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Edouard B. Sonin

Spintronics Meets Topology in Quantum Materials
KITP, Santa Barbara, November 12, 2019



Content

Superfluid spin current  ->  superfluid spin transport

Experimental evidence of spin superfluidity

Interplay of mass and spin superfluidity in spin-1 BEC
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Analogy of superfluid hydrodynamics and magnetodynamics

Order parameter
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Superfluid Ferromagnet

Halperin & Hohenberg, Phys. Rev. 188, 898 (1969)
Hydrodynamic Theory of Spin Waves

j / r'Current:

Hamilton equations:
d'

dt
= ��

Mz

�
,

� 1

�

dMz

dt
+r · Jz = 0
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Topological stability of supercurrents (persistent currents)

Vortex:

�' = 2⇡n�' = 2⇡nPhase variation  around the ring: is a topological charge
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Landau criterion: any elementary excitation 
increases the energy of the current state.

"(p) = "0(p)� p · vs > 0
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Landau critical velocity: vL = cs
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Barriers for phase slips vanish when the superfluid 
velocity becomes of the order of the sound velocity
(phase gradient of the order of the inverse core radius).

Core radius: rc ⇠
~

mcs
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Spin waves and the Landau criterion in ferromagnets

M cos ✓✓̇

�
= �r · Js,

'̇

�
= �M sin ✓

�
[1� �A(r')2] +H0 +

AMr2
✓

cos ✓
<latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit><latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit><latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit><latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit>

Mx = M cos ✓ cos'

My = M cos ✓ sin'

Mz = M sin ✓
<latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit><latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit><latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit><latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit>

Current state: Mz = M sin ✓0 = const, r' = K = const
<latexit sha1_base64="UBgt2N2MWJMgtr6OQRubUnxvJPc="></latexit><latexit sha1_base64="UBgt2N2MWJMgtr6OQRubUnxvJPc="></latexit><latexit sha1_base64="UBgt2N2MWJMgtr6OQRubUnxvJPc="></latexit><latexit sha1_base64="UBgt2N2MWJMgtr6OQRubUnxvJPc="></latexit>

H =
M

2
z

2�
+AriM ·riM �MzH

<latexit sha1_base64="PaEQs4AqcuxhP8SuaLqquk1PRNo="></latexit>

dM

dt
= � [Heff ⇥M ] +

↵

M


M ⇥ dM

dt

�

<latexit sha1_base64="VaE2PWpq3eNXmm04TnwRq2JAdFo="></latexit><latexit sha1_base64="VaE2PWpq3eNXmm04TnwRq2JAdFo="></latexit><latexit sha1_base64="VaE2PWpq3eNXmm04TnwRq2JAdFo="></latexit><latexit sha1_base64="VaE2PWpq3eNXmm04TnwRq2JAdFo="></latexit>

Heff = �
@H

@M
+rj

@H

@rjM
<latexit sha1_base64="yiGg8VwGOAwUoMFlP9+gYZCAn30="></latexit><latexit sha1_base64="yiGg8VwGOAwUoMFlP9+gYZCAn30="></latexit><latexit sha1_base64="yiGg8VwGOAwUoMFlP9+gYZCAn30="></latexit><latexit sha1_base64="yiGg8VwGOAwUoMFlP9+gYZCAn30="></latexit>

M |
Mz

'

x

y

z

M |
Mz

'

x

y

z

M |
Mz

'

x

y

z

M |
Mz

'

x

y

z

M |
Mz

'

x

y

z

M |
Mz

'

x

y

z

M cos ✓✓̇

�
= �r · Js,

'̇

�
= �M sin ✓

�
[1� �A(r')2] +H0 +

AMr2
✓

cos ✓
<latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit><latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit><latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit><latexit sha1_base64="8uYY82APDpghdQYGYsuFMxpUKKg="></latexit>

Mx = M cos ✓ cos'

My = M cos ✓ sin'

Mz = M sin ✓
<latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit><latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit><latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit><latexit sha1_base64="nFX2x7VNz9KR1DgEV1Da8pXB0Qg="></latexit>



Spectrum of plane spin waves                       :
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Spin waves and the Landau criterion in bipartite 
antiferromagnets
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H =
M1 ·M2

�
+

A(riM1 ·riM1 +riM2 ·riM2)

2
+A12rjM1 ·rjM2

�H0 · (M1 +M2)
<latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit><latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit><latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit><latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit>

✓
<latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit><latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit><latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit><latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit>

✓0
<latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit><latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit><latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit><latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit>

M1
<latexit sha1_base64="owK37zUlkQjvJcdXfJ4GixGFywU=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiFy9CBfsB7VKyabYNTbJLkhXKUvwNXvXsTbz6Wzz6T0zbPdjWBwOP92aYmRcmghvr+99eYW19Y3OruF3a2d3bPygfHjVNnGrKGjQWsW6HxDDBFWtYbgVrJ5oRGQrWCke3U7/1xLThsXq044QFkgwUjzgl1kmtbijRfQ/3yhW/6s+AVgnOSQVy1Hvln24/pqlkylJBjOlgP7FBRrTlVLBJqZsalhA6IgPWcVQRyUyQzc6doDOn9FEUa1fKopn6dyIj0pixDF2nJHZolr2p+J/XSW10HWRcJallis4XRalANkbT31Gfa0atGDtCqObuVkSHRBNqXUILW0I5cZng5QRWSfOiiv0qfris1G7ydIpwAqdwDhiuoAZ3UIcGUBjBC7zCm/fsvXsf3ue8teDlM8ewAO/rFxiElX4=</latexit><latexit sha1_base64="owK37zUlkQjvJcdXfJ4GixGFywU=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiFy9CBfsB7VKyabYNTbJLkhXKUvwNXvXsTbz6Wzz6T0zbPdjWBwOP92aYmRcmghvr+99eYW19Y3OruF3a2d3bPygfHjVNnGrKGjQWsW6HxDDBFWtYbgVrJ5oRGQrWCke3U7/1xLThsXq044QFkgwUjzgl1kmtbijRfQ/3yhW/6s+AVgnOSQVy1Hvln24/pqlkylJBjOlgP7FBRrTlVLBJqZsalhA6IgPWcVQRyUyQzc6doDOn9FEUa1fKopn6dyIj0pixDF2nJHZolr2p+J/XSW10HWRcJallis4XRalANkbT31Gfa0atGDtCqObuVkSHRBNqXUILW0I5cZng5QRWSfOiiv0qfris1G7ydIpwAqdwDhiuoAZ3UIcGUBjBC7zCm/fsvXsf3ue8teDlM8ewAO/rFxiElX4=</latexit><latexit sha1_base64="owK37zUlkQjvJcdXfJ4GixGFywU=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiFy9CBfsB7VKyabYNTbJLkhXKUvwNXvXsTbz6Wzz6T0zbPdjWBwOP92aYmRcmghvr+99eYW19Y3OruF3a2d3bPygfHjVNnGrKGjQWsW6HxDDBFWtYbgVrJ5oRGQrWCke3U7/1xLThsXq044QFkgwUjzgl1kmtbijRfQ/3yhW/6s+AVgnOSQVy1Hvln24/pqlkylJBjOlgP7FBRrTlVLBJqZsalhA6IgPWcVQRyUyQzc6doDOn9FEUa1fKopn6dyIj0pixDF2nJHZolr2p+J/XSW10HWRcJallis4XRalANkbT31Gfa0atGDtCqObuVkSHRBNqXUILW0I5cZng5QRWSfOiiv0qfris1G7ydIpwAqdwDhiuoAZ3UIcGUBjBC7zCm/fsvXsf3ue8teDlM8ewAO/rFxiElX4=</latexit><latexit sha1_base64="owK37zUlkQjvJcdXfJ4GixGFywU=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiFy9CBfsB7VKyabYNTbJLkhXKUvwNXvXsTbz6Wzz6T0zbPdjWBwOP92aYmRcmghvr+99eYW19Y3OruF3a2d3bPygfHjVNnGrKGjQWsW6HxDDBFWtYbgVrJ5oRGQrWCke3U7/1xLThsXq044QFkgwUjzgl1kmtbijRfQ/3yhW/6s+AVgnOSQVy1Hvln24/pqlkylJBjOlgP7FBRrTlVLBJqZsalhA6IgPWcVQRyUyQzc6doDOn9FEUa1fKopn6dyIj0pixDF2nJHZolr2p+J/XSW10HWRcJallis4XRalANkbT31Gfa0atGDtCqObuVkSHRBNqXUILW0I5cZng5QRWSfOiiv0qfris1G7ydIpwAqdwDhiuoAZ3UIcGUBjBC7zCm/fsvXsf3ue8teDlM8ewAO/rFxiElX4=</latexit>

x
<latexit sha1_base64="mocB3vxGhfuru0flRfu4Qjdh84U=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyceIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C4tJk5I=</latexit><latexit sha1_base64="mocB3vxGhfuru0flRfu4Qjdh84U=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyceIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C4tJk5I=</latexit><latexit sha1_base64="mocB3vxGhfuru0flRfu4Qjdh84U=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyceIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C4tJk5I=</latexit><latexit sha1_base64="mocB3vxGhfuru0flRfu4Qjdh84U=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyceIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C4tJk5I=</latexit>

z
<latexit sha1_base64="p6oJOPzqpb5uysJRUW/zwpThRDk=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyecIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C45vk5Q=</latexit><latexit sha1_base64="p6oJOPzqpb5uysJRUW/zwpThRDk=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyecIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C45vk5Q=</latexit><latexit sha1_base64="p6oJOPzqpb5uysJRUW/zwpThRDk=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyecIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C45vk5Q=</latexit><latexit sha1_base64="p6oJOPzqpb5uysJRUW/zwpThRDk=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY5mA+YDkCHubuWTJ7t2xuyecIb/AVms7sfXnWPpP3CRXmMQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdQKqUfAIm4YbgZ1EIZWBwHYwvp/57SdUmsfRo8kS9CUdRjzkjBorNZ775Ypbdecg68TLSQVy1Pvln94gZqnEyDBBte56bmL8CVWGM4HTUi/VmFA2pkPsWhpRidqfzA+dkgurDEgYK1uRIXP178SESq0zGdhOSc1Ir3oz8T+vm5rw1p/wKEkNRmyxKEwFMTGZfU0GXCEzIrOEMsXtrYSNqKLM2GyWtgRyajPxVhNYJ62rqudWvcZ1pXaXp1OEMziHS/DgBmrwAHVoAgOEF3iFNydz3p0P53PRWnDymVNYgvP1C45vk5Q=</latexit>

✓0
<latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit><latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit><latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit><latexit sha1_base64="W0RQAr2a6BR5iIneReOr/69Zohk=">AAAB/nicbVA9SwNBEN3zM8avqKXNYhCswp0IWgZtLCOYD0iOsLeZJEt2947dOSEcAX+DrdZ2YutfsfSfuEmuMIkPBh7vzTAzL0qksOj7397a+sbm1nZhp7i7t39wWDo6btg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmN7qZ+8wmMFbF+xHECoWIDLfqCM3RSq4NDQNb1u6WyX/FnoKskyEmZ5Kh1Sz+dXsxTBRq5ZNa2Az/BMGMGBZcwKXZSCwnjIzaAtqOaKbBhNrt3Qs+d0qP92LjSSGfq34mMKWvHKnKdiuHQLntT8T+vnWL/JsyETlIEzeeL+qmkGNPp87QnDHCUY0cYN8LdSvmQGcbRRbSwJVITl0mwnMAqaVxWAr8SPFyVq7d5OgVySs7IBQnINamSe1IjdcKJJC/klbx5z9679+F9zlvXvHzmhCzA+/oFl2OWYQ==</latexit>

✓
<latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit><latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit><latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit><latexit sha1_base64="Gd6Qju6ECAyxaLSdKYPfRQI1y7I=">AAAB/HicbVA9SwNBEN2LXzF+RS1tDoNgFe5E0DJoYxnBfEByhL3NXLJmd+/YnRPCEX+DrdZ2Yut/sfSfuEmuMIkPBh7vzTAzL0wEN+h5305hbX1jc6u4XdrZ3ds/KB8eNU2cagYNFotYt0NqQHAFDeQooJ1ooDIU0ApHt1O/9QTa8Fg94DiBQNKB4hFnFK3U7OIQkPbKFa/qzeCuEj8nFZKj3iv/dPsxSyUoZIIa0/G9BIOMauRMwKTUTQ0klI3oADqWKirBBNns2ol7ZpW+G8XalkJ3pv6dyKg0ZixD2ykpDs2yNxX/8zopRtdBxlWSIig2XxSlwsXYnb7u9rkGhmJsCWWa21tdNqSaMrQBLWwJ5cRm4i8nsEqaF1Xfq/r3l5XaTZ5OkZyQU3JOfHJFauSO1EmDMPJIXsgreXOenXfnw/mctxacfOaYLMD5+gVm+JW+</latexit>

M2
<latexit sha1_base64="iO+t6s0e5FdT3FzK2f3PzRc30JA=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0GPRixehgv2AdilJmm1Dk+ySZIWyFH+DVz17E6/+Fo/+E9N2D7b1wcDjvRlm5pFEcGN9/9tbW9/Y3Nou7BR39/YPDktHx00Tp5qyBo1FrNsEGya4Yg3LrWDtRDMsiWAtMrqd+q0npg2P1aMdJyyUeKB4xCm2Tmp1iUT3vWqvVPYr/gxolQQ5KUOOeq/00+3HNJVMWSqwMZ3AT2yYYW05FWxS7KaGJZiO8IB1HFVYMhNms3Mn6NwpfRTF2pWyaKb+nciwNGYsieuU2A7NsjcV//M6qY2uw4yrJLVM0fmiKBXIxmj6O+pzzagVY0cw1dzdiugQa0ytS2hhC5ETl0mwnMAqaVYrgV8JHi7LtZs8nQKcwhlcQABXUIM7qEMDKIzgBV7hzXv23r0P73PeuublMyewAO/rFxoXlX8=</latexit><latexit sha1_base64="iO+t6s0e5FdT3FzK2f3PzRc30JA=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0GPRixehgv2AdilJmm1Dk+ySZIWyFH+DVz17E6/+Fo/+E9N2D7b1wcDjvRlm5pFEcGN9/9tbW9/Y3Nou7BR39/YPDktHx00Tp5qyBo1FrNsEGya4Yg3LrWDtRDMsiWAtMrqd+q0npg2P1aMdJyyUeKB4xCm2Tmp1iUT3vWqvVPYr/gxolQQ5KUOOeq/00+3HNJVMWSqwMZ3AT2yYYW05FWxS7KaGJZiO8IB1HFVYMhNms3Mn6NwpfRTF2pWyaKb+nciwNGYsieuU2A7NsjcV//M6qY2uw4yrJLVM0fmiKBXIxmj6O+pzzagVY0cw1dzdiugQa0ytS2hhC5ETl0mwnMAqaVYrgV8JHi7LtZs8nQKcwhlcQABXUIM7qEMDKIzgBV7hzXv23r0P73PeuublMyewAO/rFxoXlX8=</latexit><latexit sha1_base64="iO+t6s0e5FdT3FzK2f3PzRc30JA=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0GPRixehgv2AdilJmm1Dk+ySZIWyFH+DVz17E6/+Fo/+E9N2D7b1wcDjvRlm5pFEcGN9/9tbW9/Y3Nou7BR39/YPDktHx00Tp5qyBo1FrNsEGya4Yg3LrWDtRDMsiWAtMrqd+q0npg2P1aMdJyyUeKB4xCm2Tmp1iUT3vWqvVPYr/gxolQQ5KUOOeq/00+3HNJVMWSqwMZ3AT2yYYW05FWxS7KaGJZiO8IB1HFVYMhNms3Mn6NwpfRTF2pWyaKb+nciwNGYsieuU2A7NsjcV//M6qY2uw4yrJLVM0fmiKBXIxmj6O+pzzagVY0cw1dzdiugQa0ytS2hhC5ETl0mwnMAqaVYrgV8JHi7LtZs8nQKcwhlcQABXUIM7qEMDKIzgBV7hzXv23r0P73PeuublMyewAO/rFxoXlX8=</latexit><latexit sha1_base64="iO+t6s0e5FdT3FzK2f3PzRc30JA=">AAAB/XicbVBNSwMxEJ31s9avqkcvwSJ4KrtF0GPRixehgv2AdilJmm1Dk+ySZIWyFH+DVz17E6/+Fo/+E9N2D7b1wcDjvRlm5pFEcGN9/9tbW9/Y3Nou7BR39/YPDktHx00Tp5qyBo1FrNsEGya4Yg3LrWDtRDMsiWAtMrqd+q0npg2P1aMdJyyUeKB4xCm2Tmp1iUT3vWqvVPYr/gxolQQ5KUOOeq/00+3HNJVMWSqwMZ3AT2yYYW05FWxS7KaGJZiO8IB1HFVYMhNms3Mn6NwpfRTF2pWyaKb+nciwNGYsieuU2A7NsjcV//M6qY2uw4yrJLVM0fmiKBXIxmj6O+pzzagVY0cw1dzdiugQa0ytS2hhC5ETl0mwnMAqaVYrgV8JHi7LtZs8nQKcwhlcQABXUIM7qEMDKIzgBV7hzXv23r0P73PeuublMyewAO/rFxoXlX8=</latexit>

✓0 =
⇡ + ✓1 � ✓2

2
, ✓ =

✓1 + ✓2 � ⇡

2
,

'0 =
'1 + '2

2
, ' =

'1 � '2

2
<latexit sha1_base64="1efRcmGDnvehB7ycDRKGXCs+NRg="></latexit><latexit sha1_base64="1efRcmGDnvehB7ycDRKGXCs+NRg="></latexit><latexit sha1_base64="1efRcmGDnvehB7ycDRKGXCs+NRg="></latexit><latexit sha1_base64="1efRcmGDnvehB7ycDRKGXCs+NRg="></latexit>

H =
M1 ·M2

�
+

A(riM1 ·riM1 +riM2 ·riM2)

2
+A12rjM1 ·rjM2

�H0 · (M1 +M2)
<latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit><latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit><latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit><latexit sha1_base64="ZiKcIABGbTk2JK3VsEvFb4BP4Uo="></latexit>
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Gapeless Goldstone mode Gapped mode

(! + �mzA�K · k)2 = c̃2sk
2.

<latexit sha1_base64="OiD6RZBzYkAkZoxO+xI0bTk6L1Q="></latexit><latexit sha1_base64="OiD6RZBzYkAkZoxO+xI0bTk6L1Q="></latexit><latexit sha1_base64="OiD6RZBzYkAkZoxO+xI0bTk6L1Q="></latexit><latexit sha1_base64="OiD6RZBzYkAkZoxO+xI0bTk6L1Q="></latexit>

c̃s = cs

r
1� �A�K2

2
, cs = �M?

s
2A�
�

<latexit sha1_base64="Um9awBnJ3EAb5MD1hcbTatIfrDk="></latexit><latexit sha1_base64="Um9awBnJ3EAb5MD1hcbTatIfrDk="></latexit><latexit sha1_base64="Um9awBnJ3EAb5MD1hcbTatIfrDk="></latexit><latexit sha1_base64="Um9awBnJ3EAb5MD1hcbTatIfrDk="></latexit>

A� = A�A12
<latexit sha1_base64="lKGkPalSALuvUcs61wqf6EyVPqU=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVw05IUQTdCqxuXFewD2hAm00k7dGYSZiZCCd35DW517U7c+iMu/RMnbRbaeuDC4Zx7OZcTxIwq7ThfVmFtfWNzq7hd2tnd2z8oHx51VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mt5nffSRS0Ug86GlMPI5GgoYUI22kQdOvXjerTT916zO/XHFqzhz2KnFzUoEcLb/8PRhGOOFEaMyQUn3XibWXIqkpZmRWGiSKxAhP0Ij0DRWIE+Wl859n9plRhnYYSTNC23P190WKuFJTHphNjvRYLXuZ+J/XT3R45aVUxIkmAi+CwoTZOrKzAuwhlQRrNjUEYUnNrzYeI4mwNjX9SQl41om73MAq6dRrrlNz7y8qjZu8nSKcwCmcgwuX0IA7aEEbMMTwDC/waj1Zb9a79bFYLVj5zTH8gfX5A+U8lvs=</latexit><latexit sha1_base64="lKGkPalSALuvUcs61wqf6EyVPqU=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVw05IUQTdCqxuXFewD2hAm00k7dGYSZiZCCd35DW517U7c+iMu/RMnbRbaeuDC4Zx7OZcTxIwq7ThfVmFtfWNzq7hd2tnd2z8oHx51VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mt5nffSRS0Ug86GlMPI5GgoYUI22kQdOvXjerTT916zO/XHFqzhz2KnFzUoEcLb/8PRhGOOFEaMyQUn3XibWXIqkpZmRWGiSKxAhP0Ij0DRWIE+Wl859n9plRhnYYSTNC23P190WKuFJTHphNjvRYLXuZ+J/XT3R45aVUxIkmAi+CwoTZOrKzAuwhlQRrNjUEYUnNrzYeI4mwNjX9SQl41om73MAq6dRrrlNz7y8qjZu8nSKcwCmcgwuX0IA7aEEbMMTwDC/waj1Zb9a79bFYLVj5zTH8gfX5A+U8lvs=</latexit><latexit sha1_base64="lKGkPalSALuvUcs61wqf6EyVPqU=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVw05IUQTdCqxuXFewD2hAm00k7dGYSZiZCCd35DW517U7c+iMu/RMnbRbaeuDC4Zx7OZcTxIwq7ThfVmFtfWNzq7hd2tnd2z8oHx51VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mt5nffSRS0Ug86GlMPI5GgoYUI22kQdOvXjerTT916zO/XHFqzhz2KnFzUoEcLb/8PRhGOOFEaMyQUn3XibWXIqkpZmRWGiSKxAhP0Ij0DRWIE+Wl859n9plRhnYYSTNC23P190WKuFJTHphNjvRYLXuZ+J/XT3R45aVUxIkmAi+CwoTZOrKzAuwhlQRrNjUEYUnNrzYeI4mwNjX9SQl41om73MAq6dRrrlNz7y8qjZu8nSKcwCmcgwuX0IA7aEEbMMTwDC/waj1Zb9a79bFYLVj5zTH8gfX5A+U8lvs=</latexit><latexit sha1_base64="lKGkPalSALuvUcs61wqf6EyVPqU=">AAACAnicbVDLSsNAFL2pr1pfVZdugkVw05IUQTdCqxuXFewD2hAm00k7dGYSZiZCCd35DW517U7c+iMu/RMnbRbaeuDC4Zx7OZcTxIwq7ThfVmFtfWNzq7hd2tnd2z8oHx51VJRITNo4YpHsBUgRRgVpa6oZ6cWSIB4w0g0mt5nffSRS0Ug86GlMPI5GgoYUI22kQdOvXjerTT916zO/XHFqzhz2KnFzUoEcLb/8PRhGOOFEaMyQUn3XibWXIqkpZmRWGiSKxAhP0Ij0DRWIE+Wl859n9plRhnYYSTNC23P190WKuFJTHphNjvRYLXuZ+J/XT3R45aVUxIkmAi+CwoTZOrKzAuwhlQRrNjUEYUnNrzYeI4mwNjX9SQl41om73MAq6dRrrlNz7y8qjZu8nSKcwCmcgwuX0IA7aEEbMMTwDC/waj1Zb9a79bFYLVj5zTH8gfX5A+U8lvs=</latexit>

(! + �mzA�K · k)2

= (!2
0 + c2sk

2)(1 + �A12K
2)

<latexit sha1_base64="3wnbsxPrd6DLvBcLc8SllQO6XrE="></latexit><latexit sha1_base64="3wnbsxPrd6DLvBcLc8SllQO6XrE="></latexit><latexit sha1_base64="3wnbsxPrd6DLvBcLc8SllQO6XrE="></latexit><latexit sha1_base64="3wnbsxPrd6DLvBcLc8SllQO6XrE="></latexit>

Gap: !0 =

s
�2m2

z

�2
� c2sK

2 =
q
�2H2

0 � c2sK
2

<latexit sha1_base64="wROpR4GOskj2c0etwXnygvpz5kE="></latexit><latexit sha1_base64="wROpR4GOskj2c0etwXnygvpz5kE="></latexit><latexit sha1_base64="wROpR4GOskj2c0etwXnygvpz5kE="></latexit><latexit sha1_base64="wROpR4GOskj2c0etwXnygvpz5kE="></latexit>

Gap:

Landau critical gradient:
Kc =

s
2

�A�
=

�M?
�cs

<latexit sha1_base64="/KDShaU8nv+dvR3HrdNm4+zbUyE="></latexit><latexit sha1_base64="/KDShaU8nv+dvR3HrdNm4+zbUyE="></latexit><latexit sha1_base64="/KDShaU8nv+dvR3HrdNm4+zbUyE="></latexit><latexit sha1_base64="/KDShaU8nv+dvR3HrdNm4+zbUyE="></latexit>

Kc =
�mz

�cs
=

�H0

cs
<latexit sha1_base64="cFVVYHN3WM0Gn4iuzzDgQEf1qKQ="></latexit><latexit sha1_base64="cFVVYHN3WM0Gn4iuzzDgQEf1qKQ="></latexit><latexit sha1_base64="cFVVYHN3WM0Gn4iuzzDgQEf1qKQ="></latexit><latexit sha1_base64="cFVVYHN3WM0Gn4iuzzDgQEf1qKQ="></latexit>
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Spin diffusion length:
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magnon spectrum near its bottom33 shows (see also Methods) that
at our experimental conditions Dx ' 21Dy and, thus, Jx � Jy . This
allows us to neglect Jy in the global balance of the magnon numbers
and to simplify the problem to a one-dimensional (1D) case along
the x-axis (see Fig. 2d).

There are two reasons for the x-dependence of the BEC phase '
in our experiment. The first is the already mentioned temperature
dependence of !c. Within the hot spot of radius R centred at
x=0 (that is, for |x|<R) the temperature T (x) is higher than the
temperature T0 of the rest of the film (see Fig. 2d). Since in an
in-plane magnetized YIG film d!c(T )/dT <0, the BEC frequency
in the spot is smaller than outside: �!c(x)=!c(T (x))�!c(T0)<0.
Correspondingly, the phase accumulation �'(x)= �!c(x)t inside
of the spot is smaller than in the surrounding cold film. Therefore,
the phase gradient @�'(x)/@x is positive for x > 0 and negative
for x<0. It means that a thermally induced supercurrent flows out
from the spot (mostly in x-direction), as is shown by the red arrows
in Fig. 2d:

JT =NcDx
@(�!ct)

@x
(3)

This outflow decreases the magnon BEC density Nc(x) in the spot,
|x|<R, with respect to that in the cold film, where Nc(x�R)=N 0

c .
Spatial deviations in the densityNc(x) of themagnon condensate

constitute the second reason for the variation of its phase @'/@x 6=0.
It results in an additional contribution to the supercurrent, given
by equation (1), which can be named a ‘dispersive’ current Jdis.
To estimate Jdis notice that the 1D Gross–Pitaevskii equation
has the self-similar solution C(x , t) = F(⇠), with ⇠ = x2/(Dxt),
where the function F(⇠) satisfies the ordinary di�erential equation
⇠dF/d⇠ = i(dF/d⇠ +2⇠d2F/d⇠ 2). It describes the well known
phenomenon of dispersive spreading of a wavepacket with the width
�x = p

Dxt permanently increasing in time. It is worth noticing
that exactly the same law is satisfied by the di�usion process with
the di�usion current Jdif =Dx(@Nc(x)/@x). Ignoring the di�erence
between the self-similar profiles in the dispersion and the di�usion
processes (it is well below the resolution of our experiment), we can
estimate the dispersive current Jdis by its di�usion counterpart:

Jdis(x)'�Dx
@Nc

@x
(4)

This current is directed to the lower N (x) region—that is, towards
the hot spot—as shown in Fig. 2d by blue arrows.

A consistent description of the evolution of a parametrically
driven magnon system towards BEC may be achieved in the
framework of the theory of weak wave turbulence43, which was
further developed in ref. 41 to describe the spin-wave turbulence
under parametric excitation. Themain tool of this theory is a kinetic
equation for the occupation numbers n(q) of waves (magnons in
our case) presented, for example, in ref. 9. Here we restrict ourselves
to the analysis of a crucially simplified version of the kinetic
equations—by rate equations for the total number of magnons
in particularly chosen parts of the q-space shown in Fig. 1. The
first part is the BEC with density Nc (orange dot in Fig. 1). The
second part is the magnon gas with density Nb at the bottom
of the magnon spectrum in close vicinity to the BEC (blue area
Rb surrounding the orange BEC point in Fig. 1). These parts are
directly coupled via four-magnon scattering processes (Rb !BEC)
and are simultaneously detected due to the finite resolution of the
frequency- and wavenumber-resolved BLS set-up. The third part is
given by the magnon gas areaRg aboveRb. In our simplified model,
which is schematically shown in Fig. 5, the parametrically injected
magnons of density Np (magenta dot in Fig. 1) first populate the
gas area Rg (Np !Rg), and afterwards move to the bottom part Rb
of the magnon spectrum due to four-magnon scattering processes
between these areas (Rg�Rb).
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Figure 5 | Theoretically calculated magnon dynamics in a thermal
gradient. Theoretical dependencies (coloured lines) of the observable
magnon densities (Nc +Nb) calculated according to equations (5)–(7) for
di�erent temperature-dependent shifts �!c(T) of the BEC frequency !c are
shown in comparison with the corresponding experimental data (grey
curves). The upper diagram demonstrates magnon transitions between the
q-space parts defined in Fig. 1 (yellow arrows), magnon relaxation (blue
arrows) to the phonon bath and a supercurrent outflow (red arrow) from
the locally heated magnon BEC described by equations (5)–(7). The inset
shows the calculated temporal behaviour of Nc, Nb and Ng for the case of
the strongest heating of the magnon BEC.

In the rate equations for the magnon numbers Ng, Nb and Nc
we have to account that the kinetic equations for the four-magnon
scattering processes conserve the total number of magnons and that
the leading term for themagnon flux from the j to the i sub-system is
proportional toN 3

j and, thus, can be written as AijN 3
j , with Aij being

dimensional (s�1) phenomenological constants.
Thus, the rate equations take the following form:

@Ng

@t
=�0gNg +0gNpe�00t �AgbN 3

g +AbgN 3
b (5)

@Nb

@t
=�0bNb +AgbN 3

g �AbgN 3
b � Abc(N 3

b �N 3
cr)2(Nb �Ncr) (6)

@Nc

@t
=�0cNc +Abc(N 3

b �N 3
cr)2(Nb �Ncr)�

@J
@x

(7)

Here 0g, 0b and 0c are relaxation frequencies of corresponding
magnons in the processes that do not conserve magnon numbers
(mainly caused by spin–orbit interaction). The second term on the
right-hand side of equation (5) represents the external magnon
source, and is proportional to the number of parametrically pumped
magnonsNp. The factor exp(�00t)models the processes ofmagnon
thermalization after the end of the pump pulse. The terms /Aij in
equations (5)–(7) describe the magnon fluxes between the chosen
spectral areas, leading finally to the population of the BEC state. The
fluxRb !BEC contains the Heaviside function2(Nb �Ncr), which
involves Ncr—a critical number of magnons at which the chemical
potentialµ of the magnon gas reaches !min. It is2(Nb �Ncr)=1 for
Nb �Ncr >0 and 0 otherwise. Therefore, forNb Ncr there is no flux
of magnons to the condensate. ForNb >Ncr this flux appears and an
excess of magnons Nb �Ncr populates the condensate.
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Experimental signatures of spin superfluid ground
state in canted antiferromagnet Cr2O3 via nonlocal
spin transport
Wei Yuan,1,2 Qiong Zhu,1,2 Tang Su,1,2 Yunyan Yao,1,2 Wenyu Xing,1,2 Yangyang Chen,1,2

Yang Ma,1,2 Xi Lin,1,2 Jing Shi,3* Ryuichi Shindou,1,2 X. C. Xie,1,2* Wei Han1,2*

Spin superfluid is a novel emerging quantummatter arising from the Bose-Einstein condensate (BEC) of spin-1 bos-
ons. We demonstrate the spin superfluid ground state in canted antiferromagnetic Cr2O3 thin film at low tem-
peratures via nonlocal spin transport. A large enhancement of the nonlocal spin signal is observed below~20 K, and
it saturates from ~5 down to 2 K. We show that the spins can propagate over very long distances (~20 mm) in such
spin superfluid ground state and that the nonlocal spin signal decreases very slowly as the spacing increases with
an inverse relationship, which is consistent with theoretical prediction. Furthermore, spin superfluidity has been
investigated in the canted antiferromagnetic phase of the (11!20)-oriented Cr2O3 film, where the magnetic field
dependence of the associated critical temperature follows a 2/3 power law near the critical point. The experimental
demonstration of the spin superfluid ground state in canted antiferromagnet will be extremely important for the
fundamental physics on the BEC of spin-1 bosons and paves the way for future spin supercurrent devices, such as
spin-Josephson junctions.

INTRODUCTION
The Bose-Einstein condensate (BEC) refers to the quantum state of
matter when a large fraction of bosons occupy in the lowest accessible
quantum state and has been observed in liquid helium (4He), cold gases,
polaritons, photons, etc. (1–6). Recently, this concept has beenmuch
more general, for example, the BEC of spin-1 bosons and the spin super-
fluid (7–14). To achieve this spin superfluid state, a great deal of effort
has been made. For example, microwave pumping has been used to
generate the BEC ofmagnons and supercurrent at room temperature
(9, 14). However, because the condensed magnons are inherently
thermal excitations, the spin superfluidity is not the ground state and,
thus, occurs only in a very short time scale (microseconds). Theoreti-
cally, the spin transport in spin superfluid has been recently proposed
for ferromagnetic graphene and the n =0quantumHall state of graphene
(15–17), ferromagnetic materials (18–20), and antiferromagnetic insula-
tors (21–23). Besides, recent progresses of BEC in quantummagnets ex-
hibit a thermodynamic ground state at low temperatures inferred
from magnetization and heat capacity measurements (7, 8, 10, 11, 13),
where the condensing spin-1 bosons can be regarded as the mapping of
the spin ground state onto a lattice of bosons (13). However, despite the
enormous effort in this field, the direct experimental observation of
real spin transport in the spin superfluid ground state has been
lacking.

We report the experimental observation of long-distance spin trans-
port in the spin superfluid ground state in canted antiferromagnetic
Cr2O3 thin films at low temperatures, which provides the direct
experimental evidence of the spin superfluid ground state in canted
antiferromagnet.

RESULTS AND DISCUSSION
The high-quality Cr2O3 thin films are grown on (0001)-oriented Al2O3

substrates via pulsed laser deposition (PLD) (see Materials and
Methods). The spin configurations on the Cr atoms (Cr3+, s = 3/2) are
illustrated in Fig. 1A, which shows that the spins are aligned along
the crystal’s [0001] orientation. The spin transport in the spin superfluid
state is performed using the nonlocal geometry, as shown in Fig. 1 (B
and C, inset). The spins are injected into the antiferromagnetic Cr2O3

thin films from the local Joule heating on the Pt strip via spin Seebeck
effect (24–26). Then, the spin information transports in the spin super-
fluid state, which can propagate to the right Pt electrode and be detected
by voltage measurement across the Pt strip via the inverse spin Hall
effect using standard low-frequency lock-in technique (see Materials
and Methods). Because the spins are injected by thermal heating via
spin Seebeck effect and detected via inverse spinHall effect, the nonlocal
spin signal is probed by measuring the second harmonic nonlocal
resistance (R2ϖ).

Figure 1C shows the R2ϖ as a function of the magnetic field angle
(φ) measured on the nonlocal device on the ~19-nm Cr2O3 thin film
with a spacing (d) of 10 mm between the two Pt strips. During the mea-
surement, the temperature is 2 K, and the in-plane static magnetic field
is 9 T. The in-plane magnetic field is used to generate a canted antifer-
romagnetic phase, as shown in Fig. 1B. The effective spins are detected
via the inverse spin Hall effect of Pt, and the second harmonic nonlocal
resistance is expected to be proportional to sin (φ) (25)

R2ϖ ¼ 1
2
RNL sinðφÞ ð1Þ

where the RNL is the nonlocal spin signal. The red solid line is a fitting
curvebasedonEq. 1, fromwhichRNL isdetermined tobe 0.79±0.02V/A2.
Figure 2A shows typical representative R2ϖ curves on this device (d =
10 mm) as a function of the magnetic field angle (φ) in 9 T at 2, 5, 10,
15, and 30 K, respectively. The nonlocal spin signal as a function of
the temperature from2 to 110K is summarized in Fig. 2B. No clear non-
local spin signal is observable when the temperature is higher than

1International Center for Quantum Materials, School of Physics, Peking University,
Beijing 100871, P. R. China. 2Collaborative Innovation Center of Quantum Matter,
Beijing 100871, P. R. China. 3Department of Physics and Astronomy, University of
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*Corresponding author. Email: weihan@pku.edu.cn (W.H.); jing.shi@ucr.edu (J.S.);
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110 K. At ~60 K, amodest enhancement of the nonlocal spin signal is
observed (section S3 and fig. S8). When the temperature further de-
creases to ~20K, the nonlocal spin signal starts to increase dramatically.
From 20 to 5 K, a large enhancement of the nonlocal spin signal is
observed. Furthermore, the nonlocal spin signal exhibits a saturation
feature when the temperature decreases from ~5 down to 2 K. These
low-temperature behaviors cannot be attributed to the thermally ex-
cited incoherent magnons, the population of which decreases as the
temperature decreases below the Néel temperature (27–30).

We attribute the observation of the low-temperature enhancement
and the saturation of the nonlocal spin signal to the spin superfluid
ground state in a canted antiferromagnet, as depicted in Fig. 1B. In
such a spin superfluid ground state, the spin-1 bosons exhibit the BECat
low temperatures, as previously found for the content of BEC in quantum
magnets (13). This spin superfluid ground state is totally different from
themagnonBEC,where themagnons are inherently excitations andhave
a finite lifetime, and thereby, the spin supercurrent and magnon BEC
only occur in very short time scales (9, 14), whereas the BEC in our case
is a thermodynamic ground state, for which the spin Hamiltonian
originally has the U(1) spin-rotational symmetry around themagnetic
field direction (x direction). On lowering temperature, the U(1)
symmetry is spontaneously broken by the canted antiferromagnetic
order, where a free U(1) processional motion of the antiferromagnetic
moment within the y-z plane leads to a spin supercurrent of the
x component of the spin density (Fig. 1B). That is, the spin component
in the y-z plane (Sy + iSz) acquires a phase rigidity in the spin superfluid
state, which results in a spin analog of the superconducting effect. Despite
the injected magnons by the thermal method being usually incoherent, a
BEC condensation from incoherent magnons could happen via mag-
non scatterings (9, 31, 32). The detailed condensation of the incoherent
magnons into the spin superfluid state needs future studies. The non-
local spin signal versus the inverse of temperature is plotted in Fig. 2B
(inset). Furthermore, this saturation feature below ~5K agrees well with
the theoretical calculation of nonlocal spin signal in the spin superfluid
ground state below a critical temperature (15).

Theoretically, the spin superfluid density is expected to showno var-
iation or very slow decaying in the presence of the spin-orbit interaction

Fig. 1. The nonlocal spin transport in the spin superfluid ground state of the
canted antiferromagnetic Cr2O3 thin film. (A) The spin structure of single crystalline
antiferromagnetic (0001)-oriented Cr2O3 thin film. Up (red arrows) and down (blue ar-
rows) spins of the Cr3+ ions are aligned parallel the crystal’s [0001] orientation. (B) Sche-
matic of the nonlocal spin transport geometry for the spin transport measurement in
the spin superfluid state. The canted magnetization direction is controlled by the ex-
ternal magnetic field (B) along the x direction. In such canted antiferromagnetic
configuration, the spin component (Sy + iSz) that is perpendicular to themagnetic field
direction becomes coherent in the spin superfluid state. (C) The second harmonic
resistance in the nonlocal geometry measured on the nonlocal device as a function
of the in-plane magnetic field angle at 2 K and 9 T. The spins are injected at the left
Pt strip via the spin Seebeck effect. The collective spin transport in the spin superfluid
ground state is probed at the right Pt strip via the inverse spin Hall effect. The nonlocal
device is fabricated on the ~19-nm Cr2O3 thin film, and the spacing between two Pt
strips (d) is 10 mm. The red curve is a sin (φ) fit for the experimental data (solid balls).

Fig. 2. Temperature dependence of the nonlocal spin transport in the canted antiferromagnetic (0001)-oriented Cr2O3 thin film. (A) The second harmonic
resistance in the nonlocal geometry measured as a function of the in-plane rotation angle under the magnetic field of 9 T at 2, 5, 10, 15, and 30 K. (B) The nonlocal spin
signal as a function of the temperature (T). Inset: The nonlocal spin signal as a function of 1/T. At low temperatures, in the spin superfluid ground state, the transverse
spin component (Sy + iSz) that is perpendicular to the magnetic field direction becomes coherent.
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or magnetic damping (13, 15, 22). To verify this property, we study the
nonlocal spin transport as a function of the spacing between the two Pt
strips. To avoid the thermal effect close to the spin injector (33), we pur-
posely vary the spacing from 2 to 20 mm that is significantly longer than
the width of the Pt strip (300 nm). Figure 3A shows the temperature
dependence of the nonlocal spin signal for several typical spacing of
2, 8, 14, and 20 mm. Similar to the feature observed on the 10-mmdevice
discussed earlier, the nonlocal spin signals of all the devices exhibit a
large enhancement around ~20 K and saturate below the temperature
of ~5 K. Figure 3B shows the spacing dependence of the nonlocal spin
signals at 2 and 10 K under the magnetic field of 9 T. The nonlocal spin
signal exhibits a very slow decrease as the spacing increases from 2 up to
20 mm, which is quite different from previous results on the ferri-
magnetic insulator yttrium iron garnet (YIG), where the nonlocal spin
signal exponentially decays as a function of the spacing (25, 30, 33).
Whereas, in our case, for the spin superfluid ground state, the nonlocal
spin signal is shown to be inversely proportional to the spacing. This
observation agrees well with the theoretical calculation (red dashed lines
in Fig. 3B) for spin superfluidity in the presence of the magnetic
damping (22)

RNL ¼ Rd¼0
NL

La
d þ La

ð2Þ

where Rd¼0
NL is related to the spin-dependent chemical potential at the

spin injector and the spin mixing conductance (g↑↓) at the interfaces

between Pt and Cr2O3 and La = ℏg↑↓/2paS, where ℏ is the reduced
Planck constant, a is the magnetic damping, and S is the saturated spin
density in the spin superfluid state. La is obtained to be 16.3 ± 1.1 mm
at 2 K and 13.3 ± 2.5 mm at 10 K based on the best fitting (red lines in
Fig. 3B). As the temperature increases, La decreases, and a transition
from spin superfluid transport to thermally generated incoherent mag-
non transport is observed (section S2 and fig. S5). For example, at 80 K,
the nonlocal spin signal decays rapidly as a function of spacing, which
is very similar to incoherent magnon diffusion in YIG reported pre-
viously (25, 30).

Because the spin component in the y-z plane (Sy+ iSz) acquires a free
U(1) processional motion of the antiferromagnetic moment within the
y-z plane, the canted antiferromagnet rotation around the [0001] direc-
tion ismore favorable. Hence, we investigate the spin superfluid ground
state in the (11!20)-oriented Cr2O3 films, of which the spins on Cr atoms
are aligned along the [0001] orientation and in the film plane. Figure 4A
shows the schematic spin configurations of the (11!20)-oriented Cr2O3

films epitaxially grown on (11!20)-Al2O3 (seeMaterials andMethods).
When the in-plane magnetic field is larger than the spin flop field, a
free U(1) processional motion of the antiferromagnetic moment with-
in the y-z plane leads to a spin supercurrent of the x component of the
spin density, giving rise to the appurtenance of the nonlocal spin signal,
as shown in Fig. 4B. The saturation of the nonlocal spin signal at low
temperature and the spacing dependence of the nonlocal spin signal

Fig. 3. Spacing dependence of the nonlocal spin transport in spin superfluid
ground state. (A) The nonlocal spin signal as a function of 1/T for the spacingbetween
the twoPt strips (d) of 2, 8, 14, and 20 mm. These results are obtainedunder the in-plane
magnetic field of 9 T. (B) The nonlocal spin signal at 2 and 10 K in the spin superfluid
ground state as a function of the spacing between the two Pt strips. The red dashed
lines are the fitting curves based on spin superfluid model using the Eq. 2.

Fig. 4. Spin superfluid ground state in the canted antiferromagnet (11!20)-
oriented Cr2O3. (A) The spin structure of single crystalline antiferromagnetic (11!20)-
oriented Cr2O3 thin film. Up (red arrows) and down (blue arrows) spins of the Cr3+ ions
are aligned in the film plane. (B) The nonlocal spin signal at 2 K as a function of the
magnetic field. The nonlocal spin signal is observed when the magnetic field is higher
than the spin flop field. (C) The critical temperature as a function of themagnetic field.
Red line presents the best fitting curve, which follows a relationship of TC ~ (B− 3.5)0.65.
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fig. S6. Current dependence of the nonlocal spin transport on the ~19-nm (0001)-oriented 

Cr2O3 film. (A-B) The second harmonic spin voltage vs. I and I2 at T = 2 and 10 K and B = 9 T 

on the device with d = 10 μm. A critical current (IC) is observed, which is needed to overcome 

uniaxial anisotropy to induce the spin superfluid transport. (C-D) The second harmonic spin 

voltage vs. I and I2 at T = 80 K and B = 9 T on the device with d = 10 μm. The second harmonic 

voltage is proportional to I2 without a critical current.  
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ji = � i~
2
( ⇤

jri j �  jri 
⇤
j )

<latexit sha1_base64="gdlKsGffAb88lo6YrSpLMa43K2c="></latexit><latexit sha1_base64="gdlKsGffAb88lo6YrSpLMa43K2c="></latexit><latexit sha1_base64="gdlKsGffAb88lo6YrSpLMa43K2c="></latexit>

S = i~[ ⇥ ⇤] s =
S

S
S =

~⇢
m

<latexit sha1_base64="DKorNPiFkBAC/V/p9usRfzUauZE="></latexit><latexit sha1_base64="DKorNPiFkBAC/V/p9usRfzUauZE="></latexit><latexit sha1_base64="DKorNPiFkBAC/V/p9usRfzUauZE="></latexit>

i~@ 
@t

= � ~2
2m

r2
j 

+V | |2 + Vs(| |2 � 2
 

⇤)� �H · S| |2
<latexit sha1_base64="v0zGDaIs4FSke51WwpwVcZ3nuPI="></latexit>



Two subspin vectors S1 and S2 :
<latexit sha1_base64="RjNXdUekLk4l6KPV+dEI7xkL7QM="></latexit>

Extended Landau-Lifshitz-Gilbert equation:
�

<latexit sha1_base64="5MOMLIUz/YpwLD8Bowh7WjRJ9Vk=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9oh5LJZNrQJDMkGaEMxW9wq2t34tZvcemfmLazsK0HAodzzuXenCDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK3jVBHaIjGPVTfAmnImacsww2k3URSLgNNOML6b+Z0nqjSL5aOZJNQXeChZxAg2Vur0uY2GeFCuuFV3DrROvJxUIEdzUP7phzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LJRZU+9n83Cm6sEqIoljZJw2aq38nMiy0nojAJgU2I73qzcT/vF5qohs/YzJJDZVksShKOTIxmv0dhUxRYvjEEkwUs7ciMsIKE2MbWtoSiKntxFttYJ20a1Xvqlp7qFcat3k7RTiDc7gED66hAffQhBYQGMMLvMKb8+y8Ox/O5yJacPKZU1iC8/ULBYiWFw==</latexit>

�
<latexit sha1_base64="5MOMLIUz/YpwLD8Bowh7WjRJ9Vk=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBIvgqszUgi6LblxWsA9oh5LJZNrQJDMkGaEMxW9wq2t34tZvcemfmLazsK0HAodzzuXenCDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK3jVBHaIjGPVTfAmnImacsww2k3URSLgNNOML6b+Z0nqjSL5aOZJNQXeChZxAg2Vur0uY2GeFCuuFV3DrROvJxUIEdzUP7phzFJBZWGcKx1z3MT42dYGUY4nZb6qaYJJmM8pD1LJRZU+9n83Cm6sEqIoljZJw2aq38nMiy0nojAJgU2I73qzcT/vF5qohs/YzJJDZVksShKOTIxmv0dhUxRYvjEEkwUs7ciMsIKE2MbWtoSiKntxFttYJ20a1Xvqlp7qFcat3k7RTiDc7gED66hAffQhBYQGMMLvMKb8+y8Ox/O5yJacPKZU1iC8/ULBYiWFw==</latexit>

S1
<latexit sha1_base64="QwmXX3xGoQ/7tBrBiGg+6YE5hgY=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKi+YDkCHubvWTJ7t6xuyeEI/gbbLW2E1t/i6X/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWKndCwR66Hv9csWtuhnQKvFyUoEcjX75pzeISCKoNIRjrbueGxs/xcowwum01Es0jTEZ4yHtWiqxoNpPs3On6MwqAxRGypY0KFP/TqRYaD0Rge0U2Iz0sjcT//O6iQmv/ZTJODFUkvmiMOHIRGj2OxowRYnhE0swUczeisgIK0yMTWhhSyCmNhNvOYFV0qpVvYtq7f6yUr/J0ynCCZzCOXhwBXW4gwY0gcAYXuAV3pxn5935cD7nrQUnnzmGBThfvyNQlYg=</latexit>

S2
<latexit sha1_base64="L4i+rmB52XuV5kQ7B2uJYjHG4bU=">AAAB/XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxjKi+YDkCHubvWTJ7t6xuyeEI/gbbLW2E1t/i6X/xM3lCpP4YODx3gwz84KYM21c99sprK1vbG4Vt0s7u3v7B+XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIsko9mElNf4KFkISPYWKndCwR66Nf65YpbdTOgVeLlpAI5Gv3yT28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfZudO0ZlVBiiMlC1pUKb+nUix0HoiAtspsBnpZW8m/ud1ExNe+ymTcWKoJPNFYcKRidDsdzRgihLDJ5Zgopi9FZERVpgYm9DClkBMbSbecgKrpFWrehfV2v1lpX6Tp1OEEziFc/DgCupwBw1oAoExvMArvDnPzrvz4XzOWwtOPnMMC3C+fgEk45WJ</latexit>

Sonin, arXiv: 1908.1063

Madelung transformation     Hydrodynamics 

Hydrodynamical variable: n,vs,S1,S2
<latexit sha1_base64="AsVvLFlJQn+U/w8LYKnw9INHAQg="></latexit>

Total spin: S = S1 + S2

Antiferromagnetic vector (staggered magnetization): L = S1 � S2
<latexit sha1_base64="xg816mVVtnB7k/JppuPC9fu9PaU="></latexit>

n[Si + (vs ·r)Si] = �


Si ⇥

�H0

�Si

�
, i = 1, 2

<latexit sha1_base64="o7a71ip9KDpAAFuqEEcYm6rCivA="></latexit>

Ferromagnetic spin-1 BEC
� =

⇡

2
, n[S + (vs ·r)S] = �


S ⇥

�H0

�S

�

<latexit sha1_base64="quobahYWqAVTbHB6pTK+UBhAGgc="></latexit>



Coexistence of mass and spin superfluidity

Landau critical velocity vL is equal to the sound wave velocity cs
<latexit sha1_base64="jfBwCm30q+EqQT2g0ZG//i4V+9g="></latexit><latexit sha1_base64="jfBwCm30q+EqQT2g0ZG//i4V+9g="></latexit><latexit sha1_base64="jfBwCm30q+EqQT2g0ZG//i4V+9g="></latexit>

Landau critical velocity vL is equal to the spin wave velocity csp
<latexit sha1_base64="flVUttXzgmduthwxHzRiXLeapMs="></latexit><latexit sha1_base64="flVUttXzgmduthwxHzRiXLeapMs="></latexit><latexit sha1_base64="flVUttXzgmduthwxHzRiXLeapMs="></latexit>

vL = min(cs, csp)
<latexit sha1_base64="N216NtZgF8lHIpNkA3vnBTuTLb4="></latexit><latexit sha1_base64="N216NtZgF8lHIpNkA3vnBTuTLb4="></latexit><latexit sha1_base64="N216NtZgF8lHIpNkA3vnBTuTLb4="></latexit>

Mass superfluidity alone:

Spin superfluidity alone:

Spin and mass superfluidity coexist:

Spin-wave velocity: csp = s?

r
G

2
, s? = sin�

<latexit sha1_base64="+wrnLo9ehaAhKgAU8Fhqk3ZcXss="></latexit><latexit sha1_base64="+wrnLo9ehaAhKgAU8Fhqk3ZcXss="></latexit><latexit sha1_base64="+wrnLo9ehaAhKgAU8Fhqk3ZcXss="></latexit>

jz = � ~2⇢
2m2

sin2 �r'
<latexit sha1_base64="TwJE5JcP97xmW8XY5zuguiXP2Cs="></latexit><latexit sha1_base64="TwJE5JcP97xmW8XY5zuguiXP2Cs="></latexit><latexit sha1_base64="TwJE5JcP97xmW8XY5zuguiXP2Cs="></latexit>

Beattle, Moulder, Fletcher, and Hadzibabic, PRL, 110, 025301 (2013) 

Incompressible superfluids: cs � csp
<latexit sha1_base64="nLsGQwKvPY2ADJARvRFl1udKxPs="></latexit><latexit sha1_base64="nLsGQwKvPY2ADJARvRFl1udKxPs="></latexit><latexit sha1_base64="nLsGQwKvPY2ADJARvRFl1udKxPs="></latexit>



�1 =
3⇡

4

�1 =
⇡

2

⌫ = +1 ⌫ = �1

�1 =
⇡

4

�1 = ⇡

�1 =
3⇡

4

�1 =
⇡

2

⌫ = +1 ⌫ = �1

�1 =
⇡

4

�1 = ⇡

s
<latexit sha1_base64="OIsk8oXJgQMIBBzw7A3sgeotDXg=">AAAB+nicdVBNS8NAEJ3Ur1q/qh69LBbBU9iKot6KXjxWMFpoQ9lsN+3S3STsboQS8hu86tmTePXPePSfuGlTsKIPBh7vzTAzL0gE1wbjT6eytLyyulZdr21sbm3v1Hf37nWcKso8GotYdQKimeAR8ww3gnUSxYgMBHsIxteF//DIlOZxdGcmCfMlGUY85JQYK3m9QCLdrzewe4YLIOziOSmVZqk0oES7X//qDWKaShYZKojW3SZOjJ8RZTgVLK/1Us0SQsdkyLqWRkQy7WfTY3N0ZJUBCmNlKzJo qv6cyIjUeiID2ymJGenfXiH+5XVTE174GY+S1LCIzhaFqUAmRsXnaMAVo0ZMLCFUcXsroiOiCDU2n4UtgcxtJvPH0f/EO3EvXXx72mhdleFU4QAO4RiacA4tuIE2eECBwxM8w4uTO6/Om/M+a6045cw+LMD5+AaZnpTd</latexit><latexit sha1_base64="OIsk8oXJgQMIBBzw7A3sgeotDXg=">AAAB+nicdVBNS8NAEJ3Ur1q/qh69LBbBU9iKot6KXjxWMFpoQ9lsN+3S3STsboQS8hu86tmTePXPePSfuGlTsKIPBh7vzTAzL0gE1wbjT6eytLyyulZdr21sbm3v1Hf37nWcKso8GotYdQKimeAR8ww3gnUSxYgMBHsIxteF//DIlOZxdGcmCfMlGUY85JQYK3m9QCLdrzewe4YLIOziOSmVZqk0oES7X//qDWKaShYZKojW3SZOjJ8RZTgVLK/1Us0SQsdkyLqWRkQy7WfTY3N0ZJUBCmNlKzJo qv6cyIjUeiID2ymJGenfXiH+5XVTE174GY+S1LCIzhaFqUAmRsXnaMAVo0ZMLCFUcXsroiOiCDU2n4UtgcxtJvPH0f/EO3EvXXx72mhdleFU4QAO4RiacA4tuIE2eECBwxM8w4uTO6/Om/M+a6045cw+LMD5+AaZnpTd</latexit><latexit sha1_base64="OIsk8oXJgQMIBBzw7A3sgeotDXg=">AAAB+nicdVBNS8NAEJ3Ur1q/qh69LBbBU9iKot6KXjxWMFpoQ9lsN+3S3STsboQS8hu86tmTePXPePSfuGlTsKIPBh7vzTAzL0gE1wbjT6eytLyyulZdr21sbm3v1Hf37nWcKso8GotYdQKimeAR8ww3gnUSxYgMBHsIxteF//DIlOZxdGcmCfMlGUY85JQYK3m9QCLdrzewe4YLIOziOSmVZqk0oES7X//qDWKaShYZKojW3SZOjJ8RZTgVLK/1Us0SQsdkyLqWRkQy7WfTY3N0ZJUBCmNlKzJo qv6cyIjUeiID2ymJGenfXiH+5XVTE174GY+S1LCIzhaFqUAmRsXnaMAVo0ZMLCFUcXsroiOiCDU2n4UtgcxtJvPH0f/EO3EvXXx72mhdleFU4QAO4RiacA4tuIE2eECBwxM8w4uTO6/Om/M+a6045cw+LMD5+AaZnpTd</latexit>

x
<latexit sha1_base64="k4/tNL1L+rNT1r+pGxgKrkhg/pA=">AAAB9nicdVBNS8NAEJ34WetX1aOXxSJ4CltR1FvRi8cWjC20oWy2m3bpbhJ2N2IJ/QVe9exJvPp3PPpP3LQpWNEHA4/3ZpiZFySCa4Pxp7O0vLK6tl7aKG9ube/sVvb273WcKso8GotYtQOimeAR8ww3grUTxYgMBGsFo5vcbz0wpXkc3ZlxwnxJBhEPOSXGSs3HXqWK3XOcA2EXz0mh1AqlCgUavcpXtx/TVLLIUEG07tRwYvyMKMOpYJNyN9UsIXREBqxjaUQk0342PXSCjq3SR2GsbEUGTdWfExmRWo9lYDslMUP928vFv7xOasJLP+NRkhoW0dmiMBXIxCj/GvW5YtSIsSWEKm5vRXRIFKHGZrOwJZATm8n8cfQ/8U7dKxc3z6r16yKcEhzCEZxADS6gDrfQAA8oMHiCZ3hxxs6r8+a8z1qXnGLmABbgfHwDAjCTbw==</latexit><latexit sha1_base64="k4/tNL1L+rNT1r+pGxgKrkhg/pA=">AAAB9nicdVBNS8NAEJ34WetX1aOXxSJ4CltR1FvRi8cWjC20oWy2m3bpbhJ2N2IJ/QVe9exJvPp3PPpP3LQpWNEHA4/3ZpiZFySCa4Pxp7O0vLK6tl7aKG9ube/sVvb273WcKso8GotYtQOimeAR8ww3grUTxYgMBGsFo5vcbz0wpXkc3ZlxwnxJBhEPOSXGSs3HXqWK3XOcA2EXz0mh1AqlCgUavcpXtx/TVLLIUEG07tRwYvyMKMOpYJNyN9UsIXREBqxjaUQk0342PXSCjq3SR2GsbEUGTdWfExmRWo9lYDslMUP928vFv7xOasJLP+NRkhoW0dmiMBXIxCj/GvW5YtSIsSWEKm5vRXRIFKHGZrOwJZATm8n8cfQ/8U7dKxc3z6r16yKcEhzCEZxADS6gDrfQAA8oMHiCZ3hxxs6r8+a8z1qXnGLmABbgfHwDAjCTbw==</latexit><latexit sha1_base64="k4/tNL1L+rNT1r+pGxgKrkhg/pA=">AAAB9nicdVBNS8NAEJ34WetX1aOXxSJ4CltR1FvRi8cWjC20oWy2m3bpbhJ2N2IJ/QVe9exJvPp3PPpP3LQpWNEHA4/3ZpiZFySCa4Pxp7O0vLK6tl7aKG9ube/sVvb273WcKso8GotYtQOimeAR8ww3grUTxYgMBGsFo5vcbz0wpXkc3ZlxwnxJBhEPOSXGSs3HXqWK3XOcA2EXz0mh1AqlCgUavcpXtx/TVLLIUEG07tRwYvyMKMOpYJNyN9UsIXREBqxjaUQk0342PXSCjq3SR2GsbEUGTdWfExmRWo9lYDslMUP928vFv7xOasJLP+NRkhoW0dmiMBXIxCj/GvW5YtSIsSWEKm5vRXRIFKHGZrOwJZATm8n8cfQ/8U7dKxc3z6r16yKcEhzCEZxADS6gDrfQAA8oMHiCZ3hxxs6r8+a8z1qXnGLmABbgfHwDAjCTbw==</latexit>

y
<latexit sha1_base64="RQJyxnjWtpkUIamk6Mu2Y191suw=">AAAB9nicdVBNS8NAEN3Ur1q/qh69LBbBU9iKot6KXjy2YGyhDWWznbRLd5OwuxFC6S/wqmdP4tW/49F/4qZNwYo+GHi8N8PMvCARXBtCPp3Syura+kZ5s7K1vbO7V90/eNBxqhh4LBax6gRUg+AReIYbAZ1EAZWBgHYwvs399iMozePo3mQJ+JIOIx5yRo2VWlm/WiPuBcmBiUsWpFDqhVJDBZr96ldvELNUQmSYoFp36yQx/oQqw5mAaaWXakgoG9MhdC2NqATtT2aHTvGJVQY4jJWtyOCZ+nNiQqXWmQxsp6RmpH97ufiX101NeOVPeJSkBiI2XxSmApsY51/jAVfAjMgsoUxxeytmI6ooMzabpS2BnNpMFo/j/4l35l67pHVea9wU4ZTRETpGp6iOLlED3aEm8hBDgJ7QM3pxMufVeXPe560lp5g5REtwPr4BA8KTcA==</latexit><latexit sha1_base64="RQJyxnjWtpkUIamk6Mu2Y191suw=">AAAB9nicdVBNS8NAEN3Ur1q/qh69LBbBU9iKot6KXjy2YGyhDWWznbRLd5OwuxFC6S/wqmdP4tW/49F/4qZNwYo+GHi8N8PMvCARXBtCPp3Syura+kZ5s7K1vbO7V90/eNBxqhh4LBax6gRUg+AReIYbAZ1EAZWBgHYwvs399iMozePo3mQJ+JIOIx5yRo2VWlm/WiPuBcmBiUsWpFDqhVJDBZr96ldvELNUQmSYoFp36yQx/oQqw5mAaaWXakgoG9MhdC2NqATtT2aHTvGJVQY4jJWtyOCZ+nNiQqXWmQxsp6RmpH97ufiX101NeOVPeJSkBiI2XxSmApsY51/jAVfAjMgsoUxxeytmI6ooMzabpS2BnNpMFo/j/4l35l67pHVea9wU4ZTRETpGp6iOLlED3aEm8hBDgJ7QM3pxMufVeXPe560lp5g5REtwPr4BA8KTcA==</latexit><latexit sha1_base64="RQJyxnjWtpkUIamk6Mu2Y191suw=">AAAB9nicdVBNS8NAEN3Ur1q/qh69LBbBU9iKot6KXjy2YGyhDWWznbRLd5OwuxFC6S/wqmdP4tW/49F/4qZNwYo+GHi8N8PMvCARXBtCPp3Syura+kZ5s7K1vbO7V90/eNBxqhh4LBax6gRUg+AReIYbAZ1EAZWBgHYwvs399iMozePo3mQJ+JIOIx5yRo2VWlm/WiPuBcmBiUsWpFDqhVJDBZr96ldvELNUQmSYoFp36yQx/oQqw5mAaaWXakgoG9MhdC2NqATtT2aHTvGJVQY4jJWtyOCZ+nNiQqXWmQxsp6RmpH97ufiX101NeOVPeJSkBiI2XxSmApsY51/jAVfAjMgsoUxxeytmI6ooMzabpS2BnNpMFo/j/4l35l67pHVea9wU4ZTRETpGp6iOLlED3aEm8hBDgJ7QM3pxMufVeXPe560lp5g5REtwPr4BA8KTcA==</latexit>

z
<latexit sha1_base64="PMcVTiJMIZ1rdeW8ILxHihweySk=">AAAB9nicdVBNS8NAEN34WetX1aOXxSJ4CltR1FvRi8cWjC20oWy2k3bpbhJ2N0Is/QVe9exJvPp3PPpP3LQpWNEHA4/3ZpiZFySCa0PIp7O0vLK6tl7aKG9ube/sVvb273WcKgYei0Ws2gHVIHgEnuFGQDtRQGUgoBWMbnK/9QBK8zi6M1kCvqSDiIecUWOl5mOvUiXuOcmBiUvmpFBqhVJFBRq9yle3H7NUQmSYoFp3aiQx/pgqw5mASbmbakgoG9EBdCyNqATtj6eHTvCxVfo4jJWtyOCp+nNiTKXWmQxsp6RmqH97ufiX10lNeOmPeZSkBiI2WxSmApsY51/jPlfAjMgsoUxxeytmQ6ooMzabhS2BnNhM5o/j/4l36l65pHlWrV8X4ZTQITpCJ6iGLlAd3aIG8hBDgJ7QM3pxMufVeXPeZ61LTjFzgBbgfHwDBVSTcQ==</latexit><latexit sha1_base64="PMcVTiJMIZ1rdeW8ILxHihweySk=">AAAB9nicdVBNS8NAEN34WetX1aOXxSJ4CltR1FvRi8cWjC20oWy2k3bpbhJ2N0Is/QVe9exJvPp3PPpP3LQpWNEHA4/3ZpiZFySCa0PIp7O0vLK6tl7aKG9ube/sVvb273WcKgYei0Ws2gHVIHgEnuFGQDtRQGUgoBWMbnK/9QBK8zi6M1kCvqSDiIecUWOl5mOvUiXuOcmBiUvmpFBqhVJFBRq9yle3H7NUQmSYoFp3aiQx/pgqw5mASbmbakgoG9EBdCyNqATtj6eHTvCxVfo4jJWtyOCp+nNiTKXWmQxsp6RmqH97ufiX10lNeOmPeZSkBiI2WxSmApsY51/jPlfAjMgsoUxxeytmQ6ooMzabhS2BnNhM5o/j/4l36l65pHlWrV8X4ZTQITpCJ6iGLlAd3aIG8hBDgJ7QM3pxMufVeXPeZ61LTjFzgBbgfHwDBVSTcQ==</latexit><latexit sha1_base64="PMcVTiJMIZ1rdeW8ILxHihweySk=">AAAB9nicdVBNS8NAEN34WetX1aOXxSJ4CltR1FvRi8cWjC20oWy2k3bpbhJ2N0Is/QVe9exJvPp3PPpP3LQpWNEHA4/3ZpiZFySCa0PIp7O0vLK6tl7aKG9ube/sVvb273WcKgYei0Ws2gHVIHgEnuFGQDtRQGUgoBWMbnK/9QBK8zi6M1kCvqSDiIecUWOl5mOvUiXuOcmBiUvmpFBqhVJFBRq9yle3H7NUQmSYoFp3aiQx/pgqw5mASbmbakgoG9EBdCyNqATtj6eHTvCxVfo4jJWtyOCp+nNiTKXWmQxsp6RmqH97ufiX10lNeOmPeZSkBiI2WxSmApsY51/jPlfAjMgsoUxxeytmQ6ooMzabhS2BnNhM5o/j/4l36l65pHlWrV8X4ZTQITpCJ6iGLlAd3aIG8hBDgJ7QM3pxMufVeXPeZ61LTjFzgBbgfHwDBVSTcQ==</latexit>

�
<latexit sha1_base64="FDxyBiDjS2fsNdPvHNCvnZ9RDzA=">AAAB+nicdVBNS8NAEJ3Ur1q/qh69LBbBU9iKot6KXjxWMFpoQ9lsN+3SzSbsboQS8hu86tmTePXPePSfuGlTsKIPBh7vzTAzL0gE1wbjT6eytLyyulZdr21sbm3v1Hf37nWcKso8GotYdQKimeCSeYYbwTqJYiQKBHsIxteF//DIlOaxvDOThPkRGUoeckqMlbxewAzp1xvYPcMFEHbxnJRKs1QaUKLdr3/1BjFNIyYNFUTrbhMnxs+IMpwKltd6qWYJoWMyZF1LJYmY9rPpsTk6ssoAhbGyJQ2aqj8nMhJpPYkC2xkRM9K/vUL8y+umJrzwMy6T1DBJZ4vCVCATo+JzNOCKUSMmlhCquL0V0RFRhBqbz8KWIMptJvPH0f/EO3EvXXx72mhdleFU4QAO4RiacA4tuIE2eECBwxM8w4uTO6/Om/M+a6045cw+LMD5+Ab09pUX</latexit><latexit sha1_base64="FDxyBiDjS2fsNdPvHNCvnZ9RDzA=">AAAB+nicdVBNS8NAEJ3Ur1q/qh69LBbBU9iKot6KXjxWMFpoQ9lsN+3SzSbsboQS8hu86tmTePXPePSfuGlTsKIPBh7vzTAzL0gE1wbjT6eytLyyulZdr21sbm3v1Hf37nWcKso8GotYdQKimeCSeYYbwTqJYiQKBHsIxteF//DIlOaxvDOThPkRGUoeckqMlbxewAzp1xvYPcMFEHbxnJRKs1QaUKLdr3/1BjFNIyYNFUTrbhMnxs+IMpwKltd6qWYJoWMyZF1LJYmY9rPpsTk6ssoAhbGyJQ2aqj8nMhJpPYkC2xkRM9K/vUL8y+umJrzwMy6T1DBJZ4vCVCATo+JzNOCKUSMmlhCquL0V0RFRhBqbz8KWIMptJvPH0f/EO3EvXXx72mhdleFU4QAO4RiacA4tuIE2eECBwxM8w4uTO6/Om/M+a6045cw+LMD5+Ab09pUX</latexit><latexit sha1_base64="FDxyBiDjS2fsNdPvHNCvnZ9RDzA=">AAAB+nicdVBNS8NAEJ3Ur1q/qh69LBbBU9iKot6KXjxWMFpoQ9lsN+3SzSbsboQS8hu86tmTePXPePSfuGlTsKIPBh7vzTAzL0gE1wbjT6eytLyyulZdr21sbm3v1Hf37nWcKso8GotYdQKimeCSeYYbwTqJYiQKBHsIxteF//DIlOaxvDOThPkRGUoeckqMlbxewAzp1xvYPcMFEHbxnJRKs1QaUKLdr3/1BjFNIyYNFUTrbhMnxs+IMpwKltd6qWYJoWMyZF1LJYmY9rPpsTk6ssoAhbGyJQ2aqj8nMhJpPYkC2xkRM9K/vUL8y+umJrzwMy6T1DBJZ4vCVCATo+JzNOCKUSMmlhCquL0V0RFRhBqbz8KWIMptJvPH0f/EO3EvXXx72mhdleFU4QAO4RiacA4tuIE2eECBwxM8w4uTO6/Om/M+a6045cw+LMD5+Ab09pUX</latexit>

'
<latexit sha1_base64="ScNLiX/xgXB0XpNl1Cw4DU713Ws=">AAAB/HicdVBNS8NAEJ34WetX1aOXxSJ4CltR1FvRi8cKxhbaUDbbTbt0swm7m0IJxd/gVc+exKv/xaP/xE2bghV9MPB4b4aZeUEiuDYYfzpLyyura+uljfLm1vbObmVv/0HHqaLMo7GIVSsgmgkumWe4EayVKEaiQLBmMLzJ/eaIKc1jeW/GCfMj0pc85JQYKzU7I6KSAe9Wqtg9xzkQdvGcFEqtUKpQoNGtfHV6MU0jJg0VROt2DSfGz4gynAo2KXdSzRJCh6TP2pZKEjHtZ9NzJ+jYKj0UxsqWNGiq/pzISKT1OApsZ0TMQP/2cvEvr52a8NLPuExSwySdLQpTgUyM8t9RjytGjRhbQqji9lZEB0QRamxCC1uCaGIzmT+O/ifeqXvl4ruzav26CKcEh3AEJ1CDC6jDLTTAAwpDeIJneHEenVfnzXmftS45xcwBLMD5+Aa5ipYZ</latexit><latexit sha1_base64="ScNLiX/xgXB0XpNl1Cw4DU713Ws=">AAAB/HicdVBNS8NAEJ34WetX1aOXxSJ4CltR1FvRi8cKxhbaUDbbTbt0swm7m0IJxd/gVc+exKv/xaP/xE2bghV9MPB4b4aZeUEiuDYYfzpLyyura+uljfLm1vbObmVv/0HHqaLMo7GIVSsgmgkumWe4EayVKEaiQLBmMLzJ/eaIKc1jeW/GCfMj0pc85JQYKzU7I6KSAe9Wqtg9xzkQdvGcFEqtUKpQoNGtfHV6MU0jJg0VROt2DSfGz4gynAo2KXdSzRJCh6TP2pZKEjHtZ9NzJ+jYKj0UxsqWNGiq/pzISKT1OApsZ0TMQP/2cvEvr52a8NLPuExSwySdLQpTgUyM8t9RjytGjRhbQqji9lZEB0QRamxCC1uCaGIzmT+O/ifeqXvl4ruzav26CKcEh3AEJ1CDC6jDLTTAAwpDeIJneHEenVfnzXmftS45xcwBLMD5+Aa5ipYZ</latexit><latexit sha1_base64="ScNLiX/xgXB0XpNl1Cw4DU713Ws=">AAAB/HicdVBNS8NAEJ34WetX1aOXxSJ4CltR1FvRi8cKxhbaUDbbTbt0swm7m0IJxd/gVc+exKv/xaP/xE2bghV9MPB4b4aZeUEiuDYYfzpLyyura+uljfLm1vbObmVv/0HHqaLMo7GIVSsgmgkumWe4EayVKEaiQLBmMLzJ/eaIKc1jeW/GCfMj0pc85JQYKzU7I6KSAe9Wqtg9xzkQdvGcFEqtUKpQoNGtfHV6MU0jJg0VROt2DSfGz4gynAo2KXdSzRJCh6TP2pZKEjHtZ9NzJ+jYKj0UxsqWNGiq/pzISKT1OApsZ0TMQP/2cvEvr52a8NLPuExSwySdLQpTgUyM8t9RjytGjRhbQqji9lZEB0QRamxCC1uCaGIzmT+O/ifeqXvl4ruzav26CKcEh3AEJ1CDC6jDLTTAAwpDeIJneHEenVfnzXmftS45xcwBLMD5+Aa5ipYZ</latexit>

Mermin–Ho vortex 
(meron, or half-skyrmion)

Anderson–Toulouse vortex 

vs =
~(1� cos�1)[ẑ ⇥ r]

mr2

Circulation:
~(1� cos�)

m
! ~�2

1
2m

Core radius: rc ⇠
~

mcsp
! ~

m
p
G�1

<latexit sha1_base64="zfdmMRbgSYwU5u6Bs9nRhfohksc="></latexit><latexit sha1_base64="zfdmMRbgSYwU5u6Bs9nRhfohksc="></latexit><latexit sha1_base64="zfdmMRbgSYwU5u6Bs9nRhfohksc="></latexit><latexit sha1_base64="zfdmMRbgSYwU5u6Bs9nRhfohksc="></latexit>

vs = �~(1 + cos�1)[ẑ ⇥ r]

mr2

Circulation: � ~(1 + cos�)

m

Core radius: rc ⇠
~

m
p
G

<latexit sha1_base64="++syExTQhjhAR3leJTmwaGSJxH0="></latexit><latexit sha1_base64="++syExTQhjhAR3leJTmwaGSJxH0="></latexit><latexit sha1_base64="++syExTQhjhAR3leJTmwaGSJxH0="></latexit><latexit sha1_base64="++syExTQhjhAR3leJTmwaGSJxH0="></latexit>

r' =
[ẑ ⇥ r]

r2
<latexit sha1_base64="f5LYnw8FnxK3r2IC+H2LJfUFweQ="></latexit>



vs =
~
m
(r�� sin ✓0 cos ✓r'0)

<latexit sha1_base64="3hHRhl8OoY/hCa90+feXltqwzJ0="></latexit>

N� =
1

2⇡

I
r� · dl, N' =

1

2⇡

I
r'0 · dl

<latexit sha1_base64="wRRmUZRch7Qk9xp7biBFeA+Zb+A="></latexit>

� =

I
vs · dl =

h

m
[N� � sin ✓0(1)N']

<latexit sha1_base64="CGhv5ltKXVt4ADdOqlkPqOcA92I="></latexit>

Bicirculation vortices 
with two topological charges (winding numbers)

Circulation of velocity:

Nonsingular vortices

(N�, N')
<latexit sha1_base64="mBOXNoC8DOTQHednyiPhFYIXf7s=">AAACCnicdVDLSgMxFM3UV62vsS7dBItQQcqkim13RTeupIJ9QDsMmTTThmYeJJliGfoHfoNbXbsTt/6ES//ETFvBih4IOZxzL/fe40acSWVZH0ZmZXVtfSO7mdva3tndM/fzLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2R1ep3x5TIVkY3KlJRG0fDwLmMYKVlhwzX7xxeo0hO9XfGItoyE4cs2CVLMtCCMGUoMqFpUmtVi2jKkSppVEACzQc87PXD0ns00ARjqXsIitSdoKFYoTTaa4XSxphMsID2tU0wD6VdjLbfQqPtdKHXij0CxScqT87EuxLOfFdXeljNZS/vVT8y+vGyqvaCQuiWNGAzAd5MYcqhGkQsM8EJYpPNMFEML0rJEMsMFE6rqUprj/VmXwfDv8nrXIJnZXKt+eF+uUinSw4BEegCBCogDq4Bg3QBATcg0fwBJ6NB+PFeDXe5qUZY9FzAJZgvH8BD3aaaQ==</latexit>

(0, N)
<latexit sha1_base64="crT1Q0d6dCC1xCLwgC06z1HCu3U=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevEkFUxbaEPZbDft0s0m7G6EEvIbvOrZm3j1x3j0n7htc7CtDwYe780wM8+POVPatr+twtr6xuZWcbu0s7u3f1A+PGqpKJGEuiTikez4WFHOBHU105x2Yklx6HPa9sd3U7/9TKVikXjSk5h6IR4KFjCCtZHcqn3xcN4vV+yaPQNaJU5OKpCj2S//9AYRSUIqNOFYqa5jx9pLsdSMcJqVeomiMSZjPKRdQwUOqfLS2bEZOjPKAAWRNCU0mql/J1IcKjUJfdMZYj1Sy95U/M/rJjq48VIm4kRTQeaLgoQjHaHp52jAJCWaTwzBRDJzKyIjLDHRJp+FLX6YmUyc5QRWSatecy5r9cerSuM2T6cIJ3AKVXDgGhpwD01wgQCDF3iFNyuz3q0P63PeWrDymWNYgPX1C/CNlEE=</latexit>

(N,±N)
<latexit sha1_base64="AAFoWE9C0mqpEpFFzk71SyIUB6Q=">AAAB/3icbVA9SwNBEJ3zM8avqKXNYhAiSLiLgpZBG6sQwXxIcoS9zV6yZHfv2N0TQkjhb7DV2k5s/SmW/hM3yRUm8cHA470ZZuYFMWfauO63s7K6tr6xmdnKbu/s7u3nDg7rOkoUoTUS8Ug1A6wpZ5LWDDOcNmNFsQg4bQSD24nfeKJKs0g+mGFMfYF7koWMYGOlx0LlvB0LVDnr5PJu0Z0CLRMvJXlIUe3kftrdiCSCSkM41rrlubHxR1gZRjgdZ9uJpjEmA9yjLUslFlT7o+nBY3RqlS4KI2VLGjRV/06MsNB6KALbKbDp60VvIv7ntRITXvsjJuPEUElmi8KEIxOhyfeoyxQlhg8twUQxeysifawwMTajuS2BGNtMvMUElkm9VPQuiqX7y3z5Jk0nA8dwAgXw4ArKcAdVqAEBAS/wCm/Os/PufDifs9YVJ505gjk4X7/a/JXg</latexit>

Vortex            : Vortex               :
✓0(0) = 0, ✓(0) = ±⇡

2
<latexit sha1_base64="hV6batsOZPA+GaV3mmwkfflo/BU=">AAACI3icbVDLSgMxFM3UV62vqks3wSJUlDJTBd0IRTcuK9gHdErJpGkbmswMyR2hDO0/+BF+g1tduxM3Llz4J2baWdjqgcC559ybmxwvFFyDbX9amaXlldW17HpuY3Nreye/u1fXQaQoq9FABKrpEc0E91kNOAjWDBUj0hOs4Q1vEr/xwJTmgX8Po5C1Jen7vMcpASN18icuDBiQjl20j6/s08lkVieVG0ocuyHHbmBuwOVxJ1+wS/YU+C9xUlJAKaqd/LfbDWgkmQ9UEK1bjh1COyYKOBVsnHMjzUJCh6TPWob6RDLdjqefGuMjo3RxL1Dm+ICn6u+JmEitR9IznZLAQC96ifif14qgd9mOuR9GwHw6W9SLBIYAJwnhLleMghgZQqji5q2YDogiFEyOc1s8mWTiLCbwl9TLJeesVL47L1Su03Sy6AAdoiJy0AWqoFtURTVE0SN6Ri/o1Xqy3qx362PWmrHSmX00B+vrByKTo0o=</latexit>

� = �Nh

m
sin ✓0(1).

<latexit sha1_base64="pmHpqKS+ZA2nzZIpHySdrZAl76M=">AAACJXicbVDLSgMxFM34flt16SZYhLqwzKigG0F0oSupYLXQKeVOmrHBJDMkd4Qy9Cv8CL/Bra7dieBK/BPTx8JaDwQO55zLvTlRKoVF3//0Jianpmdm5+YXFpeWV1YLa+s3NskM41WWyMTUIrBcCs2rKFDyWmo4qEjy2+j+rOffPnBjRaKvsZPyhoI7LWLBAJ3ULOyG56AUHNPd/LIdJi5KVZeGVmgaYpsjNP1SKHSMnZ0ypc1C0S/7fdBxEgxJkQxRaRa+w1bCMsU1MgnW1gM/xUYOBgWTvLsQZpanwO7hjtcd1aC4beT9b3XptlNaNE6MexppX/09kYOytqMil1SAbfvX64n/efUM46NGLnSaIddssCjOJMWE9jqiLWE4Q9lxBJgR7lbK2mCAoWtyZEukuq6T4G8D4+Rmrxzsl/euDoonp8N25sgm2SIlEpBDckIuSIVUCSOP5Jm8kFfvyXvz3r2PQXTCG85skBF4Xz8YwqRP</latexit>

✓0(0) = ±⇡

2
, ✓(0) = 0

<latexit sha1_base64="aOMk0qUOctuqukbVr5IrcYfpaiI=">AAACJHicbVDLSgMxFM3UV62vUZdugkWoUMpMFXRTKLpxWcE+oFNKJk3b0GRmSO4IZWg/wo/wG9zq2p24cCP4J6aPhW09EDiccw/35viR4Boc58tKra1vbG6ltzM7u3v7B/bhUU2HsaKsSkMRqoZPNBM8YFXgIFgjUoxIX7C6P7id+PVHpjQPgwcYRqwlSS/gXU4JGKlt5z3oMyBtJ+ecl7xI4sSLOPZCk8HFUX48nvnGxSWnbWedgjMFXiXunGTRHJW2/eN1QhpLFgAVROum60TQSogCTgUbZbxYs4jQAemxpqEBkUy3kumvRvjMKB3cDZV5AeCp+jeREKn1UPpmUhLo62VvIv7nNWPoXrcSHkQxsIDOFnVjgSHEk4pwhytGQQwNIVRxcyumfaIIBVPkwhZfjkwn7nIDq6RWLLgXheL9ZbZ8M28njU7QKcohF12hMrpDFVRFFD2hF/SK3qxn6936sD5noylrnjlGC7C+fwGSQ6N0</latexit>

� =
Nh

m
[1⌥ sin ✓0(1)]

<latexit sha1_base64="+OwA22QqZWKz2MJo+BJjBucVBCU=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbOlMF3QhFF7oSBVuFzlDupBkbmmSG5I5Qhn6GH+E3uNW1O9Glf2Jau/B1IHA451zuzYkzKSz6/rs3MTk1PTM7N19aWFxaXimvrjVtmhvGGyyVqbmJwXIpNG+gQMlvMsNBxZJfx72ToX99x40Vqb7CfsYjBbdaJIIBOqld3g1PQSk4osV5N0xdkqpBKwhVFlqhaYhdjtD2t0OhE+zv0KhdrvhVfwT6lwRjUiFjXLTLH2EnZbniGpkEa1uBn2FUgEHBJB+UwtzyDFgPbnnLUQ2K26gYfWxAt5zSoUlq3NNIR+r3iQKUtX0Vu6QC7Nrf3lD8z2vlmBxGhdBZjlyzr0VJLimmdNgS7QjDGcq+I8CMcLdS1gUDDF2XP7bEauA6CX438Jc0a9Vgr1q73K/Uj8ftzJENskm2SUAOSJ2ckQvSIIzck0fyRJ69B+/Fe/XevqIT3nhmnfyA9/EJ9/Wl6g==</latexit>

N is integer
<latexit sha1_base64="ixwVWrgI4JdgBpnmNN2lKtQ7i+0=">AAACC3icbVDLSsNAFJ3UV62vaJduBovgqiRV0GXRjSupYFuhDWUyvW2HzkzCzEQMof6B3+BW1+7ErR/h0j8xabOwrQcuHM65l3M5fsiZNo7zbRVWVtfWN4qbpa3tnd09e/+gpYNIUWjSgAfq3icaOJPQNMxwuA8VEOFzaPvjq8xvP4DSLJB3Jg7BE2Qo2YBRYlKpZ5dvnrrCDx4TpjGTBoagJj274lSdKfAycXNSQTkaPfun2w9oJEAayonWHdcJjZcQZRjlMCl1Iw0hoWMyhE5KJRGgvWT6/AQfp0ofDwKVjjR4qv69SIjQOhZ+uimIGelFLxP/8zqRGVx4CZNhZEDSWdAg4tgEOGsC95kCanicEkIVS3/FdEQUoSbtay7FF1kn7mIDy6RVq7qn1drtWaV+mbdTRIfoCJ0gF52jOrpGDdREFMXoBb2iN+vZerc+rM/ZasHKb8poDtbXL1zgm8M=</latexit>

N is integer or half-integer
<latexit sha1_base64="+GYvVMSHRt5dLclnx92WkI/YxZ8=">AAACLHicbVC7SgNBFJ31bXxFLW0Gg2Bj2FVBS9HGShRMIiQhzE7uJoPzWGbuimFZP8SP8BtstbYRsbDxO9zELYx6qsM5995zOWEshUPff/UmJqemZ2bn5ksLi0vLK+XVtbozieVQ40YaexUyB1JoqKFACVexBaZCCY3w+mToN27AOmH0JQ5iaCvW0yISnGEudcr7Z3ctFZrbVDgqNEIPLDWWthBucXQ9tdDN0j6T0U7hZ1mnXPGr/gj0LwkKUiEFzjvlj1bX8ESBRi6Zc83Aj7GdMouCS8hKrcRBzPg160Ezp5opcO10lJ/RrVzp0ij/KjIa6Uj9uZEy5dxAhfmkYth3v72h+J/XTDA6bKdCxwmC5t9BUSIpGjqsinaFBY5ykBPGrch/pbzPLOOYFzqWEqphJ8HvBv6S+m412KvuXuxXjo6LdubIBtkk2yQgB+SInJJzUiOc3JNH8kSevQfvxXvz3r9HJ7xiZ52Mwfv8AtfMqk8=</latexit>



Half-integer vortices 
� =

Nh

m
[1⌥ sin ✓0(1)]

<latexit sha1_base64="+OwA22QqZWKz2MJo+BJjBucVBCU=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei6CbOlMF3QhFF7oSBVuFzlDupBkbmmSG5I5Qhn6GH+E3uNW1O9Glf2Jau/B1IHA451zuzYkzKSz6/rs3MTk1PTM7N19aWFxaXimvrjVtmhvGGyyVqbmJwXIpNG+gQMlvMsNBxZJfx72ToX99x40Vqb7CfsYjBbdaJIIBOqld3g1PQSk4osV5N0xdkqpBKwhVFlqhaYhdjtD2t0OhE+zv0KhdrvhVfwT6lwRjUiFjXLTLH2EnZbniGpkEa1uBn2FUgEHBJB+UwtzyDFgPbnnLUQ2K26gYfWxAt5zSoUlq3NNIR+r3iQKUtX0Vu6QC7Nrf3lD8z2vlmBxGhdBZjlyzr0VJLimmdNgS7QjDGcq+I8CMcLdS1gUDDF2XP7bEauA6CX438Jc0a9Vgr1q73K/Uj8ftzJENskm2SUAOSJ2ckQvSIIzck0fyRJ69B+/Fe/XevqIT3nhmnfyA9/EJ9/Wl6g==</latexit>

Circulation quantum:  =
h

2m
[1⌥ sin ✓0(1)]

<latexit sha1_base64="fZEAz16bPvqiok9VOZq2sGA540c="></latexit>

U. Leonhardt and G. E. Volovik, JETP Lett. 72, 46 (2000)]:
Half-quantum vortex: ✓0(1) = 0,  =

h

2m
<latexit sha1_base64="RLOyd/mKB6IcHPld+40F2weU0zY="></latexit>

In general: 0 <  <
h

m
<latexit sha1_base64="QkMWhhQwCW2FZo9OZ1yLKwM+CXg="></latexit>

Velocity circulation quantum is tuned 
by magnetic field

N =
n

2
<latexit sha1_base64="cvP4v6a3HX8+tEMdEsyumlCk7dA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+FgIRTeupIJ9QBPKZDpph04mYWYilNDfcONCEbf+jDv/xkkaRK0HBg7nnMu9c7yIM6Vt+9MqLC2vrK4V10sbm1vbO+XdvY4KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2vcl16ncfqFQsFPd6GlE3wCPBfEawNpJze5kIJzQBVJ8NyhW7amdAi6SWkwrkaA3KH84wJHFAhSYcK9Wv2ZF2Eyw1I5zOSk6saITJBI9o31CBA6rcJLt5ho6MMkR+KM0TGmXqz4kEB0pNA88kA6zH6q+Xiv95/Vj7527CRBRrKsh8kR9zpEOUFoCGTFKi+dQQTCQztyIyxhITbWoqZSVcpDj9/vIi6dSrtUa1cXdSaV7ldRThAA7hGGpwBk24gRa0gUAEj/AML1ZsPVmv1ts8WrDymX34Bev9C5IGkYQ=</latexit>

� = n  =
h

2m
[1⌥ sin(✓0(1)]

<latexit sha1_base64="KqcUJe+qD6DGolY94z6pbWxJcXg="></latexit>



The experiment in the easy-plane antiferromagnet shows evidence of 
long-distance spin superfluid transport.

In spin-1 BEC mass and spin superfluidity coexist and mutually affect one another. 
As a result of interplay of two types of superfluidity,  metastability of both mass and  
spin supercurrents is always determined softer modes, which are spin waves 
in our case.

In spin-1 BEC vortices are characterized by two topological charges (winding numbers).
The velocity circulation is not a topological charge! Its quantum can be tuned
continuously by a magnetic field

Conclusions:

Thanks


