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Lecture II: Two Variations on E.hm, theme of 2d TFT

ITP, June 25-29, 2001

Lectures I and II are based on work with G. Segal

1. Generalizing the 2d TFT structure

2. Variation I: Equivariant theories and orbifolds
a.) Closed strings: Turaev algebras
b.) Open and closed string sewing
c.) Twisted, equivariant K-theory

3. Variation II: The non-semisimple case

Generalizations

Various string theories have extra structures. These can usu-
ally be axiomatized in the TFT framework.

Example 1: Replace the oriented cobordism category by the
unoriented cobordism category. The cross cap RP? — D
defines a new state ¢ € C. This is the only new piece of
data (by the classification of surfaces), and there is one new

\#

relation
¢ =cA @ e mﬁ.

Hmonmkm. Thanks to Ilka Brunner for clarifying discussions. _

Example 2: Spin theories: Use the category of oriented
cobordisms with spin structure.

Example 3: N = 2 theories: Oriented surfaces with complex
line bundle. Note - integer grading.

Example 4: Orbifolds: Use the category of surfaces with
G-bundles. We will now discuss this.
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Equivariant Theory - I

Suppose a 2D TFT has a group G of automorphisms. We
would like to gauge this group to form the orbifold.

“Gauging a symmetry” is summing over G-bundles with con-
nections.

Here we will take G to be discrete - so we are just summing
over G-bundles.

We first define a G-equivariant theory, and then project onto
the G-invariant sector.

Replace the oriented cobordism category by the category Sc
whose objects are (d—1)-manifolds with a principal G bundle
and whose morphisms are cobordisms with a G-bundle.

Again identify cobordisms which are isomorphic with an iso-
morphism = 1 on the boundary.

For S = S! form the bundle P, —+ S* by attaching the ends
of [0,27] x G via multiplication by g€ 6.

Note that we do not identify bundles up to isomorphism so
the objects are labelled by g € G, and not by a conjugacy
class.

¢

R, ; ;
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Equivariant Theory - II

We now consider the TFT given by a functor from the cat-
egory of cobordisms with G-bundle to vector spaces.

The object Py maps to the statespace Cg, the “twisted sec-
tor.” -
O = ¢

We indicate the holonomy by choosing a basepoint.®

Equivalent formulation: The objects are basepoint preserv-
ing maps

p: (S',*) = (BG,*)
and we identify such maps up to homotopy.

«Q.:om,ehcwmnorm. .uwu).s..um S).GS.J N \Wﬂ:

32




Dr. Greg Moore, Rutgers (I TP 6-26-01) D-Branes, RR-Fieldsand K-Theory 11 Page 3

@

G-equivariant Sewing conditions

In the G-equivariant case the sewing conditions are summa-
rized in an algebraic structure on

C = ®gecCy

which we call a Turaev algebra

Theorem|[Turaev]. To give a 2d G-equivariant topological
field theory is to give

1. A G-graded algebra C = @,C,
2. A group homomorphism a : G — Aut(C) such that
ap : Cqg = Chgp—1
3. There is a G-invariant trace  : C; — k such that
Cag®Cy-1 = k ’s Fc‘rmmu enerate
4. The restriction of ey, to Cy, is the identity.
an(@)=¢  ¢€Ch
5. For all ¢ € Cy, ¢' € Cp,, we have “twisted commutativity”
on(@)¢' = ¢'¢

6. For all 9 € Cpgp-14-1 we have the “torus condition”

) <. 1)
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