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Early Breakdown of Area-law Entanglement in 
many-body delocalization

Or
MBL breaks down earlier than you might think
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2. Perturbation theory/ NLC formally in thermodynamic limit
3. The NLC method
4. Results for the random-field Heisenberg chain
5. Some results in 2D
6. Conclusions
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Entanglement entropy of eigenstates can distinguish ETH and MBL
ETH : Thermal entropy --- Volume Law

Free fermion model
M. Storms, RRPS PRE 2014

MBL: Local entanglement ---- Area Law even for finite energy-density eigenstates



Perturbation theory/ NLC in thermodynamic limit

Random Field XXZ model

Can we show area-law and its breakdown?



Numerical Linked Cluster Method

Von Neumann entropy averaged 
over all states (Boltzmann weighted)

For the infinite lattice

Contribution of a cluster

Only connected clusters that cross the interface contribute
Convergence of NLC implies area-law

NLC



Disorder Averaging

In one-d only a finite part of the chain matters in order n
We assign a field to every site and calculate properties
Then average over disorder at the end

Gives us distribution over disorder
Mean, Median, Standard Deviation, 
Tails of Distribution, …….

n=5



NLC is non-perturbative: Can get MBL and ETH phases

Floquet Model has a strongly thermalizing 
Phase PRE (2015) Zhang, Kim and Huse



Heisenberg chain in a random field

Has been studied numerically by many authors
A. Pal and D. Huse PRB 2010

For what h values is there an MBL phase?



Exponential decay at large S
Clear difference between large and small h at low S





Deep in MBL Phase
Large-h or J going to zero limit

s=0
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h=3.5 not in MBL?



Looking for Volume Law: Partial sums at different order of NLC

Not a sensitive way to detect the transition



Trend: What appears convergent at small n turns around at larger n
MBL must have exponential convergence: 
Must approach zero with a vanishing slope : critical h closer to 4.5
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Mobility Edge? Look at states in a temperature window

Each temperature window corresponds to a definite energy
When do states at that energy have `area-law entanglement’



Mobility Edge? Look at states in a temperature window

Compare with ED (Lanczos) PRB 2015

Looking for the full transition systematically overestimates MBL



Higher Dimension



Square-Lattice Model (preliminary result)

1/n

Critical h is closer to 40  (does not scale with z)

There should be self averaging from transverse extent. Focus on the mean



1/n

Critical h is closer to 40  (does not scale with z)

Strong alternation --- use Euler like summation/averaging



Conclusions

• Numerical Linked Cluster Expansion allows 
calculation of eigenstate entanglement 
thermally averaged over all eigenstates

• There appears a clear difference between 
MBL and ETH phases at finite orders

• States that appear localized in low orders can 
become delocalized ultimately

• Finite size studies overestimate the MBL 
phase

• Analysis at finite T suggests a mobility edge
• MBL phase shrinks rapidly with increasing 

dimensions 



THE END



Ratio of median to mean

1/n
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Looking at median instead of mean gives similar results


