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Resummation methods

in heavy �av or production

Pav el Nadolsk y
P. N., N. Kidonakis , F. I. Olness, C.-P. Yuan, Phys Rev, D67, 074015 (2003)

S.Berge, P. N., F. I. Olness, C.-P. Yuan, in prepar ation

3 Systematic calculation of differential distributions in reactions with
heavy quar ks H (H =c, b; or t ) in per turbativ e QCD in the presence
of 3 distinct momentum scales (Q; M H , and qT )

3 Relies on usage of a massive var iable �av or number (VFN) factor -
ization scheme
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Heavy-�av or contr ibutions to W & Z boson production
at hadr on collider s

Example: c + s ! W � + X

s

c
p

p

q
W
(Q; MH ; qT)

Q2 = q2

3 Relevant momentum scales
¨ heavy quar k mass M H

¨ Virtuality Q of the W bo-
son

¨ transverse momentum qT
of of the W boson

3 Relevant kinem atic region

� 2
QC D � M 2

H � Q2

0 � q2
T

including q2
T � M 2

H
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Measur ement of W -boson mass M W at the Tevatron

Tevatron Run-2 goal is to measur e M W
with � M W . 30 MeV per exper iment
( � M W =M W . 0:0004 )

M W is der ived from lepton distributions
d� =dM `�

T and d� =dp̀T , sensitive to qT of W
boson at qT ! 0
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The measur ement of M W relies on predicting d� =dqT at qT ! 0 with
high precision!
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Heavy �av or contr ibutions in vector boson production

W � boson production

Contr ibutions of different �av ors to
v2
CKM*Par ton luminosity � � Born

tot

Tevatron Run-2 (left); LHC (right)

Z boson production

Contr ibutions of different �av ors to

Par ton luminosity � � Born
tot

Char m contr ibutions in W production are sizable (� 8%and 26%) and
much larger than in Z production
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It is well known how to calculate d� =dqT at qT ! 0 for masslessquar ks
(resumm ation for ln p( q2

T =Q2) )

Masslessa ppr oximation ignor es ter ms � M 2
H =q2

T , which may be impor -
tant at small qT

1

q2
T + M 2

H
=

1

q2
T

0

B
B
B
@

1

1 +
M 2

H
q2

T

1

C
C
C
A

Estimate of mass effects would requir e simultaneous calculation of the
sums

1X

k=1
� k

s
X

p
ln p( Q2=M 2

H ) and
1X

k0=1

� k0
s

X

p0
lnp0

( q2
T =Q2)
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QCD factor ization at small qT and Q2 � f m2
qg

(Collins , Soper, Sterman, 1985)

Finite-order (FO) factor ization

� 2
QC D � q2

T � Q2

�
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�������

Small-qT factor ization

� 2
QC D � q2

T � Q2
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Solution for all qT :
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Factor ization at qT � Q

Realized in the space of the impact par ameter b (conjug ate to qT )

d� AB ! V X

dQ2dydq2
T

�
�
�
�
�
q2

T � Q2
�

X

a;b= g;
( � )
u ;

( � )
d ;:::

Z d2b
(2 � ) 2 e� i~qT �~b fWab( b;Q; xA ; xB )

In the per turbativ e region (b2 � 1=� 2
QC D ):

fWab( b;Q; xA ; xB ) �
X

j
vj e� S( b;Q) P a( xA ; b) P b( xB ; b) ;

where

P a( x; b) =
Z

dn� 2~kT e� i~kT �~bPa( x; ~kT )

and

P a( x; b) �
X

i = g;u;d:::
[Cai 
 f i ] ( xA ; � F ; b)

S( b;Q) and Cai ( xA ; � F b) are calcula ble in PQCD
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Failure of the masslessa ppr oximation at b � 1=M H

To calculate the Fourier integr al, P a( x; b) must be de�ned in the whole
range 0 � b � 1

P a( x; b) at O( � s) in the masslessand massive VFN schemes

0 0.2 0.4 0.6 0.8 1
b, GeV- 1

2.5

5

7.5

10

12.5

15

17.5

20

PŽ b•
p
Hx

,b
L

Charm quark PDF: Effect of the charm quark mass

Massive

Massless

?

mF=Mc

x = 0.01

0 0.2 0.4 0.6 0.8 1
b, GeV- 1

2.5

5

7.5

10

12.5

15

17.5

20

PŽ b•
p
Hx

,b
L

Bottom quark PDF: Effect of the bottom quark mass

Massive

Massless

?

mF=Mb

x = 0.01



Pavel Nadolsky, LoopFest III, April 2, 2004

Failure of the masslessa ppr oximation at b � 1=M H (continued)
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Bottom quark PDF: Effect of the bottom quark mass
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� F � 1=b

MasslessP a( x; b)

3 under estimates the
mass-dependent
result at b . 1=M H

3 is ill-de�ned at
b & 1=M H

Massive P a( x; b)
3 reduces to the masslessresult at b2 � 1=M 2

H (� 2
F � M 2

H )
3 vanishes at b2 � 1=M 2

H (decoupling)
3 is autom atically continuous at the switching point (� F = M b)
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qT resumm ation for DISheavy

�av or productio n

ep ! eQX

Relevant momentum scales:

1 GeV 2 � M 2
H � Q2; q2

T
(P. N., Kidonakis , Olness, Yuan, Phys. Rev. D67, 074015 (2003))
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Heavy �av or production in semi-inclusiv e deep inelastic scatter ing
(SIDIS)

e + p ! e + c + X
e + p ! e + b+ X

� 2
QC D � M 2

H � Q2 < 1

0 � q2
T X

e e

p

D

q
Q2 = � q2

(MH ; qT)

qT is a rescaled transverse
momentum, related to the
polar angle in the Breit
frame

Target fragmentation Current fragmentation
z

e

� H � qT =Q

�

q
pH

H
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Factor ization

for

kT -integr ated PDF's f a( x; Q2)
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Are heavy quar ks activ e par tons?

Fixed Flavor Number (FFN)scheme

M H 6= 0 for all Q2 � M 2
H

PDF

"hard" part

massive quark

f c=p( x; Q2) � 0

MasslessVar iable Flavor Number
scheme

M H = 0 for all Q2 � M 2
H

massless quark

f c=p( x; Q2) �
1X

m;n =1

� n
Svnm

ln m ( Q2=M 2
H )

m!
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Massive var iable �av or number schemes

(Collins, 1998; Aivasis et al.; Chuv akin et

al.; Thorne, Rober ts; Kniehl et al.; Buza et

al.; Cacciar i et al.; ...)

F c
2( x; Q; M H ) = � 0

X

a

Z 1

�

d�
�

Cc a(
x
�

;
Q
� F

;
M H

Q
) f a( � ;

� F

M H
) + O

 
� QC D

Q

!

lim Q!1 C exists; no ter ms O( M H =Q) in the rem ainder

Aivasis, Collins,

Olness, Tung

(ACO T, 1994)
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Simpli�ed ACO Tscheme
(Collins , 1998; Kramer , Olness, Soper, 2000)

+ -

3 Set M H = 0 in coef �cient functions for incoming heavy quar ks
3 Not an a ppr oximation (exact factor ization scheme)
3 Signi�cantly simpli�es calculations
3 Quar k-initiated process from the masslesscalculation
3 Close to the con ventional ACO Tscheme numer ically
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Resummation for heavy �av ors: our procedur e

1. Start from the resummed form factor for mq 6= 0; an y b (CSS, 1985)

fW ( b;Q; x; z) =
X

j
e2

j P out
H =j ( z; b;f mqg) P in

j =A ( x; b; f mqg)

� exp

8
<

:
�

Z C2
2 Q2

C2
1 =b2

d�� 2

�� 2

2

4 ln

 
C2

2 Q2

�� 2

!

A ( mq) + B( mq)

3

5

9
=

;
:

2. Calculate fW for M H 6= 0 from its de�nition using the simpli�ed ACO T
scheme

3. M 2
H � � 2

QC D : per turbativ e QCD is a pplica ble

P in
j =A ( x; b; f mqg)

�
�
�
�
� 2 � 1=b2 � M 2

H

=
X

a

Z 1

x

d�

�
Cj =a(

x

�
; � F b;bMH ) f a=A ( � ;

� F

M
)
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Simpli�ed ACO Tfactor ization scheme

+ -

Set M H = 0 in har d subgra phs with incoming heavy quar ks

Only gra phs with explicit �av or creation retain M H 6= 0

M H isdropped in the Sudako v factor S( b;Q) and functions Cin
j q( x; b� F ) ,

Cout
bj ( z; b� F ) with incoming heavy quar ks



Sudakov Resummation of Soft Gluon Radiation

Result:

= e-S
singular distributions

aresmeared to physical
distributions

Sba b,Q, MH �

d �

2

�

2 A � s , MH ln
Q2

�

2

�

B � s , MH
�

SNon � Pert

Why: Dominant Suppressed

In Simplified-ACOT scheme,
weobtain:

A(as,MH) = A(as,0)

B(as,MH) = B(as,0)
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O( � S) resummed cross section

Simpli�ed ACO Tscheme was used

) M H 6= 0 only in the gluon-initiated channels

Only Cin
j g( x; b;M ; � F ) retains mass

+ der ived from the kT -dependent PDF as de-
scribed by Collins & Soper, 1981

P in
j =A ( x; ~kT ; M ; � ) =

Z
dy� d~yT

(2 � ) 2
e� ixp + y � + i~kT �~yT

� hpj � j (0 ; y � ; ~yT )

 +

2
 (0) jpi

in the gauge � � A = 0, � 2 < 0; � = ( p � � ) =j� j2 ! 1

���

���

���

�
�
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M H 6= 0 suppr essescontr ibutions from 1=b . M H
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� PqG( x) ln
� M H b

2e� 
 E

�

M H 6= 0 :

PqG( x) K 0 ( M H b)

(modi�ed
Bessel function)
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Heavy �av or production at ep collider HERA

Interesting
region

30 � 70% of published cross
section for char m produc-
tion is reconstr ucted by ex-
tra polation using a theo-
retical model (curr ently 3-
�av or number factor ization
scheme)

Resummed cross section can be used for consistent extra polation of
differential distributions in the whole range M H � Q � 1
) Monte-Car lo integr ator in the S-ACO Tscheme
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Distributions of bottom quar ks in the 
 � p c.m. frame
Threshold region Q = 5 GeV
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Distributions of bottom quar ks in the 
 � p c.m. frame
Q = 50 GeV
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Enhancement of 25% in F b
2( x; Q2) as compar ed to FFN
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Bac k to W boson production...
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Massive vs. masslessresults for d� ( p�p ! W + X ) =dqT
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Strong effect of M c on the char m
contr ibution at qT < 15 GeV ...
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...but effect is small as compar ed
to other channels
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Effect on electr on pT

Pre
lim
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ry
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_
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Effect of M c 6= 0 is larger in W boson production at the LHC
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Summary

3 New procedur e (CSS+ACO T) for resumm ation in heavy �av or pro-
duction

¨ CSSresumm ation for three momentum scales (qT ; Q; M H )

¨ Resummation that does not use the dimensional regular ization
for collinear singular ities

¨ Correct behavior at the threshold

¨ Very soft ph ysics suppr essed by M 2
H � � 2

QC D ;
nonper turbativ e Sudako v contr ibutions can be dropped

3 At Q2 � M 2
H , event rate enhancement as compar ed to the �xed-

�av or number factor ization scheme

¨ Larger reconstr ucted F c;b
2 ( x; Q2) at HERA

3 Effects of M c 6= 0 on the measur ement of M W in the Tevatron Run-
2 are not substantial
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Future a pplications
3 O( � 2

s ) �av or creation contr ibution to the resummed piece

3 Higgs boson production in 2 Higgs-doublet model
b + �b ! Higgs + X , b+ �b ! b+ Higgs + X

3 Single-top production at the Tevatron, e.g. u�b ! �dt


