
Fluctuation and Dissipation in Nonequilibrium QFT and Studying

Local Effective Langevin Dynamics
Rudnei O. Ramos

Rio de Janeiro State University, Rio de Janeiro, Brazil

Introduction

Nonequilibrium dynamics is expected to happen in many
pressing topical phenomena, including, for example, heavy-
ion collisions and cosmology. In the context of cosmology,
we have interest in understanding processes like particle
production in the early universe and the physics of preheat-
ing after inflation. In the context of heavy-ion collisions,
the recent experiments in the RHIC concerning the possi-
bility of formation of a quark-gluon plasma, the study and
understanding of the processes involved require the use
of nonequilibrium quantum field theory methods. Though
different approaches can be used to study the dynamics,
we here concentrate on the study of the dynamics using
Langevin equations method. In the Langevin-like approach
we are only concerned with the dynamics of the relevant
field describing the system and not on the whole dynam-
ics that includes the remaining field modes. These in-
stead act on the system through dissipative and stochas-
tic noise terms, whose effects then become manifest. This
is a much more economical way of studying the nonequi-
librium dynamics, when compared to other methods, like
kinetic approaches, since we concentrate only on a given
(more relevant) field mode. Also, numerical methods to
solve Langevin equations are rather simpler. In the simplest
situation of solving the dynamics using Langevin equations,
the interaction with the environment is modeled by noise
and dissipation terms and these terms are considered as
local (Markovian) ones. However, microscopic derivations
based on quantum field theory methods lead to complicate
nonlocal equations of motion [1, 2]. Since there is an im-
mense saving of effort as well as much more transparent
understanding of the physics from a local equation as op-
posed to a nonlocal one, since the former can generally
be analyzed with much less numerical treatment than the
latter, thus it is a very important question when and how
accurately the generally nonlocal effective equations can
be approximated by a local form. Numerical results from
simulations for a specific model are shown here and the
local (Markovian) and nonlocal (non-Markovian) equations
are then compared for different region of parameters.

Langevin-like Equations in Quantum Field Theory

We consider a simple model of a scalar field φ in interaction
with an ensemble of thermal radiation fields. The field φ is
coupled directly to a single scalar field χ. The Lagrangian
density is Lφ + Lχ + Lσ, where Lφ is the λφ4 theory,

Lχ[φ, χ] =
1

2

(
∂µχ

)2 − 1

2
m2

χχ2 − g2

4
φ2χ2 , (1)

and Lσ[χ, σj] includes additional field variables that can be
coupled to χ. The field φ is considered as a classical field
configuration whose dynamics we are interested in and χ
a thermalized quantum field at some temperature T . The
additional scalar fields help maintain χ in equilibrium. The
effective action for the φ field is determined by integrating
out the field χ in the generating functional. Note that the
additional interaction terms L[χ, σj] modify the χ two-point
function and the χ vertex functions. In the closed-time path
formalism, keeping terms up to order O(g4), which is the
order where nontrivial results first appear (e.g. dissipation
and fluctuation terms), the effective action for φ, in Keldysh
representation, is

Γ[φc, φ∆] = −
∫

d4xF(x)φ∆(x)

+
1

2

∫
d4xd4x′ φ∆(x)iΣF (x, x′)φ∆(x′), (2)

where the field equation is

F = (∂2+m2
φ+

λ

3!
φc(x)2+Σloc)φc(x)+

1

2

∫
d4x′ΣR(x, x′)φc(x

′),

with mass correction depending on the (regularised)
dressed Keldysh propagator F (χ), Σloc = −g2

2 F (χ)(0). The
self-energy terms can be expressed in terms of the Keldysh
propagator and spectral function ρ(χ),

ΣR(x, x′) = −g4

2
F (χ)(x, x′)ρ(χ)(x, x′)φc(x)φc(x

′)θ(t− t′)

ΣF (x, x′) = −g4

2

(
F (χ)(x, x′)2 − 1

4
ρ(χ)(x, x′)2

)
φc(x)φc(x

′),

where ρ(x, x′) = i〈[χ̂(x), χ̂(x′)]〉 and F (x, x′) =
1
2〈{χ̂(x), χ̂(x′)}〉. The last term appearing in Eq. (2),
quadratic in φ∆, is an imaginary contribution to the effective
action. It can be rewritten in terms of a Gaussian stochastic
noise field ξ(x). This results in the stochastic EOM,

(∂2 + M2
φ)φc(x) +

λ

3!
φc(x)3 + φc(x)

∫
d4x′D(χ)(x, x′)φc(x

′)φ̇c(x
′)

= φc(x)ξ(x) , (3)

with multiplicative non Markovian noise, satisfying 〈ξ(x)〉 =
0 and two-point function (noise kernel) given by

〈ξ(x)ξ(x′)〉=N (χ)(x, x′)=−g4

2

[
F (χ)(x− x′)2 − 1

4
ρ(χ)(x− x′)2

]
,

(4)
and dissipation kernel defined from

Σ
(χ)
ρ (x, x′) = −2

∂

∂t′
D(χ)(x, x′) , (5)

where

Σ
(χ)
ρ (x, x′) = −g4

2
F (χ)(x− x′)ρ(χ)(x− x′) sgn(t− t′) . (6)

The Keldysh component (noise kernel) and the retarded
component (dissipation kernel) of the self-energy satisfy a
generalized fluctuation-dissipation relation. Fourier trans-
forming Eqs. (4) and (6), we find that the noise and dissipa-
tion kernels satisfy the generalized fluctuation-dissipation
relation [3]

N (χ)(p, ω) = 2ω

[
n(ω) +

1

2

]
D(χ)(p, ω) . (7)

Markovian Approximation for the Noise and
Dissipation Kernels

Note that in the classical approximation, where the
Rayleigh-Jeans regime ω � T applies, 2ω [n(ω) + 1/2] →
2T , and Eq. (7) reproduces the classical relation between
the fluctuation two-point function and the dissipation. As
also was discussed in Refs. [1, 2], at high temperatures
(typically T � mχ, mφ) the noise and dissipation kernels
tend to approach local forms and then Eq. (3) seems to
be well approximated by a Markovian form, with a white
multiplicative noise term. If a local approximation for the
noise two-point correlation function exists, then N (t− t′) ≡
N0δ(t− t′), with

N0 = Ñ (0) = TD0 . (8)
The nonlocal EOM Eq. (3) becomes

(∂2 + M2
φ)φc(x) +

λ

3!
φc(x)3 + D0 φ2

c(x
′)φ̇c(x)

= φc(x)ξ(x) , (9)

with 〈ξ(x)ξ(x′)〉 = N0δ(t−t′)δ(x−x′). Explicitly, for Lσ[χ, σ] =
hMχσ2, the Fourier transform of Eq. (4) becomes (for ho-
mogeneous scalar field, φc(x) ≡ φc(t), p ≡ |p| = 0)

N (χ)(ω) ' g4

4

(
eβω + 1

) ∫
d3k

(2π)3

×
∫ ∞

−∞

dω′

2π
n(ω′)n(ω − ω′)ρ̃χ(k, ω′)ρ̃χ(k, ω − ω′) ,

where

ρ̃χ(k, ω) =
4ωχ(k)τ−1

χ (k, ω)[
ω2 − ω2

χ(k)
]2

+
[
2ωχ(k)τ−1

χ (k, ω)
]2

.

and

τ−1
χ (k, ω) ' h2M2

16πωχ(k)
[θ(ω − p)− θ(−ω − p)]

+
h2M2

8πωχ(k)

T

k
ln

[
1− e−β|ω+k|/2

1− e−β|ω−k|/2

]
.

The local noise N0, and then the corresponding local dissi-
pation term D0, follow from

N0 =

∫ ∞

0
dt′

∫ ∞

−∞
dω e−iω(t−t′)N (χ)(ω) . (10)

The nonlocal Kernels: low-T and high-T
approximations

The noise amplitude, Ñ (ω) = g4h4M4T 4

4m8
χ

F(h, x), x = ω/T :

Langevin Evolution for φ: Local and Nonlocal
approximations

φ(t) averaged over the noise (10000 realizations). The
Markovian versus non-Markovian approximations:

Case h = 0.1, g2 = 0.01:

Case h = 1, g2 = 0.1:
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