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Microwave	La#ce	Sites

Modes of Transmission Lines Resonators

Fig. 2.6 Schematic illustration of a typical coplanar waveguide (CPW) resonator used in

circuit QED together with its discretized lumped-element equivalent circuit. The qubit lies

between the center pin and the adjacent ground plane and is located at an antinode of the
electric field, shown in this case for the full-wave resonance of the CPW. From Blais et

al.(2004).

Each segment of the line of length dx has inductance ℓ dx and the voltage drop along
it is −dx ∂x∂tΦ(x, t). The flux through this inductance is thus −dx ∂xΦ(x, t) and the
local value of the current is given by the constitutive equation

I(x, t) = −
1

ℓ
∂xΦ(x, t). (2.121)

The Lagrangian for a system of length L (L is not to be confused with some discrete
inductance)

Lg ≡
∫ L

0
dxL(x, t) =

∫ L

0
dx

[
c

2
(∂tΦ)

2 −
1

2ℓ
(∂xΦ)

2

]
, (2.122)

The Euler-Lagrange equation for this Lagrangian is simply the wave equation

v2p∂
2
xΦ− ∂2tΦ = 0. (2.123)

The momentum conjugate to Φ(x) is simply the charge density

q(x, t) ≡
δLg

δ∂tΦ
= c∂tΦ = cV (x, t) (2.124)

and so the Hamiltonian is given by

H =

∫ L

0
dx

{
1

2c
q2 +

1

2ℓ
(∂xΦ)

2

}
. (2.125)

Coplanar Waveguide Resonator
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electric field, shown in this case for the full-wave resonance of the CPW. From Blais et

al.(2004).
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is the purely quantum limit, where the atom and cavity evolve via their 
coherent coupling in the absence of dissipation. This system simply obeys 
the Schrodinger equation with the Jaynes-Cummings Hamiltonian [48], 

Hjc = hcoh+h + hcoS+6 + hgo(h~ + + h+8). (25) 

Here we consider a two-level atom and co is the common resonance 
frequency of both atom and cavity. Diagonalizing this Hamiltonian gives 
rise to the well-known Jaynes-Cummings ladder of eigenstates for the 
coupled atom-cavity system, as illustrated in Fig. 18. The coupled 
eigenstates are characterized by the equal sharing of excitation between 
the atomic dipole and cavity field, so that the n-excitation bare states Ig, n} 
and le, n -  1) of energy nhco are replaced by 

1 
14-'> -- ~ (Ig, n} -t-le, n - 1)), (26) 

Ig,3},le,2} 

Ig,2},le,1} 

Ig,]},le,0} 

(L )  ' r 

i 
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A L  
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1+3) 
I--3) 
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]g,0 o3 

} / / / / / / / / / / / / / / / / / /  

] unc~ I [ coupled  

FIG. 18. Jaynes-Cummings ladder of eigenstates for the coupled atom-cavity system. Bare 
eigenstates of the atom and cavity field are shown on the left, labeled by atomic internal state 
and number of photons in the cavity mode, under the condition COc = coa = co. When the atomic 
dipole is coupled to the cavity field with single-photon Rabi frequency 2g0, the energy 
eigenstates form the ladder shown on the right. The Jaynes-Cummings ladder has pairs of 
strong- and weak-field-seeking states with each pair split by an energy that rises as the square 
root of the number of excitations. 
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circuit QED together with its discretized lumped-element equivalent circuit. The qubit lies

between the center pin and the adjacent ground plane and is located at an antinode of the
electric field, shown in this case for the full-wave resonance of the CPW. From Blais et

al.(2004).
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CPW	La#ces

• Capacitive coupling of resonators 

• Tight-binding solid

• t < 0

HTB = !0

X

i

a†iai � t
X

<i,j>

(a†iaj + a†jai)

Underwood	et	al.	PRA	86,	023837	(2012)
Houck	et	al.	Nat	Phys	8,	(2012)
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Heptagon-Kagome	Device

• 2 shells

• Operating frequency: 16 GHz

• 4 input-output ports

Kollár	et	al.	arXiv:1802.09549	(2018)
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• Stability	controlled	by	interplay	of	K	and	Kerr

• Data	suggests	mode	spacing	and	Kerr
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• Rewrite	drive	and	Kerr	terms
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• Stability	controlled	by	interplay	of	K	and	Kerr

• Data	suggests	mode	spacing	and	Kerr

• EffecJve	Hamiltonian
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