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QubitsQubits and pieces #1: and pieces #1:
From From AnyonsAnyons to Algebra to Algebra’’ss
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The The QubitsQubits and pieces and pieces

Q-ComputationQ-Computation

Q-InformaticsQ-Informatics TheoryTheory ExperimentExperiment

Error Error corrcorr. code. code Q-AlgorithmsQ-Algorithms FQHEFQHE Ion traps/Q-opticsIon traps/Q-optics

J. Junction networksJ. Junction networks

Top.FT/Conf.FTTop.FT/Conf.FT

ComplexityComplexity

CondCond. Mat.. Mat.Lots of Math.Lots of Math.

Lattice ModelsLattice Models
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A survey of the theoretical battle fieldA survey of the theoretical battle field

String theory     Conformal Field theory   Chern-Simons theory

Condensed matter theory      Anyons Integrable models
Quantum Hall Systems           Topological Phases Lattice systems
Bose-Einstein condensation   Quantum computation Critical
Phenomena ……..                                   …………                            ………..

Einstein Gravity

Gauge theory

(2+1)-dim Gravity

Discrete gauge theories

M-theory
          
AdS/CFT
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Telephone gameTelephone game

mother died

Mother died in hospital

Mother died in accident

Mother was killed in accident

Mother was killed

Mother killed by who

Who killed mother

Her son wasn’t very nice to her

You killed your mother!
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A perfect messengerA perfect messenger
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PefectPefect messenger ? messenger ?
Parallel transportParallel transport

Deficit angle
ΔΦ = Ω
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VorticesVortices
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A distorted viewA distorted view



3/7/063/7/06 Qubits & piecesQubits & pieces

HendrikHendrik  LenstraLenstra:  A sequence of maps:  A sequence of maps

Rotation 41Rotation 4100

Scaling 0.75Scaling 0.75

W= exp zW= exp z W= exp zW= exp z

http://http://escherdroste.math.leidenuniv.nl/index.phpescherdroste.math.leidenuniv.nl/index.php
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How well did we/Escher do?How well did we/Escher do?
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The perfect Escher The perfect Escher ……
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The solutionThe solution
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So the story goes on and on and on So the story goes on and on and on ……
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The other The other EschersEschers……
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A sound experimentA sound experiment

Interference & topology:  L Interference & topology:  L bb - L  - L cc= n= nλλ
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eApp +!
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Flux Flux qubitsqubits

TopQCTopQC
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Flux Flux qubitsqubits
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QuasiparticleQuasiparticle interferometers interferometers
                                                                          (Goldman et al.)(Goldman et al.)
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Interference patternsInterference patterns
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Charge-flux composites: Charge-flux composites: anyonsanyons

ΦΦqq



||ΦΦ,,qq> > 
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HolonomyHolonomy

qq11ΦΦ11qq22ΦΦ22



3/7/063/7/06 Qubits & piecesQubits & pieces

Quantum statistics:Quantum statistics:
Exchange of indistinguishable particlesExchange of indistinguishable particles

qqΦΦqqΦΦ

qq22qq11

ΦΦ11 ΦΦ11

==

==
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D=3 versus  D=2D=3 versus  D=2

qqΦΦqqΦΦ

D= 2:      D= 2:      ττ  ≠    ττ  -1-1

D= 3:      D= 3:      ττ = =    ττ  -1-1
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Braid group generatorsBraid group generators

ττ11 ττ22
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Relation between generators (Yang Baxter)Relation between generators (Yang Baxter)

ττ1 1 ττ22  ττ11

==

ττ2 2 ττ11
ττ22

==
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Defining relations between generatorsDefining relations between generators

D D ≥≥ 3   3  Permutation group Permutation group SSnn::

ττ= = ττ  -1-1      ττ22 =1   =1    ττ = ±1    +1  = ±1    +1   Bosons  Bosons
                                            -1                                              -1    Fermions  Fermions

ττ1 1 ττ22  ττ11 ττ2 2 ττ11  ττ22==

D = 2  Braid group   Bn:

        ττj j = = eeiiθθ                  AnyonsAnyons

 Matrices   non- Matrices   non-AbelianAbelian  
                                                          anyonsanyons      

((ττ  ≠  ττ  -1-1))
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   Braids & Knots   Braids & Knots
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Braids & KnotsBraids & Knots
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Ribbon algebrasRibbon algebras
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Ribbon diagramsRibbon diagrams

==anyonanyon anti-anti-anyonanyon

2 2 ππ  rotationrotation
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Two Two anyonanyon——anti-anti-anyonanyon pairs pairs
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AnyonAnyon interchange interchange
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Spin-statistics connectionSpin-statistics connection
                   as a topological equivalence                   as a topological equivalence

==

Effect of interchange  is equivalent to 2Effect of interchange  is equivalent to 2ππ rotation rotation
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ChernChern-Simons Theory (d=2+1)-Simons Theory (d=2+1)
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CS classification: Group CS classification: Group cohomologycohomology

 Classification CS theories by HClassification CS theories by H44(BG,Z)(BG,Z)
 For finite group H  For finite group H  

HHnn(BH,Z) = (BH,Z) = HHnn(H,z(H,z))
HHnn(H,Z) = H(H,Z) = Hn-1n-1(H,U(1))(H,U(1))

  H H44(BH,Z) = H(BH,Z) = H33(H,U(1))(H,U(1))
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CS for finite CS for finite abelianabelian groups groups

 Consider H = (ZConsider H = (ZNN) ) k  k  then:then:

 HH11(H,U(1)) = (Z(H,U(1)) = (ZNN))  
kk

 HH22(H,U(1)) = (Z(H,U(1)) = (ZNN))  
½k½k(k-1)(k-1)

 HH33(H,U(1)) = (Z(H,U(1)) = (ZNN))  
k+k+½½k(k-1)+1/6k(k-1)(k-2)k(k-1)+1/6k(k-1)(k-2)
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Three types of CS actions (?)Three types of CS actions (?)

 I: (decoupled U(1) theories)I: (decoupled U(1) theories)
L = L = ΣΣ  µµii A A (i) .  (i) . FF(i)(i)

 II: (coupled U(1) theories)II: (coupled U(1) theories)
L = L = ΣΣ  µµijij A A (i) .  (i) . FF(j(j))

 III:III:
Non-Non-abelianabelian theories! E.g.  theories! E.g. (Z(Z22) ) 33    DD22
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Non-Non-abelianabelian strings / defects /  strings / defects / anyonsanyons
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UniaxialUniaxial  nematicnematic

G=S0(3)
H = O(2) = U(1) x| Z2

Uniaxial nematic   Alice electrodynamics
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Goldstone modesGoldstone modes

Generator      Tx Ty
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The ZThe Z22 defect defect

Π1 (G/H) = Π0 (H) = Z2
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 Frame dragging by the Z Frame dragging by the Z22  defect  defect

x

yx

y
z

z

Frame gets rotated by angle π around x-axis
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Topological interaction of modes with defectTopological interaction of modes with defect

Presence of defect
 Obstruction to global implementation of certain symmetries
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LatticeLattice
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Lattice with spinsLattice with spins
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Breaking the Euclidean groupBreaking the Euclidean group

G = Euclidean group of continuous rotations and translations 
      (E3 = 6 parameter goup , E2 is three parameter group)

H = Discrete symmetry group of crystal latticeH = Discrete symmetry group of crystal lattice
      (Square lattice in d=2:  H = Z      (Square lattice in d=2:  H = Z44  XX (Z x Z) (Z x Z)

Excitations: Excitations: 
1. Goldstone modes  1. Goldstone modes   Phonons G/H (fundamental) Phonons G/H (fundamental)
2. 2. SolitonsSolitons (defects)   (defects)    ππ11(G/H) = (G/H) = ππ00 (H) = H (topological) (H) = H (topological)

         group H classifies line/point defects group H classifies line/point defects

(R(R11, a, a11) (R) (R22, a, a22) = (R) = (R11RR22, a, a11 + R + R11aa22))
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VolterraVolterra moves: a defect classification moves: a defect classification

DislocationsDislocations

Disclinations
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Dislocation: translational defectDislocation: translational defect

 Defect (1, a)Defect (1, a)
 BurgersvectorBurgersvector a a



3/7/063/7/06 Qubits & piecesQubits & pieces

5-fold symmetry?5-fold symmetry?

R17 virusR17 virus
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DisclinationDisclination
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DisclinationDisclination: Rotational defect: Rotational defect

Defect (R, 0)Defect (R, 0)

  R=R(-  R=R(-ππ/2)/2)
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Two non-commuting defectsTwo non-commuting defects
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Braiding of Braiding of noncommutingnoncommuting defects defects

ΤΤ : :

(1,a)(R,0) (1,a)(R,0) 

 (1, a)(R,0) (1,-a)(1, a) (1, a)(R,0) (1,-a)(1, a)

= (R, a - Ra) (1, a) = (R, a - Ra) (1, a) 

= (R, a)= (R, a)
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Braiding of Braiding of noncommutingnoncommuting defects defects

ΤΤ-1-1 : :

(1,a)(R,0) (1,a)(R,0) 

(R,0)(R(R,0)(R-1-1,0)(1,a)(R,0),0)(1,a)(R,0)

 (R,0)(1,R (R,0)(1,R-1-1 a) a)

= (= (R,aR,a))
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Non-Non-abelianabelian flux in discrete gauge theories flux in discrete gauge theories

W = aW = a

group element of group element of HH algebraalgebra
aa

WW’’ = hah = hah-1-1

CCAA = {hah = {hah-1-1}}

Setting: continuous G breaks to discrete HSetting: continuous G breaks to discrete H
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Composition rules: Fusion of defectsComposition rules: Fusion of defects

aabb
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c = bac = ba

Composition rules: Fusion of defectsComposition rules: Fusion of defects

CA CB = NAB
C CC
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Interchange: braiding of defectsInterchange: braiding of defects
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Interchange: braiding of defectsInterchange: braiding of defects

aa’’ bb’’

R(baR(ba) = ) = aa’’bb’’
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Interchange: braiding of defectsInterchange: braiding of defects
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Interchange: braiding of defectsInterchange: braiding of defects
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Interchange: braiding of defectsInterchange: braiding of defects
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a= ba= b-1-1aa’’ b b

bb
aa’’

bb-1-1

  aa’’ =b a b =b a b--
11

Interchange: braiding of defectsInterchange: braiding of defects
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  aa’’ =b a b =b a b--
11

bb’’ =b =b

Interchange: braiding of defectsInterchange: braiding of defects
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Algebraic argumentAlgebraic argument

 R(baR(ba) ) = = aa’’bb’’
 in fact ba = in fact ba = aa’’bb’’    (c=c)    (c=c)
 we note that bwe note that b’’=b=b
  ba =  ba = aa’’bb
  a a’’=bab=bab-1-1
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MultiparticleMultiparticle braid relations braid relations
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Braid group Braid group BBnn  on n strandson n strands
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Braid group generatorsBraid group generators

ττ11 ττ22
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Relation between generators (Yang Baxter)Relation between generators (Yang Baxter)

ττ1 1 ττ22  ττ11

==

ττ2 2 ττ11
ττ22

==
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Consistency of braiding and fusionConsistency of braiding and fusion

==
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AssociativetyAssociativety of fusion rules of fusion rules

aa bb

== Σ  Σ  FF
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Pentagon relationPentagon relation

aa
bb

aa cc

cc
dd

bb

ee ee

ffFF

FF

FF

FF

FF
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Hexagon relationHexagon relation

aa

bb bb

cc

ccaa

11 22 33

11 22 33 22 33 11

22 33 11

22 11 3322 11 33

FF

RR

RRRR

FF FF
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Knots in d=3 etc.Knots in d=3 etc.
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HopfHopf-algebra-algebra’’ss
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The Quantum Double D(H)  The Quantum Double D(H)  ((DrinfeldDrinfeld, DPR), DPR)
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Representation TheoryRepresentation Theory
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Action of Action of braidgroupbraidgroup on two particle state on two particle state
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Braiding etc.Braiding etc.
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Suspenders diagramSuspenders diagram

(R21 R12) Δ =(c x c)Δ c -1
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The dihedral group The dihedral group DD22

XX11

XX11

XX33

XX33

XX22 XX22

ee

ee

ee
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The double dihedral group The double dihedral group DD22
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Representations of D(Representations of D(DD22))
                                            Spectrum of excitationsSpectrum of excitations

Particle types: 

Spin factor:

electric

magnetic

dyonic



3/7/063/7/06 Qubits & piecesQubits & pieces

Fusion rules for different particle typesFusion rules for different particle types
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Fusion rules for different particle typesFusion rules for different particle types

Cheshire chargeCheshire charge
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EntanglementsEntanglements

{|{|XXaa>|X>|Xaa>+|X>+|Xaa>|>|XXaa>}>} {|10>|01>-|01>|10>}{|10>|01>-|01>|10>}

{|10>|01>+|01>|10>}{|10>|01>+|01>|10>}

JJaa

{|{|XXaa>|X>|Xaa>-|X>-|Xaa>|>|XXaa>}>}

JJaa

σσaa σσaa χχ χχ

11 11

11
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The truncated braid group B(3,4)The truncated braid group B(3,4)

The group B(3,4) has 96 elements and 15 The group B(3,4) has 96 elements and 15 conjugacyconjugacy classes.  classes. 

Investigate the following three particle fusion productInvestigate the following three particle fusion product

( 2 x2 ( 2 x2 x2x2 = 4 x 2) = 4 x 2)
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ConjugacyConjugacy classes of B(3,4) classes of B(3,4)
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Character table of B(3,4)Character table of B(3,4)
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Non Non abelianabelian  braidgroupbraidgroup representations representations

Decompose the tensor product representation under  D(D2) x B(3,4)Decompose the tensor product representation under  D(D2) x B(3,4)

For D(D2) For D(D2) 

Under B(3,4) Under B(3,4) 

Combined  Combined  
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Non Non abelianabelian  AhoronovAhoronov  BohmBohm scattering scattering
(E. (E. VerlindeVerlinde))
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Summary/PerspectiveSummary/Perspective
 Variety of defects/Variety of defects/quasiparticlesquasiparticles:  :  anyonicanyonic composites composites
 Determination of a consistent labeling of charge/flux sectorsDetermination of a consistent labeling of charge/flux sectors
 Non-Non-abelianabelian fusion and braiding properties fusion and braiding properties
 Quantum groups/ Quantum groups/ HopfHopf algebras algebras

 provide a natural language in which ordinary/electric and provide a natural language in which ordinary/electric and
topological/magnetic quantum numbers appear on equaltopological/magnetic quantum numbers appear on equal
footing!footing!

 Multi (Multi (quasi)particlequasi)particle reps  of braid group (non- reps  of braid group (non-abelianabelian
statistics)statistics)

 Breaking of quantum symmetries by electric/magnetic/Breaking of quantum symmetries by electric/magnetic/dyonicdyonic
condensatescondensates

 Classification of many possible confinement phenomenaClassification of many possible confinement phenomena
 Applications in Hall effect en BEC/Discrete gauge theories/Applications in Hall effect en BEC/Discrete gauge theories/

Gravity/Gravity/NematicsNematics, Defect mediated melting etc, Defect mediated melting etc
 (Topological) Quantum computation(Topological) Quantum computation
 Similar phenomena in d>2Similar phenomena in d>2
 Statistics Statistics –– distribution functions etc distribution functions etc
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HopfHopf symmetry breaking symmetry breaking

 Imagine a condensate to form in a state |v> in παΑ
 Look for maximal Hopf algebra that leaves |v> invariant:

           πa
e(P) |v> = ε(P) |v> = f(e) |v>

 Examples:
 Electric condensate:
παΑ (f x p) |v> =  f(e)  α(p) |v>  = f(e) |v>

  p ε Nv   and  T= F(H) x CNv

 Magnetic condensate:
ποΑ (f x p)  |v(y)>  = f(y gA y -1) |v(p -1y)>

 p ε Ng   and  T= F(H/K) x CNg
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Gauge invariant condensatesGauge invariant condensates

 Gauge invariant magnetic condensate:Gauge invariant magnetic condensate:
|v> = |v> = ΣΣ  v(yv(y)    )    with  with  Σ Σ  yg ygAAyy-1-1 = C = CAA

ποΑ (f x p)  |v(y)>  = Σ |v(p -1y)> = |v>

(class sum is per definition invariant under conjugation)

 T =  F(H/K) x CH

 Dyonic condensates
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What is the physics of breaking?What is the physics of breaking?

 Construct representations Construct representations   ΩΩ  jj  of of T ≤ D(H)
 Decompose Π Aα into {ΩΩ  jj  }}
 Look at braid relations of |v> and states in Look at braid relations of |v> and states in otheothe T reps. T reps.

(hard)(hard)
 If If |v>|v> and  and |w>|w>  εε  ΩΩ  jj have nontrivial braiding  have nontrivial braiding (R (R 22))    then:then:

    |v>|v> cannot be single valued around  cannot be single valued around |w>|w>
      ΩΩ  jj    particles will have a string (domain wall) attachedparticles will have a string (domain wall) attached

    ΩΩ  j j  particle will  be confined! particle will  be confined!

 Particles with trivial braiding surviveParticles with trivial braiding survive
 TenssorTenssor products  products ΩΩ  ii    X X ΩΩ  jj    ==    N N ijkijk  ΩΩ  kk
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Residual Residual HopfHopf symmetry symmetry

 The The nonconfinednonconfined representations of T form a closed set representations of T form a closed set
under tensor product ofunder tensor product of T T

 This set can be viewed as the representations of yet anotherThis set can be viewed as the representations of yet another
HopfHopf algebra  algebra UU

 There is a There is a surjectivesurjective map  map Γ :Γ : T  T  U U

 Walls are Walls are characterizeccharacterizec by reps of by reps of  KerKer  ΓΓ



3/7/063/7/06 Qubits & piecesQubits & pieces

Final pictureFinal picture
Quantum groupQuantum group

D(H)D(H)

Residual Residual HopfHopf symmetry  symmetry 
TT

Unconfined algebra Unconfined algebra 
UU

IrrepsIrreps classify excitations classify excitations
of unbroken phaseof unbroken phase

Reps classify excitations Reps classify excitations 
in broken phase in broken phase 

Reps classify unconfined Reps classify unconfined 
reps in broken phase reps in broken phase 

SymmetrySymmetry
breakingbreaking

by condensateby condensate

ConfinementConfinement

HopfHopf kernel   kernel  KerKer  ΓΓ

IrrepsIrreps      KerKer  ΓΓ

label domain wallslabel domain walls

Injective Injective HopfHopf map map

SurjectiveSurjective  HopfHopf map map
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