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Jet rates at the LHC

Number of jets: 3 4 5 6 { 38
o/nb 91.4 | 6.54 | 0.46 | 0.032 | 0.002 | 0.0002
pr(jet) > 60 GeV, 6;; > 30°, |n;| < 3 [Draggiotis,Kleiss,Papadopoulos, hep-ph/0202201]

Multi—particles/jet production plays a very important role !l!

Problems with leading order predictions:

e Scale dependence: N—jet cross sections ~ a,(p)" = predictions rely on NLO
corrections

e Peripheral phase space regions: degenerate partonic configurations at LO are
sensitive to extra parton emission

e Jet structure: the more partons the better




Backgrounds for Higgs boson search

To make a reliable estimate of backgrounds for the relevant signal signatures
— PP — H by Gluon Fusion (NNLO), H — ~vv, H - WW®)

— PP — Hj (NLO)

— PP — Hjj by Weak Boson Fusion (NLO), H —» 7t7~, H - WW®, H — ~y
the following NLO computations are needed:

— PP —~yy+0,1,2jets

— PP —->WW*40,1,2jets

— PP —tt+0,1,2jets

— PP — 777~ 40,1, 2jets

“industrial” production of NLO amlpitudes needed !!!



Automated computation of multi-parton processes at NLO

o 2 — 2 easy, 2 — 3 hard, 2 — 4 examples unknown

e Standard Packages: FF, FeynArts, FeynCalc, FormCalc, Loop-
Tools,...,

2 — N at NLO needs:

e Real 2 — N + 1 corrections: doil; 5[2 — N + 1]
e Virtual 2 — N corrections: do);; ,[2 — N]
e explicit cancellations of IR divergencies

[for an alternative see: D. Soper]

It seems feasible to construct an automatic program which pro-
duces finite, numerically stable NLO amplitudes for up to 2 — 4
partonic processes in terms of FORTRAN, C,... functions which
can be used to build NLO Monte Carlo programs.

[Z. Nagy, D.E. Soper, JHEP 0309, 055 (2003), S. Dittmaier, hep-ph/0308246 , W.T. Giele,
E.W.N. Glover, hep-ph/0402152.]
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Tree 2 — 5 matrix elements for SM processes...

e Helicity amplitudes sorted in irreducible colour structures!

...do not seem to be a problem...
e Several packages exist:
MadGraph, GRACE, CompHep, Omega, Amegic+-+4, Alpgen,...

...up to the usual trouble with unstable particles.



One-loop 2 — N, N <4 matrix elements for SM processes

e Sort amplitudes by helicity, colour and analyticity properties!
e Generate graphs for a given amplitude (e.g. QGRAPH, FeynArts, ...)

e Make tensor decomposition of scattering amplitude ~
= To be done once and forever for 6V ,4V 4 ff,2V 425+ ff,...

e Project onto tensor coefficients
= Lorentz indices saturated,
tensor reduction of 5, 6 point functions not problematic (k- p; reducible)
= no high negative powers of Gram determinants, good for numerical stability

e Algebraic n-dim tensor reduction of 1- to 4-point functions
(or use numeric approach as outlined below)

e Sort into basis set of two, three, four point scalar integrals
= Basis set for each amplitude can be determined automatically
= IR, UV divergent part can be isolated explicitly!

e Simplify coefficients analytically using algebraic programs



Explicit cancellations of IR divergences

e Use Dipole formalism for massive partons

[S. Catani, S. Dittmaier, M.H. Seymour, Z. Troésanyi, hep—ph/0201036]

oNLO = onNLol2 = N4+ 1]+ onr0[2 — N]
— / (dUR)ezo — ( Z dog ® d\/Dipole) }
N4+1 Dipoles e=0

_|_/ [ doy + dog ® I(e) le=0
N

e Analytical work donel!



Representation of amplitudes by tensor integrals:

rMp,my) = flelgi)

{ci},
d"k N
o = | = SN, T (g my)
in/2 (g2 — m?) ... (g% — m3) ER: Hayeeosfin N I
d"k kK. KR
TR Br(pe ms) = L 1 : =k—ri=k—p1...—p;
NP mg) / in/2 (g2 — m?) ... (g% — m3) v ’ P Pi
Separate Lorentz structure from integrals:
[R/2] m N-1
1 L R R R .
Iyt =y (_§> . [g(m)rjl - -"“jR_zm] N2 (s s JR-2m)
m=0 J1seesJr2m=1
In(jl ]R) — (_1)N|_(N—n/2)/oosz5(1—EN:ZZ) Zji - - Zjp
N e e ey 0 (Z'S'Z)N_n/2

=1

Numerical approach possible after extracting IR/UV divergences.



Reduction of scalar integrals

[Z. Bern, L. Dixon, D. Kosower, Nucl.Phys.B412 (1994); T.B., J.P. Guillet,

Nucl.Phys.B572 (2000).]

Iy = (-1)T(N - )/dN o1 - 5 1%3\;_2

(Z'L] 1 Sij Ti 333) 2

G. Heinrich,

Sij = Gij — Gii/2 — Gjj/2 +mi +mj
Gij = 2r;-r; , Ti=p1+...+p; , n=4—2¢
P, ( det(@) tn+2 _
b —(1 4+ 2¢ )det(S) Iy , N =
pN N
1]7%/' = . , = 2. Bj O(E) , N=5
3 j=
Ps
P 0 , N> 6
N N
ZSZ']'B]'Z—]. ~ Biz_ZSZ;1

Any N point integral can be represented by n—dimensional triangle
functions and (n+4+2) dimensional box functions. The latter are

infrared finite.




Five and six point functions
e Hexagons/pentagons are expressed by the functions Ig and IZ+2
e T he isolation of infrared singularities is straightforward!!!

I (B1Bi2 + B2B21)13 15 + (B1Bi3 + B3B31)13 13 + B1(B12 + Bi3 + Bia + 315)12:{2
+(B2Ba3 + B3B32) 15 53 + (B2Bos + B4Ba2) 15 54 + Ba(Ba1 + Bas + Bos + Bas) 1,37
+(B3B34 + B4Ba3) 15 34 + (B3Bss + BsBs3) 15 35 + B3(Bs1 + Bsz + B + Bss) I} 37
+(BaBas + BsBsa)I5 45 + (BaBa1 + B1B1a)15 14 + Ba(Ba1 + Baz + Bas + Bas)I}}?
+(BsBs1 + B1B15)13 15 + (BsBs2 + B2B25) 13 55 + Bs(Bs1 + Bsa + Bsz + 354)123_2

I =
) {[B1(B12B123 + B13B132) + B2(B21B123 + B23B231) + B3(B31B132 + B32B231)] I5123 + 5 C.p.}
+{[B1(B12B124 + B14B142) + B2(B21B214 + B24B241) + Ba(Ba1Ba12 + Ba2Ba21)] I3 104 + 5 C.p.}
+{[B1(B13B134 + B14B143) + B3(B31B314 + B34B341) + Ba(B41Ba13 + B43Ba31)] I3 134+ 5C.p.}
+{[B1(B13B135 + B1sB153) + B3(B31B315 + B3sB3s1) + Bs(Bs1Bs13 + Bs3Bs31)] I3135 + 1 C.p.}
+{(B1B12 + B2B>1)(B123 + B124 + Bi2s + 3126)12:{22 +5c.p.}
+{(B1B13 + B3B31)(Bi132 + Bi3a + Bi3s + Bl36)12j3? +5c.p.}
+{(B1B14 + BaBa1)(B1ia2 + B143z + Bias + Bl46)IZ,Tf +2c.p.}



Reduction of tensor integrals

1 N
(s, . lg) = (—1)Nr(N——)/sz5(1 -3z e
2 ; N 2
0 j=1 (Zi,j:l Sz'j T; CEj)

R
In(lo, ... lR) = Z Sl;lilj\”,‘”(ll, oo le—1, ety -5 LR)
k=1

N
+B,(N —n—R—DIF(, ..., 1) = Y SplIv 10, ..., 1r)
i=1

Each N—point integral with a non—trivial numerator can be repre-
sented by scalar integrals with shifted dimensions.

e The integrales I'vt?™ are representable by I:72™~2 and I"F3™72 integrals

Each N—point integral with non—trivial numerator can be represented
by scalar integrals I”,Ig,1§+2m,12+2. m > 0 only for the infra-red
divergent case where closed formulas are known.




Subtraction formalism for tensor integrals

For numeric approach sufficient to isolate IR part from tensor integrals:

I]’L</'1"“MR ~ Z Tlllﬁ.j....l'gR IJT\lf(lla ceey ZR)

I}%]Ul) IO 7ZR) ~ 1]7%[+2<l17 s 7ZR—1) s> 1]7%/'—1([17 oo >ZR—1)

e Integrales NIR,"'Q are IR finite = numerical evaluation!
e Iteration for integrals NI};"[_l till analytical evaluation possible.

From the numerical point of view:
2 2
23, 0g) ~ INT

Numerical methods for scalar graphs already developed!



Six scalar scattering in the Yukawa model

[T.B., J.P. Guillet, G. Heinrich, C. Schubert, Nucl. Phys. B615 (2001)]

Lyukawa = 7;[’6@ —)\qﬁ]@b—l—[,qb : L(W%Z:M ........ <

)\6
M(pp — ¢pppp) = ———5—= > G(71,...,76) ;
(4m)=6 TESE ~ P 0, -
d"k t pe
G(1,2,3,4,5,6) = / , T(gl 246) —
Zﬂ-n/Q q]. « o o q6 /,, \\p\g\
Qj = k—p]_—...—pj "~ Ps ' )

-

e Tensor structure can be simplified

e cach diagram is IR,UV finite = expressible by <[ and |
n—+2




Result for M(¢p¢p — dddd):

)\6
M($¢ — $660) = — 53 > " AP, Prss Prss Pray Pros Prs)
n 7'('686
2 n
A(p1,p2,p3,pa, P5,P6) = 513 (p12, P34, ps6)
n {Bl [tr(6123) — 2861(8123 — 812)] n B> [tl’(1234) — 2834(8123 — 823)] }
$1238345 — 812845 82345123 — S$23S56

S12 523
X l0g ( ) log ( )
5123 5123

{B B> [tl’(1234) — 2834(8123 — 823)] Be [tl’(5612) — 2856(8345 — 861)]
_ !B, — _
2[s2348123 — 523556 2[s3455234 — S61534]

< oo (22 ) 09 (222) #1090 () o (32)
$234 $234 5234 856

... probably the most simple one

}




Example: '(yy — ¢dodo) in the gauged Yukawa Model

Tensor decomposition of amplitude:

5
P (yy = $66¢) = dNEM My, M = Agu+ S Byrl'r?
l,j=1

Projection on tensor coefficients:

PMV:—[guV 2 Z Hlj ;/] ) R'ZLZQZHUTH, H:G_l ) Gq;j:2’l“7;°7“j

l,yj=1 =1
=

AM) =P My, = A, Byy(M) = [RIRY — 2H;; P | My, = By

Transversality: e1 -p1 = €2 -po =0

Gauge invariance: solve Ward identities MP1©2 = M“P2 = Q
or work in helicity basis ¢ Pl = €1 P2 = €2 P1 = €2 P2 = 0]

= Only 9 out of 26 tensor coefficients needed!



C(vy — dddd) in the gauged Yukawa Model

A, B;; ~ linear combinations of Feynman parameter integrals with numerators.

Apply “tensor’ reduction:

SO, A o

Apply scalar reduction:

|42 42 |42 A C

UV/IR finite = 3-point functions ~ 1/¢, 1/€2, poles of 2-point functions cancel!

Helicity amplitudes « field strength tensors: F" = pfe} — p¥el:

e Ay -+ Y Bupj-€)'pi-ey

7,0=3..5

A
= —— tr(F]F )+4Z 2 " pj - -p2 pi - F5 - p1
S12 —3 S71o




Result for M(yy — ¢ddd):

A492 et . et

152 Z{C(la 3, 27 4,75, 7T6)

ot (s _ _
MTT(vy — 99d9) @) s 2z

X[Inl(swﬂﬁ7sﬂ3767812w3)-+-121(81W3782W37812W3)-_ 2-FH(SIW3753W4>51qu)

+2 F2(81271'3a 8271'471'57 817T37 S7T47Ts) - F2(817Ts71'4’ 82747757 817T37 3271'5) - F2(3171'37T47 3277371'47 S7T37T47 S7T57T6)]
+2 F2(517r37r47 S2mamsy STaTas S7T57Ts) + (1 — 2)}

trt(3456)Bs + trt(1234)B; n trT(6123)B, + trt(4561) B,

S34 516

F1(81782783) - - Iog <8_1> Iog (8_2)
S3 S3

1 £
st = (3 -a(e)

S4 S$384

trtGl...) = tr((L4s) pipn-..)/2

C(1,2,3,4,5,6) = 2+

Non—linear constraintes between Mandelstam variables are
represented linearly through reduction coefficients B; !!!

MT— less compact but still numerically stable.



The v — ggg amplitude

e Relevant for v+ 4 jet background for Higgs-+jet production
e Amplitude indirectly known from gg — ggg [Z. Bern, L. Dixon, D.
Kosower, Phys.Rev.Lett. 70 (1993)]

Independent helicity structures: FT++++ r+++— Fr++—— t-—+++ +-++- -—+++
Exercise: calculate helicity amplitudes in a modular way
e Box, pentagon topologies

e One colour structure: ~ fabe
. . n o n n
e Sort by analytical structure: 1,1%, 1% cq, /% omass:

" &5 -
w@% “h
\\SNNN %% \)NN\

4. 1mass



The amplitude Tt ++++[y~yg999 — 0]

With the reference momenta ps, p1, p2, p3, pa products of ¢;-p; cCan be treated uniformly
for all graphs 2tr=(p,,...) = tr(p;) — tr(vs,pj,...):

5 —
Heqz tr (plvqla"°7p57q5)
s Y 4V2<51><12><23><34>< 45>
A 1 trt(1,2,3,5)12
42 <51 ><12><23>< 34 >< 45> $35

(RN I VN Vi U
Fi = Dj€ — Dje;

b fabctr(ffff;f)tr(fjfjf;f)

2534545535

Spinor helicity formalism:

< n7|vulpT >

+ —
e, (p) =
: V2 < n-|pt >

,plpt >=0, |57 >i1=p; >, <jl >=<j It >, [jl] ;=<5 >



The amplitude T t+++—[yy — ggg]

r++++- — fabc A+ e(p1,p2,p3,p4) B
42 < 41 >< 32 >< 13 >< 14 > [51] < 24 > [45]

Tr(FFD)Tr(FFFib _
r++++- — fabc ( 1Y2 ) ( 374 )[C++++— p1 .}“5 - p3 — (3 > 4)]

2 .2
512534
2 2 2
_ 545513514 513545 Sas5 87, 1+ 845 — S12845 | S13S15 |, S13 — S34
ot+t++- —  _ — + — + +

S358155824  S15835  S15524 535515 523845 s23
534845 n 815 — 825 823 + 835 823825 n $34 + S12

$23815 S45 513 513845 515

e All helicity amplitudes have structure tr(FF)tr(FFF) or tr(FF)tr(FF)p-F -p
e \Ward identities manifestly fulfilled, Bose symmetry 1 «+ 2, 3 < 4 strong check

e Automated simplification procedures used



Useful identities for field strength tensors:

Permutation and flipping rules:

Tr(FF
Tr(FTF ) pi- Fi -pj = 22 13 ° ){[323(31j33z' — s1i53j) + 513(s2i53) — 5253)|p3 - 73 -1
13223
—FS12813(S31p3--7Z+-1y —-S&ip3'.75+'1%)}
trt(1243)\°
Tr(FTFNDTH(FTF) = Tr(FFFD)Tr(FSFH ( $13524 )

Tr(FFH) Tr(FF 7
2 2
513 S04

[tl’(1243)tl’+(1243) — 512513534524

Tr(FfFy) = 0



Under construction: I'(yy — yyvyv):

e automatic FORM code generation
e modular programming for general 6—point kinematics
e n-dimensional reduction successful

Procedures are starting point of GOLEM



Numeric approach for 6—point processes

e Representation of an amplitude by a basis set of scalar or tensor
integrals:
What is an adequate set? IZ+2(Z1,12, o), IR, 1o, 00), 15
e Numerical evaluation of the basis functions after isolation of
infrared divergences.
e EXxercise: calculate the most difficult basis function numerically:
the hexagon diagram.
[T.B., G. Heinrich, N. Kauer, hep—ph /0210023 (2002)]



Numerical evaluation of the massive Hexagon function

Regi on 11

(b) o5
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A

1 (a)

15

A+B+C<0
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// _1
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L0 // 0‘5
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0.5

I Region II

15

20

[f(t)
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Problem: integrable singularities because of internal thresholds
Reduction to 1- and 2-dimensional integrations

Structure of singularities analysed

= constructive proof that singularities are of type 1/4/x or logz
Iterative numerical methods developed

Real part

| 0.06

0.08

0.1

' I magi nary part



Numerical result for the hexagon:

e Stable result in the threshold region

e Real and imaginary parts are split

explicitly (— no “i8" termes)

e the result for the box and the pentagon

“LoopTools” T. Hahn
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Summary:

e Multi—particle/jet production very important for TeV colliders
— new methods to calculate such processes at NLO
— Encouraging results for the Yukawa model
= Objectif: PP — 4 jets at NLO
= Numerical methods for the electro—weak sector at NLO

e Higgs search needs background calculations for 2 — 3,4 processes
= industrial production of NLO calculations needed
= GOLEM project

Only a profound knowledge of the Standard Model will allow us to
understand new and unexpected phenomena !l




Subtraction formalism for tensor integrals

ik d"k qi".
I —/ 2 P a , g =k—rj , Tj=Pp1+ ...+ Dpj
1---9N

2
o O

= Cii +{ ~ IR ()

o)

IV A

-y MR

N
Z Sij Cip = (ri — rr)k*

e Integrales NI]’\L,WLQm(ll, ...) are IR finite, no 1/ det(G) = stable numerical evaluation!

e Iteration for integrals ~I% /" till analytical evaluation possible.



