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Mechanisms and Models
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    2. Biomechanics
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D∆( ∆w −Hg︸ ︷︷ ︸
mean curvature

)

︸ ︷︷ ︸
bending

− [χ, w]︸ ︷︷ ︸
stretching

+ κw − γw3

︸ ︷︷ ︸
elastic foundation

= 0
Stress Equilibrium:

Compatability:

w(r, θ) : χ(r, θ) :vertical displacement stress potential

g(r, θ) : Auxin fluctuation about stationary uniform concentration/ growth strain

Kg
.= ∆g

∂

∂t
g = −∆2g −H∆g − Lg − κ1∇(g∇g)− κ2∇(∇g∆g)− δg3

Foppl-von Karman Equations

[χ, w] = χxxwyy + wyyχxx − 2χxywxy

1
Eh

∆(∆χ) +
1
2
[w, w] + Kg

︸ ︷︷ ︸
Gaussian curvature

= 0

Newell, et. al, 2008; Dervaux & ben Amar, 2008



∆2χ + ∆g − C∆w +
1
2
[w, w] = 0

L =
Λm

Λg

−ζggt = ∆2g + H∆g + Lg + κ1∇(g∇g) + κ2∇(∇g∆g) + δw3

natural mechanical wavelengthΛm : Λg : natural biochemical wavelength

−ζmwt = ∆2w + P∆w + κw − C∆χ + [χ, w] + γw3



∆2χ + ∆g − C∆w +
1
2
[w, w] = 0

−ζggt = ∆2g + H∆g + Lg + κ1∇(g∇g) + κ2∇(∇g∆g) + δw3

Analysis

Linear Analysis

w(x) = eσm(k)t cos(kx)

g(x) = eσg(k)t cos(kx)

σm(k) = −k4 + Pk2 − 1

σg(k) = −k4 + Hk2 − L

−ζmwt = ∆2w + P∆w + κw − C∆χ + [χ, w] + γw3

in one dimension



∆2χ + ∆g − C∆w +
1
2
[w, w] = 0

−ζggt = ∆2g + H∆g + Lg + κ1∇(g∇g) + κ2∇(∇g∆g) + δw3

Analysis

Linear Analysis

σm(k) = −k4 + Pk2 − 1

−ζmwt = ∆2w + P∆w + κw − C∆χ + [χ, w] + γw3

in 2 dimensions

w(r, θ) = eσm(k)t cos
(
lr + mθ = (l,m) · (r, θ) = "k · "x

)
mm

k2 = l2 +
m2

r2

k
σm(k)

m/r
m ml l

l



∆2χ + ∆g − C∆w +
1
2
[w, w] = 0

Analysis

Nonlinear Analysis
m/r

l

!k3

!k3 = (l3, 3/r)

!k1 = (l1, 1/r)

!k2 = (l2, 2/r)

!k1 + !k2 = !k3

+

=

−ζggt = ∆2g + H∆g + Lg+κ1∇(g∇g) + κ2∇(∇g∆g) + δw3

!k1

!k2

−ζmwt = ∆2w + P∆w + κw−C∆χ + [χ, w] + γw3



Amplitude Equations
P

.= Pc(1 + εP ′)

w =
∑

!k∈A

A!k cos(!k · !x) + . . .

Linear 

Quadratic Nonlinearity

Cubic Saturation

∂

∂t
A!k +

(
2i

∂

∂r
+ i

∂l

∂r
+ i

l

r

)2

A!k = σ(#k)A!k

−3γA!k



|A!k|2 + 2
∑

!kl !=!k

|Al|2




+
∑

!kr+!ks=!k

τ("kr,"ks,"k)A∗
rA

∗
s



Amplitude Equations

+
∑

!kr+!ks=!k

τ("kr,"ks,"k)A∗
rA

∗
s

−3γA!k



|A!k|2 + 2
∑

!kl !=!k

|Al|2




∂

∂t
A!k +

(
2i

∂

∂r
+ i

∂l

∂r
+ i

l

r

)2

A!k = σ(#k)A!k

Task: Find wavevectors    and amplitudes      that 
       minimize the associated energy

!k
E(!k ∈ A;A!k)

A!k



L =
Λm

Λg

!k′
6

!k6

!k12

w(!x) = A6 cos(!k6 · !x) + A′
6 cos(!k′

6 · !x) + A12 cos(!k12 · !x)

l

!k6 = (l6, 6/R)
!k′

6 = (−l6, 6/R)
!k12 = (0, 12/R)

m/R

!x = (r, θ)



!k5

!k8

!k13

l

m/R !k21

w(!x) = A5 cos(!k5 · !x) + A8 cos(!k8 · !x) + A13 cos(!k13 · !x) + A21 cos(!k21 · !x)

!k5 + !k8 = !k13

!k8 + !k13 = !k21

A5 ! A21 < A8 ! A21



L =
Λm

Λg

L = 1

L > 1 L < 1
!k3

!k5

!k8

!k13

m
5 83 13

l

m/R







w(r, θ) =
10∑

j=1

Â

(
r

mj

)
cos("kj(r) · "x)



E
(
...A2, A3, A5, A8, ...,!km =

(
lm,

m

R

)
,!kn =

(
ln,

n

R

))

!k5 !k3

R Rφ+

φ+ =
1 +

√
5

2







Rhombicity



∂

∂t
A3 = σ(k2

3)A3 + τ($k3,$k5,$k8)A∗
5A8 − . . .

∂

∂t
A5 = σ(k2

5)A5 + τ($k3,$k5,$k8)A∗
3A8 + τ($k5,$k8,$k13)A∗

8A13 − . . .

∂

∂t
A8 = σ(k2

8)A8 + τ($k3,$k5,$k8)A3A5 + τ($k5,$k8,$k13)A∗
5A13 − . . .

∂

∂t
A13 = σ(k2

13)A13 + τ($k5,$k8,$k13)A5A8 − . . .

!k3

!k5

!k8

!k13

ansatz: A3 = A13

A5 = A8



!k3

!k5

!k8

!k13

solution:

∂

∂t
A3 = σ(k2

3)A3 + τ($k3,$k5,$k5)|A5|2 − . . .

∂

∂t
A5 = σ(k2

5)A5 + τ($k3,$k5,$k5)A∗
3A5 + τ($k5,$k5,$k3)A∗

5A3 − . . .

A3(= A13) < A5(= A8)



τ("k1,"k2,"k3) = −C("k1 × "k2)2
3∑

j=1

1
k2

j





!!
3

5

Γ =
2πR√

A

2πR
g

(2πd, ·)











!!
3

5





w(r, θ) =
10∑

j=1

Â

(
r

mj

)
cos("kj(r) · "x)









w(!x) = −dist2(!x,Ω) w(!x) = −
∑

αndist2(!x,Ωn)


