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px + ipy Superconductors

• L = 1, S = 1 pairing

• Two-dimensional analogue of 3He-A phase

• Breaks time-reversal symmetry

• Candidate material: Sr2RuO4, Tc = 1.5K. (Maeno et al,
Rice, Sigrist, Baskaran)
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px + ipy Superconductors

Triplet Order Parameter

〈ψ̂α(x)ψ̂β(y)〉 ∝ (iσ2d · σ)αβ {(e1 + ie2) · ∇} δ3(x− y)

e1 · e2 = 0, e1 × e2 = l

l

2

1

e

e
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px + ipy Superconductors

(Y.Maeno, K.Deguchi)

• Vector l = ±ẑ: orbital angular momentum vector.
Perpendicular to material plane

• Vector d: direction in which condensate preserves spin.
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Fermi surface of Sr2RuO4

Theorist’s Fermi surface:

k f
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Fermi surface of Sr2RuO4

Actual Fermi surface:
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Topological Features

• Majorana-Weyl edge modes

• Half-quantum vortices
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Topological Features

• Majorana-Weyl edge modes

• Half-quantum vortices
∗ “Alice” Strings
∗ Majorana Core states
∗ Ising fusion and braiding rules
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Majorana-Weyl edge mode

∆=0 ∆>

a

>ε

l

Spin-triplet px + ipy SC has chi-
ral Majorana edge-mode.
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Spin-triplet px + ipy SC has chi-
ral Majorana edge-mode.

• Why Weyl?

• Cooper pair has l = ~

• ⇒ Andreev reflection offset
kFermia = ~.
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Majorana-Weyl edge mode

∆=0 ∆>

a

>ε

l

Spin-triplet px + ipy SC has chi-
ral Majorana edge-mode.

• Why Weyl?

• Cooper pair has l = ~

• ⇒ Andreev reflection offset
kFermia = ~.

• ⇒ one-way edge creep
εk = ck
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Why Majorana?

S-wave, S=0, superconductor

b̂↑,k = â↑,k + â†↓,−k

b̂↑,k = b̂†↓,−k

distinct anti-particle ⇒ not Majorana
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Why Majorana?

P-wave, S=1, superconductor

b̂↑,k = â↑,k + â†↑,−k

b̂↑,k = b̂†↑,−k

own anti-particle ⇒ Majorana
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Half-quantum Vortices

In ordinary vortex:
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Half-quantum Vortices

In ordinary vortex:

• order-parameter phase χ winds by 2π

• spin vector d stays constant

• ⇒ order parameter single valued

• ⇒ vortex seen by both spin components
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Half-quantum Vortices

half-quantum vortex:
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Half-quantum Vortices
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• order-parameter phase χ winds by π
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Half-quantum Vortices

half-quantum vortex:

• order-parameter phase χ winds by π

• spin vector d vector winds by π

• ⇒ order parameter single valued
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Half-quantum Vortices

half-quantum vortex:

• order-parameter phase χ winds by π

• spin vector d vector winds by π

• ⇒ order parameter single valued

• ⇒ vortex seen by only one spin component

We can therefore treat fermions as polarized
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vortex core states

vs

∆=0

∆=0

hole

particle

Andreev bound state
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vortex core states

vs

∆=0

∆=0

hole

particle

Andreev bound state

• Andreev reflection not quite
retro-reflective

• ⇒ backward creep

• ⇒ εl = −ω0(l + α)
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vortex core states

vs

∆=0

∆=0

hole

particle

Andreev bound state

• Andreev reflection not quite
retro-reflective

• ⇒ backward creep

• ⇒ εl = −ω0(l + α)

• α?
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Core spectrum

Vortex-core bound-state spectrum always has ε→ −ε
BdG symmetry ⇒ α = 0, 1

2
.

2∆

S-wave bound states α = 1
2
⇒ no zero mode
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Core spectrum

Vortex-core bound-state spectrum always has ε→ −ε
BdG symmetry ⇒ α = 0, 1

2
.

2∆

P -wave bound states α = 0 ⇒ exact zero mode
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Core bound wavefunctions

b

k b=lf l

∆

vs

E=     −ω
0 l

• Electron is Andreev
reflected:
∗ electron → hole
∗ hole → electron

• Energy is determined by
phase difference at
reflection points

• El = −ω0l
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Core bound states

(

ψ̂(r, θ)

ψ̂†(r, θ)

)

=
∑

l

b̂l

(

eiθul(r)

e−iθvl(r)

)

eilθ + higher-energy modes.

(

u−l(r)
v−l(r)

)

=

(

v∗l (r)

u∗l (r)

)
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Core bound states

(

ψ̂(r, θ)

ψ̂†(r, θ)

)

=
∑

l

b̂l

(

eiθul(r)

e−iθvl(r)

)

eilθ + higher-energy modes.

ψ̂ ∼ b̂le
iθul + b̂−le

iθv∗l

ψ̂† ∼ b̂le
−iθvl + b̂−le

iθu∗l
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eilθ + higher-energy modes.

ψ̂ ∼ b̂le
iθul + b̂−le

iθv∗l

ψ̂† ∼ b̂†−le
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Core bound states

(

ψ̂(r, θ)

ψ̂†(r, θ)

)

=
∑

l

b̂l

(

eiθul(r)

e−iθvl(r)

)

eilθ + higher-energy modes.

⇒ b̂l = b̂†−l
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Core bound states

(

ψ̂(r, θ)

ψ̂†(r, θ)

)

=
∑

l

b̂l

(

eiθul(r)

e−iθvl(r)

)

eilθ + higher-energy modes.

⇒ b̂0 = b̂†0
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Completeness

δ2(x− y) = {ψ̂(x), ψ̂†(y)}

⇒ b̂20 = 1/2; {b̂0, b̂l} = {b̂0, b̂†l } = 0, l 6= 0.

For i-th vortex set γi =
√

2b̂0
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William Kingdom Clifford
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William Kingdom Clifford

• Clifford algebra
{γi, γj} = 2δij
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William Kingdom Clifford

• Clifford algebra
{γi, γj} = 2δij

• pair up γ’s:
ai = 1

2
(γi + iγi+N ),

a†i = 1
2
(γi − iγi+N ).
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William Kingdom Clifford

• Clifford algebra
{γi, γj} = 2δij

• pair up γ’s:
ai = 1

2
(γi + iγi+N ),

a†i = 1
2
(γi − iγi+N ).

• ⇒ 2Nγ/2 dimensional.
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Core spectrum II

Only positive energy states:

2∆
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Core spectrum II

Only positive energy states:

2∆

• Need two vortices to have one zero mode that can be
occupied or not.
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Core spectrum II

Only positive energy states:

2∆

• Need two vortices to have one zero mode that can be
occupied or not.

• Ground state degeneracy: 2Nvortex/2−1
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Ising Fusion Rules

Seek to understand

ψ × ψ = I, σ × σ = I + ψ, ψ × σ = σ.
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Tunnel Splitting

v

∆

s

j

n=+1 n=−1

vortex anti−vortex i 

?

Ĥtunnel = Esplit

(

1

4i
[γi, γj ] +

1

2

)

, Esplit ∼ e−C|ri−rj |
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Fusion

2∆
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Fusion

2∆Esplit
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Fusion

2∆
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Fusion

2∆
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Fusion

2∆
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Monodromy

∆ → eiχ∆ ⇒
(

ul(r, θ)
vl(r, θ)

)

→
(

eiχ/2ul(r, θ)

e−iχ/2vl(r, θ)

)

.

1

2
2

1
01

360

χ =
χ =

1

Ti :
{ γi → γi+1

γi+1 → −γi.
(Ivanov)
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Braiding

Monodromy ⇒ Braiding?
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Braiding

Monodromy ⇒ Braiding?

Need to be sure that there is no additional Berry transport
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Bogoliubov transformation

ai = uiαbα + v∗iαb
†
α

a†i = viαbα + u∗iαb
†
α.

(

H ∆
∆† −HT

)(

uα

vα

)

= Eα

(

uα

vα

)

, Eα ≥ 0

⇒
(

H ∆
∆† −HT

)(

v∗α
u∗α

)

= −Eα

(

v∗α
u∗α

)

.

⇒ E ↔ −E symmetry
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BCS Ground State

Ground state bi|0〉b = 0,

⇒ (ai + a†kv
∗
kα(u∗−1)αi)|0〉b = 0, i = 1, . . . N.

Sij = v∗iα(u∗−1)αj , Sij = −Sji

exp

{

1

2
a†ia

†
jSij

}

ak exp

{

−1

2
a†ia

†
jSij

}

= ak + a†iSik.

⇒ |0〉b = N exp

{

1

2
a†ia

†
jSij

}

|0〉a
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2n-particle Pfaffian wavefunction

Let

|S〉 def
= exp

{

1

2
a†ia

†
jSij

}

|0〉a,

and
|i1, i2, . . . , i2n〉 = a†i2n

a†i2n−1
. . . a†i1|0〉a.

Then

〈i1, i2, . . . , i2n|S〉 =
1

2nn!
εj1j2...j2n

i1i2...i2n
Sj1j2 · · ·Sj2n−1j2n

= εi1i2...i2n
Pf(S).
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Ground-State Berry Phase

lnN = −1

4
ln det (I + S†S), (Kähler Potential)

iABerry = (〈S|N )d(N|S〉)

=
∑

i<j

(

∂ lnN
∂S∗

ij

dS∗
ij −

∂ lnN
∂Sij

dSij

)

=
1

2

N
∑

α=1

( vα uα ) d

(

v∗α
u∗α

)

+
i

2
d {Arg (detu)}

(Remember that it is the (v∗, u∗) that have negative energy,
and so are "occupied" in ground state.)
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Other-State Berry Phase

|α1, . . . , αn〉 = b†α1
· · · b†αn

|S̃〉,
Use

db†α = (uiβbβ + v∗iβb
†
β) dviα + (viβbβ + u∗iβb

†
β) duiα

= (v∗iβdviα + u∗iβduiα) b†β + (uiβdviα + viβduiα) bβ.

To find, for example,

iA = 〈α1, . . . , αn|d|α1, . . . , αn〉
= 〈S̃|d|S̃〉 + 〈S̃|bαn

· · · bα1
d
(

b†α1
· · · b†αn

)

|S̃〉

= 〈S̃|d|S̃〉 +
n
∑

m=1

(u∗αm
v∗αm

) d

(

uαm

vαm

)

.
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Conclusions

• px + ipy provides a paradigm for Non-Abelian statistics.

• Physical understanding of fusion rules, e.g.
σ × σ = I + ψ.

• Easy-to-see Monodromy.

• Can verify no additional non-Abelian Berry transport.
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