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I. INTRODUCTION

Nonequilibrium quantum field theory became a topic of interest as a result of several cru-
cial questions facing physics in the 1980’s. Before that time, people were mainly concerned
with calculating cross sections (S-Matrix elements) for particles produced at colliders. In the
early 80’s the idea of the Inflationary universe was introduced by Guth, Linde and Starobin-
sky [I] and the mechanism for inflation was a scalar field (the inflaton) in a background
(time dependent) Gravitational field. The initial calculations were done using a classical
scalar field. It was natural for people to then try to understand how to solve time evolution
problems in the quantum domain. In another area of Cosmological importance, Emil Mottola
looked at the problem of particle production of "free” (apart from Gravity) scalar mesons in
De Sitter Space as a possible mechanism for the solution of the Cosmological constant prob-
lem. [2]. These two problems were the basis for renewed interest in the problem of how one
solves numerically initial value and backreaction problems in quantum field theory. At that
time even the correct formalism for doing this was not well understood by particle physicists.
Even though Schwinger and Keldysh [3] had introduced the correct formalism for treating
this problem, they had not addressed for interacting relativistic quantum field theories how
to do practical calculations which took into account questions of renormalization. Also at
that time it was not known that if one used perturbation theory in the CTP (Closed Time
Path) formalism, that the resulting perturbation series was secular. [4]. In 1985, Guth and
PI [5] studied the problem of the quantum roll from an inverted harmonic oscillator in the
free field limit to see to what extent classical ideas on inflation were modified by quantum
effects. The formalism used to study this problem was the functional Schrodinger equation
which was the generalization of the ordinary Schrodinger equation to quantum field theory.
The Functional Schrodinger equation could be derived by the Dirac Action Principle and
allowed people to study time the quantum evolution process using Gaussian trial wave func-
tions which was related to solving the field theory in a Mean Field or Hartree approximation
or a large-N approximation. The first conceptual problems that needed to be solved in the
the O(N) scalar field theory in this approximation were how to disentangle the infiinities

that arose from choosing unphysical initial data from those that were truly effects of renor-



malization. These issues and there solution was clarified in the work of Cooper and Mottola
and Samiullah and Pi [6]. The initial value problems were solved in the Gaussian (leading
order in large-N) approximation by choosing initial states that corresponded to finite energy
density and number density. The renormalization issues were first understood by doing a
WKB analysis of an adiabatic expansion of the Green’s functions. This approach was related
to the method of adiabatic regulation used to study free fields in background gravitational
fields [7]. Later it was shown that one could study the renormalization group flow of the
coupling constant with momentum and verify that a more standard renormalization which
looked for the lattice answer converging to the continuum renormalization being the simplest
approach. It was in order to better understand back reaction as a solution of the cosmologi-
cal constant problem that Cooper and Mottola studied as a ”toy” model, backreaction in the
Electric Field case. However interest in particle production following Relativistic Heavy Ion
collisions using a Flux Tube model, converted this toy problem into one with experimental
consequences [8]. In light of the renewed interest in particle production from semi-classical
gluonic fields we have recently undertaken a study of the quantum back reaction problem in
SU(3) QCD in 3+1 dimensions in the hope of seeing what one can learn about jet production

at RHIC and LHC and also what one can learn about the initial gluon condensate state.

II. PAIR PRODUCTION FROM A STRONG ELECTRIC FIELD

In order to pop a pair of fermions (or bosons) out of the vacuum one must supply an
energy eFx in a Compton wave length x &~ h/mc . Since this needs to produces (at) rest a
pair with rest energy 2mc? then it is clear that the critical value of the electric field for this

to happen is of order

eER/mc = 2mc® (1)

or

B yitical = 2m*c? /eh. (2)

In order to see that this is the correct variable to scale things, one can make the following

simple tunneling picture of the non-perturbative process of pair production. One imagines



that one has an electron bound in a potential well of order |Vp| &~ 2mc? and one then applies
a constant electric field which leads to a one dimensional extra potential of eEx to the
(say square well ) potential of depth 2mc?. On then finds that the ionization probability is
proportional to the WKB barrier penetration factor:

2 Vo/eE )
exp [_ﬁ/ dx (Qm(Vo — |eE|:c)1/2) — ¢~ (8m?c?/3heE) (3)
0

In what follows we will set A = 1;¢ = 1. We see that when E > FE,. . there is no
exponential suppression of pair production.

A more careful calculation involves determining the imaginary part of the Action.

A. Constant Electric and Chromoelectric Field Results

In a classic paper in 1951 Schwinger derived the following one-loop non-perturbative

formula

dW 62E2 > 1 _n7rm2
=D Dl @
1

n—=

for the probability of ete™ pair production per unit time per unit volume from a constant
electric field E via vacuum polarization [9] by using proper time method. In case of charged

scalar field theory the corresponding result is given by

dW 2B i (1) e

dix 813 n2 © - (5)
n=1

The result of Schwinger was extended to QCD by Claudon, Yildiz and Cox [12]. However

the pr distribution of the e® (or ™) production could not be obtained by using

proper time method of Schwinger. A WKB approximate method was used for this purpose
by Casher et. al. [10], but an exact method to do this problem (of determining the transverse
distribution of pairs was not found until recently [11]. For QED the WKB analysis gave the
correct answer which depended only on the energy density of the Electric Field. However for

QCD, the WKB answer was similar but incorrect in that the true answer depended on both



Casimir invariants of SU(3). In the case of fermions in QED one finds for the transverse

distribution of fermion pairs:

dw leF| _pptm?
— Log[1 — Bl | 6
FaBpr — aps el e ] (6)

The corresponding result for the charged scalar production is given by

P%«erz

! 7)

—Tr

aw leE|
= Log|1
d*xd?*pr 873 ogll +e

In QCD the transverse distribution instead depends on two independent Casimir invari-
ants: C; = [E*E?] and Cy = [dgp.E*EPE€]? where E¢ is the constant chromo-electric field
with color index a,b,c = 1,2,..8[I1]. Nayak obtained the following formula for the number
of non-perturbative quarks (antiquarks) produced per unit time, per unit volume and per
unit transverse momentum from a given constant chromo-electric field E*

n(p2+m?)

AN, ,; 1 _
Gty = a2 lohl Il — e ®)
j=1

where m is the mass of the quark. This result is gauge invariant because it depends on the

following gauge invariant eigenvalues

Al = 4/ ﬁ cosf ,
3
Ao = 4/ % cos (2w /3 —0),
A3 = % cos (2w/3+40), (9)
where 6 is given by
cos?30 = 3C,/C5. (10)

The integration over pr in eq. yields

2
ntm*)
3 s o]

aw 1 919 e
w2 SN (&

j=1 n=1




This result depends on both Casimirs, except for massless fermions when the series can be

summed to give:
3 0o 8
dw 1 242 1 g’ a fa
j=1 n=1 1
which reproduces Schwinger’s proper time result for massless fermions, extended to QCD,

for the total production rate dN/d*x [12]. The exact result in eq. can be contrasted
with the following formula obtained by the WKB tunneling method [28]

AN,y _ -lgFl
) — In[1 — |9E] 13
dtd3xd?pr 43 o ¢ J (13)

which does not reproduce the correct result for the pr distribution of the quark (antiquark)
production rate from a constant chromo-electric field E*. For soft gluon production Nayak

and van Nieuwenhuizen [I1] found in the Feynman T'Hooft gauge [13]

dN, 1 _
T = 1 2l il + ) (14)

This was shown to be indepent of the gauge fixing choice by Cooper and Nayak [15].

B. Background Field Method and Schwinger Pair production in SU(3) Gauge

Theory

In the background field method of QCD the gauge field is the sum of a classical background
field and the quantum gluon field:

AL — AL+ Q) (15)

w

where in the right hand side A}, is the classical background field and @7} is the quantum
gluon field. The gauge field Lagrangian density is given by

Lonse = — (FLIA+QIF™ (A4 Q] (16)

The background gauge fixing is given by by [13]
D,[A]JQ" = 0, (17)
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where the covariant derivative is defined by

DP[A] = 670, + gf*"cAC. (18)

i

The gauge fixing Lagrangian density is

Ly = _%[DM[A]QW]Q (19)

where « is any arbitrary gauge parameter, and the corresponding ghost contribution is given

by

Lonost = XD [AIDM[A+ QI = X* K”[A,Q] X" (20)

Now adding eqs. and and We get the Langrangian density for gluons inter-

acting with a classical background field

Lown = = FLIA+ QU4+ Q] — S-[D,[AIQ"]
X KMA Q)Y 1)

To discuss gluon pair production at the one-loop level on considers just the part of this
Lagrangian which is quadratic in quantum fields. This quadratic Lagrangian is invariant
under a restricted class of gauge transformations. The quadratic Lagrangian for a pair of

gluon interacting with background field Aj is given by

1
Egg = éQMaMZS[A]QVb (22)
where
1
MIA] = 0Dy (A)DP(A)® = 2 FL, + (== 1)[Du(A)Dy(A)” (23)
with 7, = (=1,+1,+1,+1).
For our purpose we write
Mp[A] = My, ([A] + o [Du(A)D,(A)" (24)
where o/ = (i — 1). The matrix elements for the gauge parameter a=1 is given by
My, Al =0 [Dp(A)DP(A)™ — 29f*F, (25)
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which was studied in [I1]. In this approximation the ghost Lagrangian density is given by
Lonoss = XD [AID"[A]x" = X* K*[A] X" (26)

The vacuum-to-vacuum transition amplitude in pure gauge theory in the presence of a

background field Aj is given by:

L < 0|O >.il _ /[dQ] [dX] [dfd 61’(S+ng+sghost). (27)
For the gluon pair part this can be written by
1A d i[d'c QI MILIAIQYP a
L <001 = 4] — J1 Q]e‘ : — — &S (28)
ZI0]  [[dQ] ¢ dw Qg

where Sé})f , the one-loop effective action, is given by

(Det[MZB[A”)_I/Q - ETT[LnMab[A} —LnMab[OH (29)
(Det[Mi‘;[A]])—l/Q 9 % pv V1]

Sé})f = —¢Ln

The trace Tr contains an integration over d*z and a sum over color and Lorentz indices.
To the above action, we need to add the ghost action. The ghost action is gauge independent
and eliminates the unphysical gluon degrees of freedom. The one-loop effective action for

the ghost in the background field A, is given by

S(l)

ghost

* ds. . A ‘ ,
= — ZLn(Det K) = —7 T”r’/ _S[ezs [K[0]+ie] ets [K[A}—i—zs]] (30)
0 S

where K®[A] is given by . Since the total action is the sum of the gluon and ghost
actions, the gauge parameter dependent part proportional to (i — 1) can be evaluated as an
addition to the o = 1.

The non-perturbative gluon pair production per unit volume per unit time is related to
the imaginary part of this effective action via

dN ImS(})f
— = ImL.y = I
dtdy et 4z

(31)

This expression was evaluated for o = 1 in [I1] where for gluon pair production it was found

dN, 1 > _
i = T 2o lodl Ll & e (32)
j=1
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After this calculation was done in a = 1 gauge, Cooper and Gouranga showed by explicit
evaluation of the extra term proportion to o — 1 that the result for the particle production
rate was independent of the Gauge Fixing parameter o [15].

Recently there has also been some progress to extending this result to time dependent

fields. Using a formal operator shift theorem [14], Nayak and Cooper were able to show:

aw ]eE( )| Pt
— Log[1 TTeEmT 33
Ty g Logll+e J. (33)

For Fermion pair production they obtained instead

dW leE(t)] L Prtm?
O 1P ool — e eEmT 4
Tapr 15 Losll—e J. (34)

These results came from evaluating the one loop Action. For the Boson case (elaborated on

below) they found

) & dS (2 2. 1 €E<t>
S(l) _ ? / —/d4 /d2 istpptm*tier- AV ) 35
B 1673 J, s o pre [s sinh(seE(t))] (35)

wheras in the fermion case they obtained

; o0 _ , 1
S = — @/d4x/deTe”(pzTJ“mz“E)[eE(t) coth(seE(t)) — —]. (36)
s

87r3 S

In the scalar case one uses:

The Action is then

SW = {Trln[(p — eA)? — m?] — iTrln[p? — m?]
> d o ) o .
—Z/ —8/d41‘ < :L,He—zs[(p—eA)z—mz—ze} . e—zs(p2—m2—ze)]|x >
0 S

Choosing Axial gauge A3 =0 and Ay = —E(t)z

+oo +o0 +o00 +oo
:—2/ / dt<t\/ dx<a:|/ dy<y]/

< Z| —zs[(Po+eE )2)2—p2 —p—m>—ie] __ oS (p2—m —ze)]lz > |y > |l’ > |t > (37)



Inserting complete set of [pr > states ([ d®prlpr >< pr| = 1) and using < ¢g|p >= \/%ei‘”’

—i oods is(p24m2tie
o |, 5[ e [ttt

+oo +00 ‘ . .
[/ dt < t]/ dz < z|e -z reE®2)

o0

one obtains

S —

z>]t>—/dt/dzﬁ] (39)

This expression contains the noncommuting quantities F(t) and ; To evaluate these terms
we derived a shift theorem

—+00
/ iz < ple DTN W] 1 5 f ()

[e.9]

oo h d h d
= / de < x — ﬁ@‘ —[a2(y)x2+b(%)+c(y)]‘w ———— > f(y). (39)

This Shift Theorem also implies the important corollary

/_+Oo dpeTWz)? gly) = /_+OO dre= "W g(y) = \/_gE %

These results have the remarkable feature that they are equivalent to Schwinger’s original
expressions for the effective action with the substitution £ — FE(t). That is the adiabatic
approximation appears to give the exact result for the action. Although this is initially
surprising, it is not without precedent. A related result for the one Loop effective action was
found recently by Fried and Woodard [21], using Fradkin’s formulation of the Path Integral,
for the case of an Electric field pointing in the z direction which arbitrarily depend on the
light cone time coordinate z = (2% + z?) . Explicitly they found that the Action integrated
over momentum was also equivalent to the Adiabatic result in the variable 2, namely for

the Fermion Action they obtained:

Iy [A] = (40)

—’LL
=3 / / e ism? {eE(z")scoth (eE(z")s) — 1} . (41)
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ITII. PARTICLE PRODUCTION AND BACK REACTION IN BOOST INVARI-
ANT QED

We assume in what follows that the kinematics of ultrarelativistic high energy collisions
results in a boost invariant dynamics in the longitudinal (z) direction (here z corresponds
to the axis of the initial collision) so that all expectation values are functions of the proper
time 7 = v/t2 — 22. There are many ways of viewing this. In the Landau Hydrodynamical
model, one realizes that as the discs of colliding Heavy Ions get thinner and thinner at higher
energies due to Lorentz contraction effects, then the final result does not have a length scale
in the z direction and velocities have to scale as z/t [18]. Bjorken phrased it a bit differently
[19] in terms of the initial conditions of two heavy ions colliding becomes independent of
longitudinal boosts and so the physics must reflect this boost invariance. Transcribed into
the physics of particle production, we want the evolving chromoeletric (or Electric Field)
to evolve a s a function of proper time 7 so that energy densities depend only on proper
time. A simple field theory model of colliding kinks in 1 + 1 dimension also leads to this
type of picture. [20]. Our model for the production of the quark-gluon plasma begins with
the creation of a flux tube containing a strong color electric field. If the energy density
of the chromoelectric field gets high enough (see below) the quark-anti quark pairs can be
popped out of the vacuum by the Schwinger tunneling mechanism discussed earlier. First
we discuss pair production (such as electron-positron pairs) from an abelian Electric Field
and the subsequent quantum back-reaction on the Electric Field. The extension to quark
anti-quark pairs produced from a chromoelectric field is discussed later. The back-reaction
problem was first discussed []] in a semi-classical approximation using a Vlasov Equation
with a Schwinger source term in the adiabatic approximation. In 141 dimensions this leads

to the equation for the phase space distribution function:

ﬁ + anT(T)% =

- (1% 2f(p, 7)]er| E(7)]

<in |1 e (_%)} 5(py).
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And the back reaction equation (Maxwell Equation)

dE . -cond -pol
T =0 =0 (43)

where j°"® is the conduction current and j7° is the polarization current due to pair creation

[27]

-con dp
Jn ¢ = 26/ . pof(py,7)

2T,
ijl — 2 /—dzj’,7 pTD_f
K F™ | 27x7tp,” Dt
met ™m

= £[1%2(p, = 0,7)| =signE(7)] In [I:I:exp (_IeE—(jﬂH

(44)

Since solving in solving these equations one did not know the validity of either the semi-
classical approximation or the adiabatic equation, it was important to actually solve the
quantum back reaction problem to understand whether Nuclear Theorists using transport
theory to model the quark gluon plasma were making reasonable assumptions. Remarkably,
the transport theory gave a reasonable coarse grained time average of the exact field theory
result. The assumption that the electric field can be treated ”classically” gets translated into
this approximation being the first term in a large-N approximation of QED, where N refers
to having N identical electron flavors [31]. We assume in what follows that the kinematics of
ultrarelativistic high energy collisions results in boost invariant dynamics in the longitudinal
(z) direction so that all expectation values are functions of the proper time 7 = V2 — 22 We
introduce the light cone variables 7 and 7, which will be identified later with fluid proper time
and rapidity . These coordinates are defined in terms of the ordinary lab-frame Minkowski

time ¢ and coordinate along the beam direction z by
z=r1sinhn , t=7coshn. (45)
The Minkowski line element in these coordinates has the form

ds® = —dr? + dz* + dy* + 7%dn” . (46)
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FIG. 1: Proper-time evolution of the electric field E(7) for an initial F = 4.

The QED action in curvilinear coordinates is:

S (VD)0

I3

S = / d 1 (det V)[—%\Iwﬂvﬂxp +
—imUW — iFWFW],
where
VU =(0,+T,—1ieA,)¥
Varying the action leads to the Heisenberg field equation:

1 3
{70 <8T+Z) +7L-5L+77(8n—z'614,7)+m v =0,

and the Maxwell equation: E = E.(7) = —A,(7)

ldE(T) _ g <[\I!,’~y"‘1/}> — % <[\IJT,7073\I/]>.

T dr

(47)

(48)

(49)

(50)

To solve the problem numerically we expand the fermion field in terms of Fourier modes

at fixed proper time: 7, and used a grid in momentum space with a maximum momentum

A.

V) = [0 3R () e

S

+dl(—K)Yp Ty (T)e e,

13
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FIG. 2: Proper-time evolution of the fermionic current j, (7).
The wlfs then obey

1
|:’YO <_T+_T> +i’yJ_-kJ_+i’yS7Tn+m:| ¢1:fs(7'):0, (52)

d 1 , fs
Vi, = l—”yo (—7_ + E) — iy -k —iy mﬁ—m} \;F (53)

YO xs = AsXs (54)

with Ay =1 for s = 1,2 and A\, = —1 for s = 3,4, we then get the mode equation:

( dd =+ wp — Msﬁn) fia(r) =0, (55)

k, —eA
wp =+ kT +m?; Wn:%. (56)

The back-reaction equation in terms of the modes is

LdE(T) _ Z/dk (K2 +mH)N| 52 (57)

TdT

Renormalization is done by realizing eFE is renormalization invariant, so multiplying both

sides of the Maxwell equation by e and recognizing that
e? = Z7HA,m)es(m?) (58)
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where

Z(Am)=1— R(m) | (ﬁ) (59)

672 m

The finite result which is independent of A for large A [31] can be written as

erdER(T _ 2e2, o
Pl )22 Y [0 + s (60)
s=1
This straightforward method of renormalization is to be compared with our original ap-
proach which was based on an adiabatic expansion of a WKB parameterization [7] [25].

Namely we can write:

fis(r) = Nks\/;Q—ks exp {/0 <—z‘ka(T’) - A%) dr’} : (61)

where ()i, obeys the real equation

1, 308, Ao i, 17 7 e
ok Pk L e om0\ RS 20 — 02 62
20, A 20, am, v - el (62)
One then finds that
S )\S‘
2 1E = wﬁ+9i8+<%> + 227 s | (63)
ks

() has an adiabatic expansion:

02 9 1 <22 (1 w2 n 3 mii? n 72 n AT AT n
=w'—— |47 - — - -
s 2?2 w? 4 w 42 w3 2w

Using this expansion we find

4 12 .. ) 2 2
s 7t Sremy\ (wi — 77)

k2 2 —9)\, |fks| _ M n non k n
D 4+ m?) (-2 el -

s=1

5 7
2wy, 4wy

where Ry (7) falls faster than w™2. This then yields

dE € K4m? [ A\  5Am]

_ 2y (ﬁ) Z_E _ e/[dk]Rk(T).

672 m T

(64)
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where A is the cutoff in the transverse momentum integral which has been reserved for last.

Defining de? = (1/67%)In(A/m) as usual we obtain

dE 2¢ 2\ 2
e (L4 €%0e”) = —e /[dk]Rk(T), (65)

after multiplying both sides of the equation by e. The renormalized charge is

2

2 € 2
= ————— = Je“.
°R (14 e2de?) c (66)
Using eg E'r = e/ we obtain
dE
= en [lR(D). (67)

where Ry(7) is defined by Eq. (64), and the integral is now completely convergent. This
method of renormalizing was originally used for quantum fields in curved space, but we see
that it is very cumbersome and unnecessary.

Our original simulations were in 1 + 1 dimensions, and typical proper time evolution of
E and j are shown in figs. 1 and 2. Here an initial value of £ = 4 was chosen. The dotted

line corresponds to the solution of the transport equations discussed above.

A. Spectrum of Particles

Although particle number is not conserved, at each 7 on can diagonalize the Hamiltonian
and define an effective particle number which is the adiabatic particle number which inter-
polates from the initial particle number to the final one if one chooses the initial state to
be the appropriate solution of the free Dirac equation with no particles present at 7 = 7.
Namely,

(B, 70)bo (k. 70)) = (b (K)b(K)) = 0. (68)

with a similarly condition on dy. Introducing the adiabatic bases for the fields via:

Wo) = [0 Y06 Ty (r)e T

S

+dOT (—; 7)o (7)et RT)etex, (69)
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The operators b (k) and bgo)(k; 7) are related by a Bogolyubov transformation:

(1) = ) g, (1)by(k) + G, (r)di(—k)
dO (k1) = Y B (r)bs(k) + ai (r)dl(—k) (70)

One finds that the interpolating phase space number density for the number of particles (or
antiparticles) present per unit phase space volume at time 7 is given by:
nlr) = (00" (s 7)) (ks 7)[0in) = Zm (71)
r=1,2
This is an adiabatic invariant of the Hamiltonian dynamics governing the time evolution.
At 7 = 79 it is equal to our initial number operator. If at later times one reaches the out
regime because of the decrease in energy density due to expansion it becomes the usual out
state phase space number density. The phase space distribution of particles (or antipartcles)
in light cone variables is
d°N
n2dx? dk? dndk,

nk(T> = f(k’n, lﬁ,T) = (72)

We now need to relate this quantity to the spectra of electrons and positrons produced. We
introduce the particle rapidity y and m, = \/k? + m? defined by the particle 4-momentum

in the center of mass coordinate system
k, = (my coshy, k,,m, sinhy) (73)

The boost that takes one from the center of mass coordinates to the comoving frame where
the energy momentum tensor is diagonal is given by tanhn = v = z/¢, so that one can define

the “fluid” 4-velocity in the center of mass frame as
u* = (coshn,0,0,sinhn) (74)
We then find that the variable
2
wr = \/m2 + T—g = ktu, (75)

has the meaning of the energy of the particle in the comoving frame. The momenta k, that

enters into the adiabatic phase space number density is one of two momenta canonical to

17



the variables defined by the coordinate transformation to light cone variables. Namely the

variables

have as their canonical momenta
k: =Bt/ —k.z/T =k k), =—Ez+tk,. (76)

The interpolating phase-space density f of particles depends on k,, ki, 7, and is 7-
independent. In order to obtain the physical particle rapidity and transverse momentum
distribution, we change variables from (7, k,) to (z,y) at a fixed 7 where y is the particle
rapidity. We have
d*N d*N 9
EBE = wdy k2 /Wdz da’ J (kg kL, 7) (77)

where the Jacobian J is evaluated at a fixed proper time 7 and is determined to be

mj cosh(n —y) Ok

J = = 1. 78
coshn 0z | (78)

We also have
k; =m, cosh(n —vy); k,=—71mysinh(n—y). (79)

Calling the integration over the transverse dimension the effective transverse size of the
colliding ions A, we then obtain that:

d*N
wdn dk?

d*N

ndy dk? (80)

:AL/dknf(kn,kL,T) =

This quantity is independent of y which is a consequence of the assumed boost invariance.
Note that we have proven using the property of the Jacobean, that the distribution of
particles in particle rapidity is the same as the distribution of particles in fluid rapidity,
verifying that in the boost-invariant regime that Landau’s intuition based on a hydronamic
picture was correct.

We now want to make contact with the hydrodynamic approach to calculating particle

spectra, namely the Cooper- Frye formula [32]. First we note that the interpolating number

18



density depends on &, and k; only through the combination:

2
wr = \/m? + T—Z = k'u, (81)

Thus f(k,, k1) = f(k,u*) and so it depends on exactly the same variable as the comoving
thermal distribution! We also have that a constant 7 surface (which is the freeze out surface

of Landau) is parametrized as:
do* = A, (dz,0,0,dt) = A dn(coshn,0,0,sinhn) (82)

We therefore find
k'do, = A m Tcosh(n —y) = A, |dk,| (83)

Thus we can rewrite our expression for the field theory particle spectra as

>N

W = AL/dknf(k:n,kL,r) = /f(k:“uu,r)k“dau (84)

where in the second integration we keep y and 7 fixed. Thus with the replacement of the
thermal single particle distribution by the interpolating number operator, we get via the

coordinate transformation to the center of mass frame the Cooper-Frye formula.

B. Hydrodynamic Variables

Our boost invariant kinematics leads to an Energy Momentum tensor which is diagonal

in the(r,n, ) ) coordinate system which is a comoving one. In that system one has:

T"" = diagonal {e(7),p|(7),p.(7),pi(T)} (85)

We thus find in this approximation that there are two separate pressures, one in the longitu-
dinal direction and one in the transverse direction which is quite different from the thermal
equilibrium case. However only the longitudinal pressure enters into the “entropy” equation.

Only the longitudinal pressure enters into the “entropy” equation

€+ p| = Ts (86)
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FIG. 3: Proper-time evolution of 7€(7).

d(eT) .
=F
= TP In
d(s7)  Ejeta
dr T

In the out regime we find as in the Landau Model
sT = constant

basis. The energy density as a function of proper time is shown in fig.3.
For our one-dimensional boost invariant flow we find that the energy in a bin of fluid
rapidity is just:
dE
dn

which is just the (1 + 1) dimensional hydrodynamical result. Here however ¢ is obtained by

/To“dau = A, 7coshne(r) (87)

solving the field theory equation rather than using an ultrarelativistic equation of state. Our
result does not depend on any assumptions of thermalization. We can ask if we can directly
calculate the particle rapidity distribution from the ansatz:

AN 1 dE A,

dyp  mcoshndy m e(r)r (88)

We see from fig. 4. that this ansatz works well even in our case where we have ignored

interactions between the fermions, so that we are not in thermal equilibrium.
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FIG. 4: Proper-time evolution of 7¢/(dN/dn)).

In the field theory calculation the expectation value of the stress tensor must be renor-
malized since the electric field undergoes charge renormalization and one needs to subtract
terms renormalize the cosmological constant. Here we follow the adiabatic method but this
approach is not necessary. We can determine the two pressures and the energy density as a

function of 7. Explicitly we have in the fermion case.

S(r) =< Tpy 5= 75, / (K] Ry (k) + E2/2

where
R, (k) = 2(]93_ + m2)(go+|f+|2 - 90_|f_|2) —w
—(p +m®)(m + eA)?/(8.°7%)
1
py (7)) =< T,y >= 755 /[dk‘]/\szm(k) — §E}2ﬂ2 (89)
where

Ryy(k) = 2f1* — (2w) ™ (w4 Aem) " — Aed /8072
—NeEB[8w° — N /4w + 5 (1 + eA)? /(16w T?)
(90)
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FIG. 5: Proper-time evolution of p/e.
and

pL(T) =< Ty >=<Ty >
= (™Y [0 + ) e, — A )

+E%/2. (91)

Thus we are able to numerically determine the effective time dependent equation of state

pi = pi(€) as a function of 7. A typical result is shown in fig. 5.

IV. QCD BACK REACTION PROBLEM WITH CYLINDRICAL SYMMETRY

Earlier we have seen that pair production from constant External fields in QCD in the
one loop approximation was was not only gauge covariant and given in terms of the Casimirs
(as gauranteed by the Background field method used ) but independent of the gauge fixing
parameter . Also, since the results suggest that event by event the transverse distribution
of jets might depend on the values of the casimirs and not just the initial energy density,
one might be able to find an experimentally observable effect at RHIC and LHC for those
jets coming from the semi-classical quark- gluon plasma produced at RHIC following the

collision of heavy Ions. Knowing that the one loop result is independent of the gauge fixing
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parameter, one can with confidence study the Back reaction problem in an Axial gauge. Since
we are concerned with collisions with azimuthal symmetry, we have chosen to solve the Dirac
equation in a coordinate system with both cylindrical symmetry and in fluid rapidity and
proper time coordinates.

For brevity here we will just discuss pair production of quarks, described by a field ¢ (z)

and satisfying Dirac’s equation:

(7" (00 = g Au(x)) +m]v(z) =0, (92)

interacting with a classical Yang-Mills field A,(z) = Aj(z) T, where T are the generators
of the SU(3) algebra, and satisfying a back-reaction equation given by:

D P (2) = g ([$(x), 3" (2) T* ()] _)/2, (93)

with D> = 6%, 4 g f*° AS(x).

We want to consider a 341 dimensiona case with cylindrical symmetry when the plasma
starts out with all the energy density in the semiclassical gluonic state and then system of
classical glue and produced quarks and gluons expands in a boost invariant manner into the
vacuum. We use the variables z* = (7,7,0,n), which are related to Cartesian coordinates
by:

t = 7 coshn, 2z = rsinhn, x =rcosb, y=rsinf . (94)
For a boost invariant expansion, the classical gauge fields are restricted to be in the 7-

direction and depend only on 7. We also consider only the a = 3 and a = 8 gauge fields

which carry all colors. Then, using the Gell-Mann representation for the A* matrices,

- 1.
V(@) Au() =5 77(@) [A;(7) X + A (m) X°]
1 AS() + A1)/ V3 0 0 (95)
=5 7"(x) 0 — A3 (1) + AS(7)/V/3 0 ,
0 0 —2A8(7)/V/3
We choose an axial gauge, so that only the electric field terms:
" 0A%(T)

() =——2", (96)
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for a = 3 and a = 8 contribute. Then, in our coordinate system, Eq. becomes:

~ (TE“( )) = —g{[$(2),7"(x) T* P(x)] )/2. (97)

70T

Egs. and are the equations we want to solve.

The two Casimir invariants for SU(3) are given by:
C,=E'E*, and C,=[d™E"E"E°]”, (98)

where d®¢ are the symmetric SU(3) structure factors. Choosing E as arbitary linear com-
bination of the two diagonal directions 3 and 8 allows one to cover the range of possible
Casimir invariants.

In Cylindrical Coordinates the canonical quark fields obey (suppressing all SU(3) indices):

N N O(p—p
(balrop ). b 0], = 00 O L0 - )00 ). (09

We can write the Dirac field operator in the cylindrical coordinate system in terms of solu-
tions of the Dirac equation in cylindrical coordinate times appropriate creation and annihi-

lation operators.

57 p.0.1) = / / dekLZZ

h=1+1m=—o0

h —h,—
X {bk ki m Qbk,, k., m(T p,0,m) + dl(c )IIJ_ m Qs(fk,,,kj_,fm(ﬂ p,0,n) } . (100)

where:
G (o) = | (L , , (101)
¢(Mjfmth@ﬁ)
with A = hk,, and where h = £1.
1 eim@Jm(kJ_p>

2 \hetm 0 g, (kip)
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with eigenvalues A = hk, and the helicity A = +1 Orthogonality is given by the relation:

+00 27
h h'
| pde [ 00,000, 0.0)
0 0

+
T [ pdp LI (5p) oK) B T () oK)

0
(kL — k)
Jhik,

The Dirac equation acting on the quantum field leads to the following matrix equation

= (5h,h’ 5m,m’ (27’(’) (103)

for the functions ¢(,7) :

0, +1 (i0, + g A(r))/7 —ihky \ (o), (=) . 104)
(i0, + g A() ) /7 + ihk, i, — 1 6", (7o)
which is independent of m. Introducing the Fourier transform:
h ik, h
gbgi));kj_ (Ta 77) = e’ ¢Ei));kn7’ﬂ (T) ) (105)
gives an equation involving 7 alone:
o, +1 - — ihk ")
i0r + T (T) = 8hEL ) [ S (T)) _ (106)
—mp () +ihky 0, —1 O g 1, (7)
where we have defined 7y, (7) by:
T, (T) = (ky — g A(7) ) /7. (107)

Eq. is the equation we want to solve numerically as a function of 7 for some given
initial spinor at 7 = 7y. Since we have scaled all variable with the fermion mass m we choose
7o = 1. Initially in Axial Gauge the electomagnetic field A can be chosen to be zero. This
allows us to use a complete set of solutions to the "free” Dirac equation corresponding to
the vacuum state as initial conditions. These solutions are also chosen to be adiabatic in

that they will be assumed to hold near 7 = 1 also. That is near 7 = 1, Eq. (106 becomes:

. ) h
i0;+1  —k,—ihky 0, (7) —0 (108)
—]{jn + ’lhkj_ Zaﬂ' —1 (b(()}z)_);knvkl <T)
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which have positive and negative frequency solutions of the form:

1
Wosky by — 1 , .
(750 o k¢< T) = ﬁ . ky —ihk, | exp[ —iwon, k, (T —1)], (109a)
o Woky ey — 1
k, — ihk,
_ Wosknky —1 [ T 7 :
S () = ([Pt g =1 | expl v, (7 1], (109b)
03k ko 1
where wo, &, = 4 /k% + k% + 1. These solutions are orthogonal:
(h, >\ (R,\") _
Z P (o kn,kl O(a);kn,kl(ﬂ =0 (110)
and complete:
Z ¢0(a kn,kJ_ ¢0(5) kn,lﬁ( ) 5aﬁ' (111)
A==£1

So at 7 = 1, we choose our solutions of Eq. ((106]) so that:

Hadtss (1) = B, i, (1) (112)
for « = + and where A = +1 labels the initial positive and negative frequency solutions of
Eq. . The 7-dependent solutions will then be numerically stepped out from the values
at 7 = 1.

Maxwell’s equation becomes:

“k, dk
_ __/ / LdRy IE;:?M(T)’ (113)

1

where jl(f?h (7) is given by the positive energy solutions of the Dirac equation only:

:(h) _ 4(ht) (hyt) h,+)
]k,,,kl<7'>—¢( )kn,kL(T)Qﬁ( )'knkl( )+¢ knkl< )¢(+ knkl< ) (114)
h
= G (T) o G (7).
Here, gb,(;;;gi(T) is the two-component positive energy spinor:
¢ k k (1)
¢kn,kl< T) = (F)kn ko (115)

(hH) ’
¢ Vil kL (1)
and o, the Pauli matrix. Dirac’s Eq. ) and Maxwell’s Eq.  (113), are the update

equations we want to solve simultaneously.
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V. INTERPOLATING NUMBER OPERATOR

When we previously solved the back reaction problem for QED we squared the Dirac
equation and used adiabatic regularization. Now that a simpler renormalization procedure
is being used, a simpler definition of the interpolating number operator can be determined
directly from the Dirac equation. We choose to define our interpolating wave functions in
terms of the exact solutions of the Dirac equation in the absence of external fields. These

zeroth order spinors are given by:

(h,A) ()
¢(h7/\) (7— 0 ) = e’ik‘nﬂ gbo (-‘r);kka <T) XkJ_7m(p’ 0) (116)
Oskn kL, m\ "> P, UM (B n , ,
¢0 (7)7kn7kJ_< ) ij_,m(p’ )

where QS(()},L,;;\]?,U (1) given by Egs. (109). These spinors are also orthogonal and complete.
Expansion of the field operator in the zeroth order spinors then requires that the creation

and annihilation operators A(O},l,;:)k _.m(T) become time-dependent. That is:

~ > dk OOk’J_ko_ <= 2 (h,) h,A
¢(T7 Ps 0#7) = / 2_7:/(; o Z Z Z A(();kn?kL,m(T) ¢[();kn?kL,m(Tv Ps 07 77) ’ (117)

h=41 A=4+1m=—oc0

Because of the orthogonality of the initial spinors, we see that the Aé?,;j?kbm(r) operators
obey the same commutation relations as the time-independent ones at equal time:
(kL —K))

NI

and are a reasonable interpolating number operators at time 7. The interpolating particle

AG (7, Ay 2 (7)1, = O3 O Gon e () 3y — Iy (118)

0;kn,k1,m 0;k; k' ;m

and anti-particle operators at time 7 are

2 (h, 2 (h 2 (h,— ~N—h
AN ) =b (), and AL () =dST (). (119)

0;kn,k1,m

As before we can determine the adiabatic number operator from the Bogoliubov transforma-
tion. The overlap between the adiabatic wave functions and the exact ones is : C’,g:“;’j/)(T)
is given by:

h;)\,)\’ h,\ h,)\’
O (m) = ol (1) o) (7)), (120)
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and is independent of m. So the creation and annihilation operators are related by the

expression:
A (AN ) A0)
A k‘n,k‘L, chn ki k" kim> (121)

which is a Bogoliubov transformation of the operators.

Calling n,(fi) 6.4, (T) be the phase space number density

d°N

n,, ol7) = 0 (122)
oy, dk, ky dk, dgpdnpdpdb
n,g:])h (1) is determined from the interpolating number operators using
A1 £ () (1) 3 iy Ok — K1)
<a0kn,kb¢)<7) %k/ K ¢/( )> = nkn,kb(p(’r) 5h,h’ (27T) 5(’% - kn) \/W (¢ gb) (123)
h) it (h

Mo, o) = 1 CLi () P = 1= |GV (D (124

and is independent of ¢. Explicitly, ]C’kh i) (1) ]2 is

: -1 k,+ihk, 2

C(hﬁ‘,—i—) 2 _ Wy k1 (h,+) 125
| k’mkl (T> | QCUknvkl (+);kn7kl <T> wk?])kl - ]_ ¢( )k”’kj‘( ) ’ ( )

which has unit value at 7 = 1, as required. That is, no particles are produced at 7 = 1.
Right now we are in the process of doing these calculations. The renormalization method
we are using for the back reaction equation will mimic the direct method of using the cutoff

value for the the multiplicative charge renormalization Z(A,m) , in analogy the QED result

found in Eq.

VI. DOES THE PLASMA THERMALIZE?

In order to discuss whether the plasma thermalizes, one needs to have a robust enough
approximation which leads to thermalization for non expanding plasmas. It has been shown
that the 2-PI 1/N approximation does have that property. One then needs to discover

whether the expansion rate will preclude or slow-down the thermalization of the quarks and
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gluons produced. To include interactions among the quarks and gluons one would solve the
coupled Schwinger Dyson equations using the CTP formalism and a 2-PI Action expanded
in 1/N. [31]. Here one would need to keep the background field formalism also to handle the
background Chromoelectric Field. Below we sketch some features of the calculation that we
are about to begin in order to answer the important question of whether the interactions
will drastically change the transverse distribution of jets from that predicted in the case
of noninteracting fermions and gluons. This formalism has already been used in QCD to
determine transport coefficients by Aarts and Resco [33] and we follow their notation here.

The action for Ny identical fermion fields ¢, (a =1,..., Ny) then reads

1 - .
5= [ |- 4 0uliD —m) ] + 5+ (126)
with
A (127)

v

/m: /Cdxo/d?’x, (128)

where C refers to the CTP contour in the complex-time plane. We follow the closed time

D =+"D,, D, =0, +

and we use the notation

path formalism of Schwinger where all the Green’s function can be thought of as ordered
according to the closed time path or equivalently as 2 x 2 matrix Green’s functions. The

2P1 effective action is an effective action for the contour-ordered two-point functions

Dy(z,y) = (|Te (Au(@) A ) ) Savl(@,y) = {Te (Yal@)¥s(1)) [}, (129)

and can be written schematically as

T[S, D] = %trln D+ %tngl(D — Dy) (130)
—itrln S™t — itrSy (S — Sp) + e[S, D] + ghosts, (131)

where Dy ' and Sy ' are the free inverse propagators.
For the gauge theory the NLO Schwinger Dyson equations that result from varying the

2-PI action are:

St=81 -3, D'=D;t -1, (132)
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FIG. 6: NLO contribution to the 2PI effective action in the 1/N; expansion.

&2

FIG. 7: Self energies at at NLO in large Ny QCD.

with S the fermion and D the gauge field propagator. The self energies, depending on full

propagators, are shown in Fig 7. The Back Reaction equation is given by:
V" = (j") = —ig*Try"S (133)

To determine the interpolating number densities of quarks and antiquarks one can fol-
low the procedure of Berges, Borsanyi and Serreau [34] and define these from the current.
Namely the associated 4-current for each given flavor is ~ wy*1). Fourier transforming
with respect to spatial momenta, the expectation value of the latter can be written as
J;f (t,p) = tr[y*S=<(t,t,p)], In terms of the equal-time two point function, its temporal and

spatial components are

Jp(t,p) = 2[1—2Fp(t t;p)],

To obtain an effective particle number, Berges et. al. identify these expressions with the
corresponding ones in a quasi-particle description with free-field expressions. These are given

by

TPt p) = 21+ Qs(t,p)],
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where Qf(t,p) = ny — ny is the difference between particle and anti-particle effective num-
ber densities and Ny(t,p) = (ny + ny)/2 is their half-sum. The physical content of these
expressions is simple: the temporal component J° directly represents the net-charge density
per mode Qf(t,p), whereas the spatial part J is the net current density per mode and is
therefore sensitive to the sum of particle and anti-particle number densities. Identifying the

above expressions, theydefine

5 Qst.p) = —F(t.t:p). (134)

%_Nf(tvp) = FV<t7t;p>‘ (135>

Using these definitions and solving the backreatction problem to NLO in 2-PI 1/N we would
also be able to discover if there is time for the produced quarks and antiquarks to thermalize
before hadronization time scale and to see if the constant field result for the transverse

distribution will be modified by the interactions.
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