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Connection with SO(2N)

Vi = (CLz' =+ GJ;L), Yi+N — z‘(aI - az‘)-

{7is vt = i + 757 = 2035

] <~ 1
= HBogoliubov — 5 Z hijrij + §tl”H
1,7=1
1 .
L' = 4—2.[%',%‘] € Lie [SO(2N)]

Re(H +A), —Im(H — A)

hi; = (—Im (H+A), —Re(H - A))ij'
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Bogoliubov transformation

a; = Uigba + Vb

ol = Vinbe 4+ 15 D]

[ oot

= F < —F symmetry




N
~ 1 1
HBogoliubov — Z §Ea(b2ba — babL) + 5’51‘ H

a=1

1
— ZE 7&+Nafya]+2trH
1 o 1 e~ ()
S STUTNE NI
a=1 a=1 i=1

(Vo = Ouii, Where O € SO(2N).)
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BCS Ground State

Ground state b;|0), = 0,
= (a; + GLUZQ(U*_l)az‘)‘O% =0, ¢=1,...N.

ok x—1y . _ Q..
Sz'j = qua(u )04]7 Szy — sz

1 1
exp {—a aTS }ak exp {——a aTS } = a + al-LSik.

2 v 2 v

= |0), _Nexp{§aTaTs } 0)
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2n-particle Pfafflan wavefunction

Let
def 1
1S) exp{§aja3 }\o>
and
i1, 19, 1on) = al;nal;n 1 ajl|0>a.
Then
o . 1 .
<Zl, 19, ... 722n‘S> — 2n—n|6511’f22 ’6]22n S]1]2 SRR San_len

= €iyin..in, PT(S).

(Freeman Dyson?)
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BCS Normalization

def 1
5) © exp{§aga}sij} 0), ,

= (S1]92) = det "/2(I + 5] 95),

= N = det “Y*(1 + 579).

e This det /2 is sometimes called a “Pfaffian”. Although it
IS not the usual object of that name, it has the Pfaffian
property of being a polynomial in its entries.

e The collection of ground-state wavefunctions is

therefore a Pfaffian line bundle over the symmetric space
SO(2N)/U(N).

e The states |S) are holomorphic in the parameters .S;;.
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Berry Phase

1 :
I\ = — Indet (7 + 578),  (Kéhler Potential)

1 1
iABorry = (8 “Nds;; 9 “Ndsij>

2\ s}, 9S;;
1 N v )
- 52 o) (12 ) + 5 {Arg detu))

(Remember that it is the (v*, «*) that have negative energy,
and so are "occupied" in ground state.)
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Bogoliubov-de Gennes equation

R e ()2 ()
Al +5 Vi | \V v




Bogoliubov-de Gennes equation

T e ()2 ()
AT +2mv2+,u v v

A — % (|l§f|) LiP/2 {Z P} LiP/2

Yap = (1(o - d)o2)as-

¢ = local phase



Bogoliubov-de Gennes equation

R e ()2 ()
Al +5-V2 4+ |\ v

= —(0y +10,),

_ (219
B or rdof)’




Bogoliubov-de Gennes equation




Bulk Modes

Up(r,0) = 1 [(E +e+ A)ei(lH)QJHl(/W)]
PR T JEETA) | (B = e+ ) (k)
E = —I—\/ + (k/kp)2A2 e =k*/2m — p.
1 (|E| — A — €)efHD0 7, (kr)
\Ij—]E],l(T7 9) — — _A ilo I 9
2VIE[(IE = A) L (Bl = A+ e (kr)

E = —\[e(k) + (k/kp)2A2



Edge Mode

r(k 5 e r(k,E): Andreev
f(k E) reflectlon
T_? e t(k,F). Specular re-

flectlon — “transmis-
*\ sion”.

k 0—iksysin6
\Ifg(ilf,y) _ otk cost—ikyysin

)

ar, (y) ] otk cosO+ikpysing _

a, b vary slowly w.r.t. k¢ and ¥ = 0 on boundary.
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Edge Mode

(D) e r(k,FE): Andreev
Ty_k \ %E) reflection.
X

O e t(k,F). Specular re-
2 flection = “transmis-
T sion”.

H = —im30¢ + ATle_iT3¢(£), y = Esin 6

—i(’?g Aeiqﬁ(ﬁ) Qa —F a
Ae~19() i0; b ) b )’

On reflection ¢ jumps from ¢;, = —0 t0 pp = 0
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Edge Mode

(D) e r(k,FE): Andreev
Ty_k \ %E) reflection.
X

O e t(k,F). Specular re-
2 flection = “transmis-
T sion”.

Vo= Yk EWY p €<0,
= t(k, )yt £>0.
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Edge Mode

(D) e r(k,FE): Andreev
Ty_k \ %E) reflection.
X

O e t(k,F). Specular re-
2 flection = “transmis-
T sion”.

A
Xedge (kz) = %ewfxcoseSin(kfysinﬁ)e_Ay/”f h]

Eedge(kz) = —Acost = —=A(ky/ky). (Weyl)
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Edge Mode

r(k 5 e r(k,E): Andreev
f(k E) reflectlon
T_? e t(k,F). Specular re-

flectlon — “transmis-
*\ sion”.

7& 7 ' —Aysinf /v 1
<T$T Zb “sin(kyysinf)e” =Y [vs )
bound k.

= b_y, = b}, (Majorana)
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Dangerous argument

H = —it30; + mm + ms(x

wtopological — ( > exXp { / m5 df}

H wtopological — m¢topological-




Dangerous argument

H = —it30; + mm + ms(x

wtopological — ( > exXp { / m5 df}

H wtopological — m¢topological-

Q - T 1H — m
QH = —HQ
thopological = 0.

= F < —F symmetry? ‘




Dangerous argument

H = —it30; + mm + ms(x

wtopological — ( ) exXp { / m5 df}

H wtopological — m¢topological-

NO!




Dangerous argument

H = —it30; + mm + ms(x

wtopological — ( > exXp { / m5 df}

H wtopological — m¢topological-

Spectrum asymmetric, and edge current has
contributions from scattering states.
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Vortex-core states

For circulation n vortex with ¢/® = ¢ seek solution of form:

(U> _ ilf eie(nﬂ)/z[CL(T)HZH/z(kf”'”) + c.c.|
(V) e_i9(n+1)/2[b(r)Hl_l/z(kfr) -+ C.C] .
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Vortex-core states

For circulation n vortex with ¢/® = ¢ seek solution of form:
(u) e [ €TV Ra(r) Hy g o (kpr) + coc]
= € ) .
(V) 8_7’9(”_'_1)/2 [b(’]")Hl_l/z(kf'r) —|_ C.C]

Cosmetic redefinition:
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Vortex-core states

For circulation n vortex with ¢/® = ¢ seek solution of form:

<u> _ ilf ew(nﬂ)/z[CL(T)HZH/z(kf”'”) + c.c.|
(V) e_w(n_'_l)/z[b(T)Hl_l/z(kf’r) -+ C.C] .

Leads to Caroli-de-Dennes—Matricon equation:

(A(:c)ff%m Af@);:;i(x)> ( ((3> :El< ((Zj))>

KITP, April 27th — p.1

=l QA
=l QA



Vortex-core states

For circulation n vortex with ¢/® = ¢ seek solution of form:

<u> _ ilf ew(nﬂ)/z[CL(T)HZH/z(kf”'”) + c.c.|
(V) e_iQ(n+1)/2[b(r)Hl_l/z(kfr) -+ C.C] .

What is “x”, “0(x)”, and so on?
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Bessel Asymptotics

e WKBJ approximation

e Impact parameter
bk = [

o 1 — Vb2 — 12
o O(r) = cos (b/r)




Bessel Asymptotics

e WKBJ approximation

e Impact parameter
bk = [

o 1 — Vb2 — 12
o O(r) = cos (b/r)




vortex core |l

A=0

Andreev bound state

e = £ = —wy(l + )

o _ 0k, _ _
* %= a1 T —wo

e Andreev reflection not quite

retro-reflective = backward
creep
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Zero Modes



Zero Modes
( ewf(r) ) . f(r) real

= (1) = (S0
OB )]

Global phase change A — ¢XA takes

Uu €X/2u
v — e_ZX/QfU

= square-root monodromy.



	Outline
	References
	
	Connection with ${
m SO}(2N)$
	Bogoliubov transformation
	
	BCS Ground State
	$2n$-particle Pfaffian wavefunction
	BCS Normalization
	Berry Phase
	$p_x+ip_y$
	Bogoliubov-de Gennes equation 
	Bulk Modes
	Edge Mode
	Dangerous argument
	Vortex-core states
	Bessel Asymptotics
	vortex core II 
	Zero Modes

