
MachineLearning Quantum Emergence

Eun-Ah Kim (Cornell)

KITP,  Feb14, 2019



Learning Quantum Emergence

Simple 
Principles

Complex Reality 
of Data

Entropy
Phonons

Topological Invariant
Fermi statistics

Phase Diagrams
Many-body WF Quantum 

Complexity



Data Driven Challenges



Complexity of Quantum Many-body State

Many body wave function of 49 electrons: 
a function  in trillion trillion trillion trillion dimensional space



Tunneling Density of States,
in 1962

Giaever et al, Phys. 
Rev. 126, 941 (1962)

Differential conductance dI/dV @ V 
proportional to N(E=eV)



Generative Model 

Schrieffer, Scalapino, Wilkins, PRL  10, 336 (1963)



Imaging N(r,E):

Scanning Tunneling Spectroscopy

Tunneling Density of States,
in 2000’s



Data-driven challenges in Reciprocal Space

Diffuse Scattering data on TiSe2 at 150 K (CDW Tc~190K), 
courtesy Jacob Ruff (CHESS) 



(T, p, δ) (T, p, δ)



New Insight through Synergy



Supervised ML for Hypothesis Test
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Learning Pseudogap State of HTSC

r-space 
or

k-space?

The function ℎ Ԧ𝑥 ?



(Deep) Neural Network (multi-layer perceptron)

inputs Non-linear Hidden Layer output

ℎ Ԧ𝑥 = Ԧ𝑣𝑇 ⋅ 𝜎(𝑤 ⋅ Ԧ𝑥 + 𝑏)Ԧ𝑥

𝑤𝑗𝑖 , 𝑏𝑗
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Local Motif in STS data  

Y. Zhang, A. Mesaros, K. Fujita, J.C. Davis, 
E. Khatami, EAK et al arXiv:1808.00479

Andrej MesarosYi Zhang K. Fujita (BNL) E. Khatami (SJSU) J.C. Davis
(Oxford/U College Cork)



High Tc Superconductivity

Mysteries of HTSC
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Simple PD of 
conventional SC

Complex PD of high Tc SC

•Multiple “phases”

•Unidentifiable regions

The Complex Phase Diagram



Density Wave and Nematic

Order
Hoffman et al, Science (2002)
Howald et al, PRB (2003)
Abbamonte et al , Nature Phys (2005)
Hinkov et al, Science (2008)
Daou et al, Nature (2010)
Lawler et al, Nature (2010)
Ghiringhelli et al, Science (2012)
Blackburn et al PRL (2013)
Comin et al, Science (2014)
de Silva Neto et al, Science (2014)
Fujita et al, PNAS (2014)
Wu et al , Nat. Comm (2015)
Achkar et al, Science (2016)



Density Wave and Nematic

Glassy Order

Comin et al. (2014)

Hoffman et al, Science (2002)
Howald et al, PRB (2003)
Abbamonte et al , Nature Phys (2005)
Hinkov et al, Science (2008)
Daou et al, Nature (2010)
Lawler et al, Nature (2010)
Ghiringhelli et al, Science (2012)
Blackburn et al PRL (2013)
Comin et al, Science (2014)
de Silva Neto et al, Science (2014)
Fujita et al, PNAS (2014)
Wu et al , Nat. Comm (2015)
Achkar et al, Science (2016)



Density Wave and Nematic

Glassy Order Local Motif!

Hoffman et al, Science (2002)
Howald et al, PRB (2003)
Abbamonte et al , Nature Phys (2005)
Hinkov et al, Science (2008)
Daou et al, Nature (2010)
Lawler et al, Nature (2010)
Ghiringhelli et al, Science (2012)
Blackburn et al PRL (2013)
Comin et al, Science (2014)
de Silva Neto et al, Science (2014)
Fujita et al, PNAS (2014)
Wu et al , Nat. Comm (2015)
Achkar et al, Science (2016)

R(r,150mV)

UD45K
Bi2212 6.2nmx6.2nm



Questions

1. Origin: r-space or k-space?

2. Checkerboard or Stripe?



Strong Coupling Mechanism

• Frustration of AFM order upon doping

Zaanen, Gunnarson, PRB (1989)

Low, Emery, Fabricious, Kivelson (1994)

Vojta, Sachdev(1999)

White, Scalapino,PRL(1998)

Capponi, Poilblanc (2002)

Corboz, Rice, Troyer, PRL (2014)

Fischer, EAK et al., NJP (2014)

Commensurate Charge Modulation,
λ= 4a at p=1/8



Weak Coupling Mechnism
• Nesting driven Fermi surface instability

Efitov et al, Nature Physics (2013)

Pepin et al, PRB (2014)

Wang, Chubukov, PRB (2014)

Loder et al, PRL (2011)

Incommensurate,
Q decrease with p



Conventional Approach

1. Fourier Transfrom

2. Compress FT down to the 
peak location of a line cut



UD45K
Bi2212

R(r,150mV)

6.2nmx6.2nm 0.68 1.55
Linecut through (0,0)-(1,0)



Robertson et al (2006), 
Del Maestro et al (2006) 

declared defeat within manual schemes!



3-stage protocol: I
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3-stage protocol: II



3-stage protocol: III

Figure 3
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Training Set Generation

Figure 2 
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Four Candidate Wave Vectors 

Category 1
λ= 4.3478…

Category 2
λ= 4

Category 3
λ= 3.7037…

Category 4
λ= 3.4482…



Doping Dependence

4.347a     4a      3.70a     3.448a

4.347a     4a      3.70a     3.448a

4.347a     4a      3.70a     3.448a

4.347a     4a      3.70a     3.448a



Energy Dependence
4.347a     4a      3.70a     3.448a

4.347a     4a      3.70a     3.448a

4.347a     4a      3.70a     3.448a

4.347a     4a      3.70a     3.448a



Hypothesis test

Unidirectional, lattice commensurate, period 4 charge modulations.



Unsupervised ML of Diffuse Scattering
(X-ray)



Golden Needle in Hay Stacks: X-ray Diffuse Scattering

K. Winberger
(Cornell, CS)

A. Wilson
(Cornell, ORIE)

Jacob Ruff
(CHESS)

Jordan Venderley Mike Matty Geoff Pleiss
(Cornell, CS)



Intensity at       : 

What do we measure?



What do we measure?

• : Fourier amplitude of density

• Density Wave with wave vector 

• : the Order Parameter



Data-driven challenges in Reciprocal Space

Diffuse Scattering data on TiSe2 at 150 K (CDW Tc~190K), 
courtesy Jacob Ruff (CHESS) 

(T)



A Traditional Generative Model

• Ginzburg-Landau Theory: 

• Training Data
Regression

• Prediction given testing points



What  if



and                       , and

Gaussian Process Mixture Model

• Learn the distribution over functions that capture  

• Predictive Posterior Distribution



In the example above, we showed that probability distribut ions over funct ions with finite

domains can be represented using a finite-dimensional mult ivariate Gaussian distribut ion

over funct ion outputs f (x1), . . . , f (xm) at a finite number of input points x1, . . . , xm . How

can wespecify probability distribut ions over funct ions when thedomain size may be infinite?

For this, we turn to a fancier type of probability distribut ion known as a Gaussian process.

3.2 Probabil it y dist r ibut ions over funct ions wit h infinit e domains

A stochastic process is a collect ion of random variables, { f (x) : x ∈ X } , indexed by elements

from some set X , known as the index set.8 A Gaussian process is a stochast ic process such

that any finite subcollect ion of random variables has a mult ivariate Gaussian distribut ion.

In part icular, a collect ion of random variables { f (x) : x ∈ X } is said to be drawn from a

Gaussian processwith mean funct ion m(·) and covar iance funct ion k(·, ·) if for any finite

set of elements x1, . . . , xm ∈ X , theassociated finiteset of random variables f (x1), . . . , f (xm)

have distribut ion,

⎡

⎢
⎣

f (x1)
...

f (xm )

⎤

⎥
⎦ ∼ N

⎛

⎜
⎝

⎡

⎢
⎣

m(x1)
...

m(xm )

⎤

⎥
⎦ ,

⎡

⎢
⎣

k(x1, x1) · · · k(x1, xm )
...

. . .
...

k(xm , x1) · · · k(xm , xm )

⎤

⎥
⎦

⎞

⎟
⎠ .

We denote this using the notat ion,

f (·) ∼ GP(m(·), k(·, ·)).

Observe that the mean function and covariance funct ion are apt ly named since the above

propert ies imply that

m(x) = E[x]

k(x, x ′ ) = E[(x − m(x))(x ′ − m(x ′ )).

for any x, x ′ ∈ X .

Intuit ively, one can think of a funct ion f (·) drawn from a Gaussian process prior as an

extremely high-dimensional vector drawn from an extremely high-dimensional mult ivariate

Gaussian. Here, each dimension of the Gaussian corresponds to an element x from the index

set X , and the corresponding component of the random vector represents the value of f (x).

Using the marginalizat ion property for mult ivariate Gaussians, we can obtain the marginal

mult ivariate Gaussian density corresponding to any finite subcollect ion of variables.

What sort of funct ions m(·) and k(·, ·) give rise to valid Gaussian processes? In general,

any real-valued funct ion m(·) is acceptable, but for k(·, ·), it must be the case that for any

8Often, when X = R, one can interpret the indices x ∈ X as represent ing t imes, and hence the variables

f (x) represent the temporal evolut ion of some random quant ity over t ime. In the models that are used for

Gaussian process regression, however, the index set is taken to be the input space of our regression problem.
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Results



Machine Learning Quantum Emergence

The journey has just begun….

• Supervised ML: Hypothesis test, OP symmetry 

• Unsupervised ML: Clustering in Reciprocal space
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