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e joint work with Ron Donagi.

e Will explain the construction of a gerby ver-
sion of elliptic K3 surfaces and a Fourier-

Mukai transform between those.
K3 surfaces, gerbes and

T-duality
e Will discuss the applications of the con-
struction to the problem of building vector
bundles on genus one fibered Calabi-Yau
ITP, July, 2001 J

manifolds.

e Will explain the modifications of the SYZ
version of mirror symmetry suggested by
the gerby Fourier-Mukai.
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1. Fourier-Mukai transforms and
spectral data

Problem: Find effective constructions of
vector bundles on a smooth Calabi-Yau
manifold X.

Remarks: (i) Hard problem in general (the
‘naive’ expected dimension of the moduli of
sheaves on a Calabi-Yau 3-fold is zero).

(ii) All known methods of construction assume
the existence of extra structure on X, e.g.:

e Constructions via monads (assume that X
is a general complete intersection in a toric
variety);

e Constructions via a Fourier-Mukai trans-
form (assume that X is fibered by CYs of
smaller dimension).

The second method is related to the physicists
T-duality and to the (quantum) mirror symme-
try.

Common setup Use an elliptically fibered
Calabi-Yau manifold:

- a flat elliptic fibration with a smooth total
space.

The fibration X — B can be identified with the
solution of a moduli problem on X, namely

X 2 Pic9(X/B)

is the (compactified) relative Jacobian of line
bundles of degree zero along the fibers of .
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More precisely: X represents the moduli func-
tor

(Sch /B)° (Sets)

The set of isomorphism classes
of rank one torsion free sheaves
(S — B)——<on S xp X which have degree
zero on the fibers and are trivi-

alized along the zero section.

4a

In particular there is a universal sheaf P on
X x g X which is uniquely characterized by the
properties

(idx x7)*"P =2 Ox (1 — 0)

(r xidx)*P £ Ox (1 — o),
for every local section 7: B — X of .

P is called The Poincare sheaf of X and is a
torsion-free divisorial sheaf on X xp X.
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The Poincare sheaf P defines an integral trans-
form

pb(x) M. pb(x)

F——po(p1F ®P)

on the derived category* DP(X) of coherent
sheaves on X.

FM is dubbed the Fourier—Mukai transform
with kernel P and is an auto-equivalence of
DP(X) (Bridgeland-Maciocia'98).

*The functors in the formula are understood in the de-

rived sense, i.e. p., p*, ® are shortcut notations for
L
mﬁxf hwv*_ ®

F M transforms geometric objects in an inter-
esting way:

AW::QE data: vector bundles on X, semistable oﬁw

degree zero on the generic fiber of .

FM

Spectral data - sheaves on X with the numerics of
a line bundle on a ‘spectral’ divisor > C X, finite

over B.

F M translates the problem of constructing
bundles (or sheaves) on X to a lower dimen-
sional question:

e construct spectral divisors ~ in X (easy
beacuse > moves in a linear system), and

e construct sheaves on each .

This allows one to solve the original Problem
by a lower dimensional situation.
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Analogue: Fix a i
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