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But S 1s not real in a number of
interesting problems:
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But S 1s not real in a number of
interesting problems:

All “real time” observables like transport
coefficients, fully non-equilibrium physics, parton
distribution functions, ...
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The “sign problem™
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In other words, 1t 1s hard “to Monte Carlo” an
oscillatory integral
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Basic Idea:
deform the domain of integration
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Basic Idea:
deform the domain of integration




Basic Idea:
deform the domain of integration

“Cauchy-Stokes™ theorem guarantees the
equality of the integrals

e Integrand 1s always holomorphic
e Need to worry about the asymptotic
directions (homology class)



Holomorphic flow 1s a way of finding a suitable
manifold
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The increase of Sr explains why the integral over the
flowed manifold converges and 1s in the same
homology class as RN

It takes more thinking to see that it improves the sign
problem ...



Initial Idea:

deform the domain of integration from
RN to thimbles

thimbles det(P) =0
(Si=const.)
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Central Idea:
deform the domain of integration from

RN to thimbles
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Central Idea:
deform the domain of integration from

RN to thimbles
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Central Idea:
deform the domain of integration from

RN to thimbles
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Central Idea:
deform the domain of integration from

RN to thimbles
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Holomorphic flow 1s a way of finding a suitable
manifold

In the limit of infinite flow time:
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Central Idea:
deform the domain of integration from

RN to thimbles
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The algorithm
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The algorithm
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This bypasses a number of problems with
the original 1dea of integrating over
thimbles

e find the thimbles and intersection numbers
e numerically integrate over a thimble(s)

see arXiv:2007.05436 for a recent review of this
and other approaches



Case study: massive Thirring model
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Wilson/staggered, 10 x10 lattice, Nr=2, ams=0.3
(close to the continuum limait, strongly coupled)



Case study: massive Thirring model

Wilson, 10 x10 lattice, Nr=2, am=0.3
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Case study: massive Thirring model

Wilson, 10 x10 lattice, Nr=2, am=0.3
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Case study: massive Thirring model

Wilson, 10 x10 lattice, Nr=2, am=0.3
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Case study: massive Thirring model

Staggered, Nr=2, am=0.2635
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Application: Real Time Dynamics

Viscosities, conductivities, ... require:
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Real Time: The Mother of All Sign Problems
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Problems

*tangent space in wrong homology class
]large flow needed (from RN)
*jacobian expensive (no known estimator)
*anisotropic proposals
“Grady algorithm” for the jacobian
(Grady ’85, Creutz 92, Alexandru et al. 2018)
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1+1D o¢* n=10, nx=10, ng=2, A=0.1

weak coupling

- ./pert. theory
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1+1D o¢* n=10, nx=10, ng=2, A=0.1

weak coupling
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1+1D ¢* n=10, nx=10, ng=2, A=1.0

strong coupling
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1+1D ¢* n=10, nx=10, ng=2, A=1.0

strong coupling

Cp=o(t)
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1+1D ¢* n=10, nx=10, ng=2, A=1.0

strong coupling
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Monte Carlo

/ 0.2 -
] . i
[ |
| L L L ’ L L |
] 2 = t
]

01f
D S S
. 0 § 15 ¥ s 0.5 1.0 15
_01F
g
0.2}

-0.3F

p=0



Application: Real Time Dynamics

* Currently limited to small times : t < 35/T
» Cost increases sharply with t
» There has to be a catch:
simulation of a quantum computer performing
the Schor algorithm
= nonsense

classical O(log2N) time factorization



The holomorphic flow 1s not the only way to find
“000d” manifolds

CN: 2N dimensions

Si=const : 1 constraint
tangent plane: N dimensions
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a lot of room to choose Si=const manifolds




The holomorphic flow 1s not the only way to find
“000d” manifolds
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The holomorphic flow 1s not the only way to find
“000d” manifolds
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no sign problem

gradient of ei® computed by a short,
sign-problem free MC run



The holomorphic flow 1s not the only way to find
“000d” manifolds
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ansatz: d(x) = dr(x) + (Ao + A1 cos(Pr(x)) + A3 cos(20r(x))




The holomorphic flow 1s not the only way to find
“000d” manifolds
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The holomorphic flow 1s not the only way to find
“000d” manifolds
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The holomorphic flow 1s not the only way to find
“000d” manifolds
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The holomorphic flow 1s not the only way to find
“g00d” manifolds
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To take home:

» Deforming the integration on complex space 1s a good

thing

- Thambles are just one possibility

- Jacobians are expensive: estimators, “Grady-style”

algorithm, ansatze, alternative flows, machine learned
manifolds, ... a whole new playground to attack the sign
problem was opened up and remains largely unexplored

- We need more 1nsight on complexified field theories -

specially gauge theories - to design better ansatze



