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2D COULOMB GAS

Zβ =
∫

CN

∏

i>j |zi − zj|2β
∏

i e
− βk

2
|zi|2dzidz̄i

FIGURE: equilibrium measure
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2D COULOMB GAS

Particles on a surface interacting through Coulomb force with a
neutralizing background

genus-0 surface

P= 1
Z
e−βE

E =−2π
∑N

i 6=j G(ξi,ξj)

−∆G(ξ,ξ′) = δ(2)(ξ−ξ′)− 1
V

N→∞, V→∞, N/V = fixed
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COMPLEX COORDINATES ON RIEMANN SURFACE GENUS - 0

É Complex coordinates

ds2 = gij dxidx j = gzz̄dzdz̄,
p

g= gzz̄

z0 =∞, gzz̄→ |z|−4

É Volume form
dV =

p
g dzdz̄

É Scalar curvature

R=−
1
p

g
∂ ∂z̄ log

p
g

É Kähler potential

∂z∂z̄K =
p

g, K→
Area

π
log |z|

É Sphere

R= 2r−2,
p

g= (1+ |z|2/4r2)−2, K =
V

π
log(1+ |z|2/4r2),
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ROUND SPHERE

Zβ =

∫

CN

∏

i>j

|zi − zj|2β
∏

i

dzidz̄i
�

1+ |zi|2

4r2

�k+2
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BOLTZMANN WEIGHT IN COMPLEX COORDINATES

e−βE = |Ψβ |2,

Ψβ(z1, ..., zN)∝
∏

i>j

(zi − zj)
β e−

βk
4

∑N
i K(zi,z̄i),

k is the neutralizing charge.

The integral

ZN[g] =

∫

CN

|Ψ|2
∏

i

(
p

gdzidz̄i) =

∫

M

|Ψ|2dV

converges if

N ≤ β−1k+ χ

2
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GEOMETRIC FUNCTIONAL

ZN[g] =

∫

CN

∏

i>j

|zi − zj|2β
∏

i

e−
βk
4

K(zi,z̄i)pgdzidz̄i

É If N < k
β
+ χ

2
, the support of the equilibrium distribution has a

boundary,

É If N = k
β
+ χ

2
, the support of the equilibrium distribution is the entire

surface,

The functional ZN[g] depends only on geometry: curvature R and moduli
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ANALOG OF RIEMANN-ROCH THEOREM

Holomorphic sections of line bundle Lk

∂z̄si = 0, 〈si, sj〉=
∫

si(z)sj(z)e
− k

2
K(z,z̄)pgdzdz̄.

Then

Ψ(z1, . . . , zN) =
�

det[sn(zi)]
�β

The number of Holomorphic sections is

N = k+ χ

2
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APPLICATIONS

Quantum Hall Effect: Laughlin wave-function,

Ψβ ,k(z1, ..., zN)∝
∏

i>j

(zi − zj)
β e−

βk
4

∑N
i K(zi,z̄i)

É k - is magnetic field
É 1/β - filling fraction,
É β = 1 - Integer QHE
É β = integer - Fractional QHE,
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APPLICATIONS

Onsager ensemble:

Stochastic 2D- hydrodynamics of rotating superfluid (quantum
turbulence)

É β = even integer is the circulation of vortices;
É k - angular velocity of rotation
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RANDOM MATRIX THEORY

É β = 1 Ginibre ensemble
∫

eTr W(M,M†) dµ(M, M†), M−N×N normal matrix

W =−
k

2
β K+ log

p
g

M = U−1diag (z1, . . . zN)U,

dµ(M) = dµ(U)
∏

i>j

|zi − zj|2dz1 . . . dzN

É possesses a determinantal structure and corresponds τ-functions of
integrable hierarchies
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DYSON DIFFUSION ON THE RIEMANN SURFACE

Stochastic process

dzi =
k

4
∂zi

K(zi, z̄i)dt+
∑

j 6=i

dt

zi − zj
+ dBi,

dBidB̄j =
β

4
δij
p

gdt

Equilibrium distribution of this process is the Coulomb gas
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KIRCHHOFF EQUATIONS

Dω

Dt
≡ ω̇+ u · ∇ω= 0.

Helmholtz (and later Kirchhoff)

u(z, t) = ux − iuy = i
N
∑

i=1

Γi

z− zi(t)

Kirchhoff equations

i żi =
∑N

i6=j
Γj

zi(t)−zj(t)
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CHIRAL FLOW: CLUSTERING, ROTATING FLUID

Chiral Kirchhoff equations Γi = Γ

i żi = Ωz̄i −
N
∑

i6=j

Γ
zi(t)− zj(t)
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DESCARTES COSMOGONY

Kirchhoff equations

i żi =
∑N

i 6=j
Γj

zi(t)−zj(t)
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GEOMETRIC FUNCTIONALS AND VARIATIONS

É Geometric functionals

ZN[g] =

∫

M

|Ψ|2dV

É Consecutive variation over metric

Tijδgij = δ log ZN[g]

produces all interesting correlation functions
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EQUILIBRIUM MEASURE: DENSITY AS A FUNCTION OF

CURVATURE

Can, Laskin, PW, 2014

ρ(z) =

∫

|Ψ(z, z2, . . . , zN)|2dV2 . . . dVN

ρ = k
β
+ 1

8π
R+ 1

k
c

48
∆R+ . . .

c= 1− 3β

S(q) =

∫

〈ρ(r)ρ(0)〉e−iqrd2r=
q2

2
−
�

1−
β

2

�

�

q2

2

�2

+

�

�

1−
β

2

�2

+
β

12

��

q2

2

�3

+. . .
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EXPANSION OF THE BERGMANN KERNEL β = 1

β = 1 : ∂z̄ s(z) = 0, ρ = e−
k
2

K(z,z̄)
N−1
∑

n=0

|sn(z)|2

Ferrari, Klevtsov, Zelditch (2012);

ρ =k+
1

8π
R+

k−1

24π
∆R+

k−2

16π

�

1

8
∆2R−

5

48
∆(R2)

�

+

k−3

32π

�

29

720
∆(R3)−

7

160
∆2(R2) +

1

30
∆3R−

11

120
∆(R∆R)

�

+ . . .
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EMERGENT CONFORMAL SYMMETRY ON SINGULAR SURFACES

0 2 4 6 8 10 12 14

0.5

1.0

1.5

2.0

2.5

3.0

cone metric gzz̄ = z−α

Density is singular: k→∞ m2n = k2n

∫

r2n �ρ(r)−ρ∞
�

dV















m0 =
α

2

m2 =∆α =
c

24
(γ−1 − γ),

γ= 1−α, c= 1− 3β

−∆α is conformal dimension of the "twist" operator in CFT
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GEOMETRIC FUNCTIONALS: GRAVITATIONAL "WESS-ZUMINO"

Z[g] =

∫

M

|Ψ|2dV

Large N expansion generates geometric invariants

log Z[g] = p2 k2A(2)[g] + p1 kA(1)[g] + p0 A(0)[g] + p−1

local in R
︷ ︸︸ ︷

∫

R2dV

Geometric functional with non-trivial co-cycle property

A(2) =
1

4V2

∫

K dV −Aubin-Yau, p2 =−2π/β

A(1) =
2

V

∫

(−∆)−1RdV,−Mabuchi, p1 =−
1

4

A(0) =

∫

R(−∆)−1R dV − Polyakov, p0 =
c

48π
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POLYAKOV’S LIOUVILLE ACTION OF QUANTUM GRAVITY

Z[g] = e
2π
β

k2A(2)[g]− k
4

A(1)[g] �det
�

−∆g

��
c
2

c= 1− 3β

logdet
�

−∆g

�

=−
1

48π

∫

R(−∆)−1R dV

Scaling on a cone g→ λg

det
�

−∆λg

�

= λ−∆αdet
�

−∆g

�

∆α =−
c

24
(γ−1 − γ)
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