin wave velocity vanishes as

1
2Nh . Upon comparison between the data sets of Fig. 19d) and
e) one notices a marked reduction of the spin wave velocity.
Another striking feature of the data, is the lack of a sharp spin-
wave mode as seen in the SU(2) case at our strongest coupling
(see Fig. 12e)). In fact in the vicinity of the qqq = (⇡, 0),
one detects two distinct features. We interpret this in terms of
charge fluctuations around the mean-field AFM state of Eq. 46.
Setting ↵ = 1 in this equation and applying Hamiltonian Ĥ1
will generate spin-flip excitations on bonds with ↵ = 2, 3.
This set of excitations lead to the spin-density wave mode.
One will however equally generate charge fluctuations where
one site of the bond is left empty and the other accommodates
three particles. We interpret the additional features observed
in the data in terms of these charge fluctuations. At h = 1
spin and charge excitations are degenerate and the spin wave
velocity as well as the energy cost of the charge excitation
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Spin Structure Factor
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FIG. 12. (color online) Dynamical spin structure factor for the N = 2 model as a function of h. For the smallest value of h we have considered
� = 60 as opposed to � = 40 for other values of the transverse field. This choice of temperature places us below Tc such that Q̂iii ' 1
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(Z2D phase) and b) h = 1 (AFM phase).
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duces an antiferromagnetic Zeeman term for the Ising Hamiltonian
of Eq. 24. (c) Electric field and (d) Magnetic flux per plaquette as a
function of h.

aforementioned quantities becomes large thus rendering the
calculation di�cult.

In Fig. 14(c) and (d) we plot the magnetic flux as well as
the electric field as a function of h. Size and temperature
e�ects are large at a small values of h. Nevertheless, our data
is consistent with absence of level crossing in the ground state
quantum numbers since owing to Eq. 33 this would result in a
jump in the electric field hX̂bbbi.

The anti-ferromagnetic ordering of p̂iii along with the con-
straint that there are on average one and a half electrons per
unit cell, gives us two options for the resulting charge ordering:
I. One can place two charges on sub-lattice A and one charge
on sub-lattice B. This choice leaves the SU(3) color degree
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FIG. 15. (color online) (a) SU(3) spin staggered moment as a function
of system size. The data is consistent with the following choices of
fit functions. For h > 3/8 we have used a second order polynomial in
1/L. At h = 3/8 we have fitted the data to the form m(L) = aL�(1+⌘)/2

to obtain ⌘ ' 0.64 which turns out to be substantially larger than the
exponent obtained for the J-Q model for the SU(3) case, ⌘ ' 0.4 [51].
For lower values of h we again use a polynomial fit and impose a
zero intercept with the y-axis. In Fig. (b) we plot the extrapolated
value of the magnetization as well as of the VBS order parameter. At
h = 3/8 both VBS and AFM order parameters are consistent with a
power-law decay.

of freedom unquenched. In particular, on sub-lattice A, two
SU(3) spins combine to give 3⌦3 = 3�6 where 3 corresponds
to the fundamental representation, 3 to the antisymmetric com-
plex conjugate representation with Young tableau consisting
of a single column and two rows and 6 to the symmetric rep-
resentation with Young tableau consisting of a single row and
two columns. Since we are working with fermions, only the 3
representation is relevant and has states given by

�†↵,iii =
1
2
✏↵,�,� ĉ†�,iii ĉ

†
�,iii . (45)

Here summation over repeated indices, running over the three
colors of SU(3), is implied. Neglecting the site index iii and
assuming that under an infinitesimal SU(3) rotation ĉ†� !
(1 + i✏eee ·TTT )�,� ĉ†� with TTT , the vector of Gell-Mann matrices,
eee a unit vector in R8, and ✏ a real infinitesimal, one will
show that �†↵ !

⇣
1 � i✏eee ·TTT

⌘
↵,�
�†� . On sub-lattice B the

single electron corresponds to the fundamental representation
of SU(3). With this assignment of representations, Néel states,

Seemingly continuous!



Deconfined Criticality 
Scenario

• Continuous transition between two phases where the broken 
symmetry in one phase is not a subgroup of another.

Senthil, Vishwanath, Balents, Sachdev, Fisher 2004

• Defects in one phase carry the quantum numbers of the  
phase on the other side of the transition. 

⇒Proliferating these defects kill the phase  
in lieu of generating the other.



Deconfined Criticality 
Scenario

Deconfined criticality in SU(N) magnets has been previously 
reported by several authors starting with the work by Sandvik 

on “J-Q models”. (Sandvik 2007; Melko, Kaul 2008; Kaul, Sandvik 2012; 
Harada et al 2013; Nahum et al 2015)

If Neel-VBS transition continuous in our case, then it would 
provide another example, now in a fermionic model.
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model. The arrow in Fig.(c) corresponds to the energy scale at which hQ̂iKKK plotted in Fig. 14 (a) takes a value of 1/2 (see Eq. 30).

FIG. 19. (color online) Dynamical spin structure factor for the SU(3) model. The simulations were carried out on a 16 ⇥ 16 lattice at � = 30
for h � 1/6 and at � = 60 for h = 1/12.

are tied to the same scale 1
2Nh such that we cannot dissociate

both features. Furthermore one easily sees that such charge
fluctuations do not occur in the SU(2) case, where we observe
a sharp spin-wave mode (Fig. 12e).

VI. SUMMARY AND FUTURE DIRECTIONS

Perhaps the most attractive feature of our model (Eq. 1)
is that despite its simplicity and the absence of fermion sign
problem, the phase diagram is rather rich (Fig. 1) and features
several highly entangled phases and quantum phase transitions.
In particular, in the Z2 deconfined phase, topological degrees
of freedom, namely, the dynamically generated Z2 gauge field
is coupled to gapless fermions. From an entanglement per-
spective, the Z2 Dirac phase will result in sharp universal
footprints in their entanglement structure and this provides an
attractive opportunity to apply some of the recently developed
techniques to calculate entanglement entropies and entangle-
ment spectrum [59–63]. Specifically, the universal part of the
entanglement in the Z2 Dirac phase is expected to follow the
relation �Z2D = �D + log(2) where �D is the universal value
for the same shaped region in a regular Dirac phase [64]. It
would be similarly interesting to study the entanglement struc-
ture at the transition from Z2D to symmetry broken phases for
N = 2 and N = 3, as well as at the deconfined critical point
between AFM and VBS.

The transitions from Z2D phase to the AFM/SC for N = 2
and to VBS for N = 3 are rather exotic since they appear to
be continuous while involving both symmetry breaking, and
confinement of the gauge field [65]. We don’t have an under-
standing of these transitions and it’s a worthwhile direction to
pursue.

Although our model is not microscopically motivated by any
specific material(s), the resulting phenomenology does share
several features with spin-liquid candidate materials [66–69]
which also exhibit broad, non-quasiparticle features in their
excitation spectrum. It is also worth noting that there have
been recent proposals for realizing dynamical gauge-matter
theories in cold atomic lattices where instead of imposing the
gauge constraint as a penalty term, the Hamiltonians such
as ours (Eq. 1) appear naturally due to angular momentum
conservation [70, 71].

Our model features an interesting interplay of several sym-
metries – an extensive number of conserved operators Q̂iii

that anti-commute with the particle-hole symmetry, as well
as continuous O(2N) symmetry that allows one to perform
sign free Monte Carlo for all N. The particle-hole symme-
try is the reason that our model hosts a finite temperature
transition where Q̂iii spontaneously orders leading to an ef-
fective ‘Gauss’s law’ for a Z2 gauge-matter theory, unlike a
conventional gauge theory [27, 29] where the Gauss’s law is
imposed explicitly on the Hilbert space. Contrast this also
with 2D Toric code [14] where the Gauss’s law is imposed
energetically by explicitly adding a term that is proportional

Very incoherent excitation spectra close to the transition, 
unlike Wilson-Fisher transition.
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FIG. 12. (color online) Dynamical spin structure factor for the N = 2 model as a function of h. For the smallest value of h we have considered
� = 60 as opposed to � = 40 for other values of the transverse field. This choice of temperature places us below Tc such that Q̂iii ' 1
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FIG. 13. (color online) Uniform spin susceptibility at a) h = 0.075
(Z2D phase) and b) h = 1 (AFM phase).
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FIG. 14. (color online) (a) hQ̂iKKK = 1
L2
P
iii eiKKK ·iii hQ̂iii i and (b)

hp̂iKKK = 1
L2
P
iii eiKKK ·iii hp̂iii i in the presence of a small staggered chem-

ical potential term which breaks particle-hole symmetry and intro-
duces an antiferromagnetic Zeeman term for the Ising Hamiltonian
of Eq. 24. (c) Electric field and (d) Magnetic flux per plaquette as a
function of h.

aforementioned quantities becomes large thus rendering the
calculation di�cult.

In Fig. 14(c) and (d) we plot the magnetic flux as well as
the electric field as a function of h. Size and temperature
e�ects are large at a small values of h. Nevertheless, our data
is consistent with absence of level crossing in the ground state
quantum numbers since owing to Eq. 33 this would result in a
jump in the electric field hX̂bbbi.

The anti-ferromagnetic ordering of p̂iii along with the con-
straint that there are on average one and a half electrons per
unit cell, gives us two options for the resulting charge ordering:
I. One can place two charges on sub-lattice A and one charge
on sub-lattice B. This choice leaves the SU(3) color degree
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FIG. 15. (color online) (a) SU(3) spin staggered moment as a function
of system size. The data is consistent with the following choices of
fit functions. For h > 3/8 we have used a second order polynomial in
1/L. At h = 3/8 we have fitted the data to the form m(L) = aL�(1+⌘)/2

to obtain ⌘ ' 0.64 which turns out to be substantially larger than the
exponent obtained for the J-Q model for the SU(3) case, ⌘ ' 0.4 [51].
For lower values of h we again use a polynomial fit and impose a
zero intercept with the y-axis. In Fig. (b) we plot the extrapolated
value of the magnetization as well as of the VBS order parameter. At
h = 3/8 both VBS and AFM order parameters are consistent with a
power-law decay.

of freedom unquenched. In particular, on sub-lattice A, two
SU(3) spins combine to give 3⌦3 = 3�6 where 3 corresponds
to the fundamental representation, 3 to the antisymmetric com-
plex conjugate representation with Young tableau consisting
of a single column and two rows and 6 to the symmetric rep-
resentation with Young tableau consisting of a single row and
two columns. Since we are working with fermions, only the 3
representation is relevant and has states given by

�†↵,iii =
1
2
✏↵,�,� ĉ†�,iii ĉ

†
�,iii . (45)

Here summation over repeated indices, running over the three
colors of SU(3), is implied. Neglecting the site index iii and
assuming that under an infinitesimal SU(3) rotation ĉ†� !
(1 + i✏eee ·TTT )�,� ĉ†� with TTT , the vector of Gell-Mann matrices,
eee a unit vector in R8, and ✏ a real infinitesimal, one will
show that �†↵ !

⇣
1 � i✏eee ·TTT

⌘
↵,�
�†� . On sub-lattice B the

single electron corresponds to the fundamental representation
of SU(3). With this assignment of representations, Néel states,

�Neel � 0.64�VBS � 0.6

J-Q SU(3) Model: �VBS � 0.5 �Neel � 0.4
(Block, Melko, Kaul 2013)

Our Model:
(L ~ 20, “Small”)



Summary and Open Questions

• Gauge theory without being a gauge theory. Possible applications 
to continuous gauge groups? 

• Rich phase diagram: Z2 Dirac Phase, VBS, Neel, CDW. Can tune N 
as well. 

• For N=3, possible deconfined critical point between Neel and VBS. 

• Nature of transition between Z2 Dirac and Neel/VBS? 

• Other examples of implications of sign-problem for spectra? 

• A model where particle-hole symmetry is not broken at low 
temperatures?
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X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

. Since this term
breaks the Q̂0iii ! �Q̂0iii symmetry explicitly, there is no finite
temperature transition in the 2D Toric code. The fields Q̂iii in
our model are of course classical in the sense that they are
conserved and don’t have any dynamics. It would be desir-
able to extend the idea of studying deconfined phases of gauge
theories without imposing the gauge constraint to other gauge
groups as well, particularly to the case of U (1) gauge theory
relevant to several spin-liquid candidates. Imposing gauge
constraint numerically is often challenging, and our results in-
dicate that at least in certain gauge theories, is not necessarily
required.

On the above note, it would also be interesting to explore
Toric code [14] like Hamiltonians with inbuilt Q̂0iii ! �Q̂0iii
symmetry, and study the implications of the melting of the
Gauss’s law at finite temperature. This could be especially in-
teresting in 4D Toric code where there exist finite temperature
quantum memory [72]. Is the quantum memory lost as soon
as the thermal expectation value hQ̂0iiii vanishes?

In our models, the finite temperature transition correspond-
ing to the ordering of Q̂iii coincided with spontaneous breaking
of particle-hole symmetry for all values of N . This is because
hX̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

i , 0. It is interesting to con-
template the possiblity of a phase where this is not the case
such that Q̂iii order while the spatial correlation functions of p̂iii
are short-ranged. Consider for example the model:

Ĥ =
X

hiii, jjji

f
Ẑhiii, jjji

⇣
ĉ†
iii
ĉjjj + H.c.

⌘
+ u Q̂0iiiQ̂

0
jjj

g
+ v
X

iii

Q̂iii (51)

where Q̂0
iii
= X̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

. One can imple-
ment a Q̂0

iii
! �Q̂0

iii
symmetry in the above Hamiltonian by de-

manding that Ĥ be invariant under the transformation Û�1ĤÛ
where Û =

Q0
hiii, jjji Ẑhiii, jjji

Q
iii P̂iii where the prime on the first

product denotes that it is taken over all vertical (horizontol)
links either only for even rows (columns) or only for odd rows
(columns). This transformation takes Q̂0

iii
! �Q̂0

iii
, Q̂iii ! Q̂iii

and X̂iii, jjj ! �X̂iii, jjj . Therefore, even though hQ̂iiii , 0 in this
model, the order parameter for the charge-ordering, namely,
hp̂iiii will be non-zero only if the Û symmetry is spontaneously
broken. A phase where Q̂iii order while p̂iii remain disor-
dered would necessarily involve interesting entanglement be-
tween the fermions and the Ising degrees of freedom because
one requires that hX̂iii,iii+aaa

x

X̂iii,iii�aaa
x

X̂iii,iii+aaa
y

X̂iii,iii�aaa
y

p̂iiii , 0 while
hp̂iiii = 0.

The N = 3 model has the richest phase diagram among
the models we study. In particular, apart from the continuous
transition between Z2D and VBS, the phase diagram contains

two distinct symmetry broken phases, the VBS and the AFM
phase. Remarkably, we find that these two phases are sepa-
rated by a second order transition (Fig. 15b), which is thus
expected to belong to a non-compact CP2 universality class
[30]. At this deconfined quantum critical point, we also study
the imaginary-time dynamics via the calculation of structure
factor S(q,!) (See Fig. 19) and found a rather broad contin-
uum of excitations, consistent with the theoretical expectation
that at this transition, the e�ective description is in terms of
fractionalized ‘spinons’. To our knowledge, the dynamics at
the deconfined quantum criticality has not been studied nu-
merically in the past, and given rather distinct features seen in
our work, it would be worthwhile to pursue this direction in
quantum spin-models where much larger sizes are accessible
via bosonic Quantum Monte Carlo such as Stochastic Series
Expansion (SSE) [31].

Some cautionary statements are in order for the N = 3 case.
We found it challenging to perform scaling collapse at the both
quantum phase transitions, despite no indication of a first-order
transition in the behavior of the order parameter. One reason
for this could be that the two zero temperature transitions are
rather close by in the phase diagram. This is visible in the
behavior of the structure factor as h is tuned (Fig. 19) where a
di�use continuum of excitations exists all the way from h = 0
(Z2 Dirac phase) to h ⇠ 1/3 (VBS to AFM transition). It’s
also worth mentioning that the system sizes we are working
(L  16), are an order of magnitude smaller than the ones for
spin-models which exhibit deconfined quantum criticality.

We notice that when N is even, our model does not su�er
from sign problem even in the presence of the a non-zero
chemical potential on arbitrary lattices. Thus it would be
interesting to extend our study to a system with finite density
of fermions.

Prior to submission of this paper, we were aware of related
work by Snir Gazit, Mohit Randeria and Ashvin Vishwanath
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Ẑhiii, jjji

⇣
ĉ†
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where Û =
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uum of excitations, consistent with the theoretical expectation
that at this transition, the e�ective description is in terms of
fractionalized ‘spinons’. To our knowledge, the dynamics at
the deconfined quantum criticality has not been studied nu-
merically in the past, and given rather distinct features seen in
our work, it would be worthwhile to pursue this direction in
quantum spin-models where much larger sizes are accessible
via bosonic Quantum Monte Carlo such as Stochastic Series
Expansion (SSE) [31].

Some cautionary statements are in order for the N = 3 case.
We found it challenging to perform scaling collapse at the both
quantum phase transitions, despite no indication of a first-order
transition in the behavior of the order parameter. One reason
for this could be that the two zero temperature transitions are
rather close by in the phase diagram. This is visible in the
behavior of the structure factor as h is tuned (Fig. 19) where a
di�use continuum of excitations exists all the way from h = 0
(Z2 Dirac phase) to h ⇠ 1/3 (VBS to AFM transition). It’s
also worth mentioning that the system sizes we are working
(L  16), are an order of magnitude smaller than the ones for
spin-models which exhibit deconfined quantum criticality.

We notice that when N is even, our model does not su�er
from sign problem even in the presence of the a non-zero
chemical potential on arbitrary lattices. Thus it would be
interesting to extend our study to a system with finite density
of fermions.

Prior to submission of this paper, we were aware of related
work by Snir Gazit, Mohit Randeria and Ashvin Vishwanath
[73]. We thank them for sharing their draft.
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