
How (and why) do force chains arise in 
dense amorphous materials

Prabhu R. Nott 
Indian Institute of Science

Krishnaraj K P

Sriram Ramaswamy 
Bulbul Chakraborty

Support: Science & Engineering Research Board 



How (and why) do force chains arise in dense 
amorphous materials
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How does a disordered microstructure 
give rise to an inhomogeneous, but 
coherent, network of force-bearing 
chains of particles?



Features of a granular force network

• A small subset of the ensemble carries a large fraction of the 
applied load, termed as “force chains” 

• The linearity of the chains is an important observed featured

2D  Isotropic compression



Features of granular force networks
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the same external conditions, so that a statistical approach is needed.
Following the above procedure, force chains in an ensemble of
packings can be described by the probability P(s,f) that, at a threshold
f, a given random grain is of size s. Similar statistical descriptions in
terms of clusters are common in the theory of equilibrium phase
transitions24, where the threshold f takes the role of temperature. As
in a percolation model25, a phase transition occurs at the critical
threshold f c, above which no cluster connects the opposite bound-
aries of the system. Around this value, the system shows scale
invariance; in particular, the probability distribution of cluster sizes
can be expressed as Pðs; f Þ< s2trðs=ðf 2 f cÞjÞ: This scale invariance
is ‘universal’: the scaling exponents t and j, as well as the scaling
function r, are determined only by the global symmetries of the
system rather than the microscopic details of the interactions.
Equilibrium critical phenomena can therefore be classified in a
discrete number of universality classes according to the values of
the exponents.
Such an analogy with equilibrium critical phenomena suggests the

existence of scale invariance around the threshold f c, below which
one of the clusters spans the whole packing. The associated scaling
exponents and scaling function would provide a new characteriz-
ation of the spatial organization of forces in granular matter. To study
the existence of scale invariance and universality, we examine the
behaviour of the nth moment mn of P(s,f) as function of the
threshold f and the system size N (number of contacts in the
packing). We look for scaling as function of the system size, which
in case of equilibrium critical phenomena takes the form

mnð f ;NÞ<NfnMnð½ f 2 f c$N1=2nÞ ð1Þ
where the scaling function Mnis related by integration to r, and the
scaling exponents are given by fn¼ ðnþ 12 tÞ=ðt2 1Þ and n¼
ðt2 1Þ=2j:Here we present a study forn¼ 2 because it is the lowest
moment to diverge, but the results hold for higher moments.
We have carried out a scaling analysis on packings created by

molecular dynamics simulations (also called discrete elements
methods) of a system of polydisperse spheres in a periodic two-
dimensional cell subject to an isotropic pressure. The particles are
deformable and interact bymeans of nonlinear Hertz–Mindlin forces
(see Methods). We first consider strongly polydisperse frictionless
packings at low pressure, leading to strongly disordered force net-
works with clearly visible force chains (Fig. 1a). For different system
sizes, we determined the force chain clusters at a large number of
threshold values and thus computedm2( f,N), the secondmoment of
clusters sizes (leaving out the largest cluster in each sample). If m2

scales according to equation (1), then plotting N2fm2 as function of
ð½ f 2 f c$N1=2nÞ should lead to a collapse of data for different system
sizes on a single curve. Varying f, n and f c, a good collapse is indeed
obtained for f ¼ 0.89 ^ 0.01 and n ¼ 1.6 ^ 0.1, clearly confirming
scale invariance.
To test the dependence on various parameters, we repeated the

procedure for packings created at different pressures, polydispersi-
ties, coefficients of friction and force laws. As the pressure is
increased, the grains deform and the number of contacts per particle
rises (Fig. 1b). The force network becomes increasingly uniform in
appearance, and the distribution of force magnitudes becomes
narrower (see Supplementary Information). Computing m2( f ) for
values of pressure spanning three orders of magnitude, we never-
theless find that the optimal data collapse is obtained in the same
range, f¼ 0:89^ 0:01 and n¼ 1:6^ 0:1; independently of the
pressure. Decreasing the polydispersity leads to crystallization of
the grains (Fig. 1c); however, such ordering of the contact network
also leaves the values of the scaling exponents unchanged. Moreover,
although friction leads to smaller coordination number in the
packing, it does not influence the scaling properties. In this case
the forces are not normal to the grains, but tangential forces are
typically much smaller then f c (see Supplementary Information), so
that they do not affect the scaling of cluster sizes. Finally, particles

interacting with harmonic forces instead of nonlinear Hertz forces
lead once again to the same exponents.
The independence of the exponents on pressure, polydispersity,

friction and force law is clear evidence of universality. As expected,
however, the value of the critical threshold is not universal: it varies
between 1.3 and 1.6 times the average normal force and depends on
all the parameters. Moreover, the width and height of the scaling
function vary with the parameters: the width decreases with increas-
ing pressure, whereas the height increases with increasing polydis-
persity. A linear rescaling of both axes nevertheless leads to a single
collapse for all considered values of parameters (Fig. 3): similarly to
equilibrium critical phenomena, the full scaling function seems to be
universal.
As the scaling exponents and the scaling function are universal,

they can be obtained from simplified models in the appropriate
universality class. Years ago, Edwards proposed to generalize the
micro-canonical principle of thermodynamics to jammed systems
such as granular matter13. The key idea is to ignore history and to
treat as equally likely all stable configurations of grains. The approach
was found to be successful in slowly flowing granular matter14, but so
far a quantitative confirmation for static granular matter has been
lacking.
A simple extension of this micro-canonical ensemble to a packing

of grains in a fixed geometry has been named the ‘snooker packing’15.
It consists of a hexagonal arrangement of rigid, frictionless and
monodisperse spheres confined within a triangular domain, with the
same pressure applied to all sides of the packing. In such a system,
force balance alone does not completely determine the forces. Here it
is natural to generalize Edwards’ approach by treating as equally
likely all arrangements of repulsive forces in balance on each grain,
while keeping fixed the geometry of contacts. Using Monte Carlo
simulations (see Methods), we generated force networks on the
snooker packing with uniform probability, and examined the scaling
of the secondmoment of cluster size distribution for different system
sizes. The optimal collapse is obtained for values of scaling exponents

Figure 3 | The universal scaling function. The mean square of the cluster
sizes, omitting the largest cluster, m2, is rescaled as BN2fm2 and plotted as
function of the rescaled threshold A ð½f 2 f c$N1=2nÞ:The graph shows the
collapse on a single curve of 50 data sets corresponding to various packing
parameters and system sizes. A different colour is associated with each of six
sets of parameters (pressure p, polydispersity d, coefficient of friction m)
used in molecular dynamics simulations. For each set of parameters, five
system sizes (increasing by factors of two) are represented by symbols:
circle, diamond, triangle, cross and plus. The collapse was obtained for
f¼ 0:89^ 0:01 and n¼ 1:6^ 0:1 for all data sets, whereas the values of
f c, A and B depend on the parameters (but not on the system size). In black
are shown Monte Carlo results of the Edwards’ ensemble on the ‘snooker
packing’, which gives the same values of f and n.
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“Our results establish an unexpected connection between static granular matter and equilibrium 
critical phenomena. The observed scale invariance … defines a novel universality class of 
isotropic force networks. … This result implies the existence of long-range correlations between 
forces, a characteristic of structures such as force chains.”

Ostojic, Somfai & Nienhuis, Nature (2006)

Pathak et al, PRE (2017)
“The main consequence of our findings is the absence of long-ranged correlations between the 
magnitudes of the forces in jammed granular packings.”

 — random percolation universality class



bi .bj  > 0 & Fij ≥ Fc  

b1

b2

b4b3

Starting from a randomly selected 
pair, all paths which satisfy the 
above conditions are explored.

The number of particles in such 
clusters Nc , and Q ≡ ⟨min(bi.bj)⟩ 
are determined

Geometry of the force network



Ordered paths

Random paths
“force chains”

Q

Force percolation 
threshold ~ 1.33

Tortuosity of a path is strongly correlated to the force

Ordered 
paths
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Relax bi .bj  > 0



Definition a linearity parameter for a connected cluster

A
B

 

Q = min(bi .bj | bi .bj > 0)cluster

We generate configurations using DEM (and random packs) for a 
variety of geometries and boundary conditions: isotropic compression, 
heaps, silos, steady shear …, and demonstrate that at a critical value of 
Q, there is a sharp transition between ordered and disordered subsets of 
clusters. 

We show that clusters of linearity ≥ Qc are mechanically relevant in all 
these geometries 



Choose a value of Q, and determine the number of particles N(Q) 
that reside in clusters of linearity ≥ Q 

Q = 0 0 < Q < 1 Q = 1

Computational protocol



3D  Isotropic compression



Contact force correlates with linearity

2D isotropic compression, 
NT = 3000, 𝜙 = 0.839.

Qc = 0.6

z = 2.58



Spatial force correlation

Force correlations are long ranged at Q = Qc 



Origin of criticality

Construct a random network with nodes intially 
placed a distance at least d apart. 
Particle grown: a pair is considered connected if 
nodes are separated by distance less than α d – α 
varied to get the required coordination number 

z
z

Critical linearity is purely a 
consequence of geometric/
packing constraints



Random walk models

Random walks are generally used to 
s tudy dynamica l p rocesses on 
networks. 

We introduce correlations in  random 
walks to show how it surprisingly 
replicates important features of the 
granular force network

  Correlated Random Walk (CRW)

Random Walk (RW)

bi  . bj  > 0 &

bi .bj  > 0,  Pi random 
Similar to the q-model of Liu et al (Science, 1995)



Significance of linearity-based correlations

By introducing correlations in a 
r a n d o m w a l k , i m p o r t a n t 
features, such as the large force 
fluctuations are captured

Average cluster force

PDF (Fn)
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“Critical” clusters (of linearity Qc) are mechanically relevant
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2D heap
Funnelled 
deposition 

Rained

Mechanical significance of linearity-based 
correlations
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2D silo

Mechanical significance of linearity-based 
correlations
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Mechanical significance of critical clusters



3D Silo 
Vw = 0

Mechanical significance of critical clusters
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Mehandia, Gutam & Nott, PRL (2012)
Gutam, Mehandia & Nott, Phys. Fluids (2013)
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w – speed in the 
y-z plane

3D plane Couette: Anomalous caused by a 
dilation-driven secondary flow

Krishnaraj & Nott (Nature Comm, 2017)



Sheared

Mechanical significance of critical clusters in 3D 
plane Couette



Vertical variation of the  
orientation of critical clusters 
mimics stress reversal

Orientation of clusters in 3D plane 
Couette
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ShearedStatic

3D silo (static) & plane Couette



Conclusions

• We have identified an linearity based “order” parameter characterizing 
the strong force network in granular materials. 

• Strong force networks in granular materials are emergent phenomena 
associated with a connectivity transition in constrained spatial networks 

• The pair force correlations in clusters with critical linearity exhibit a 
power-law decay, indicating long ranged force correlations 

• The linearity parameter explains the micromechanical origin of several 
non-trivial phenomena in a granular assemblies: pile, Janssen stress 
saturation in a granular silo, and stress reversal in 3d plane Couette



Supplementary slides



Structure of a granular force network (sheared)

2D Plane shear, N = 1000.  Averaged 
o v e r 1 0 0 i n d e p e n d e n t 
configurations.
Note that global clusters are 
neglected



Criticality of 3D granular packing's

Variation of cluster sizes with Q 
for 3D plane shear (NT = 13635)

Variation of cluster sizes with Q 
for 3D isotropic compression (NT = 
10000)



Effect of polydispersity

Nc(Q) = Number of particles in the cluster 

Fc(Q) = Average pair force of the cluster 

Lc(Q) = Average size of the clusters 
Note that percolating clusters are 
neglected



Effect of friction

Nc(Q) = Number of particles in the cluster 

Fc(Q) = Average pair force of the cluster 

Lc(Q) = Average size of the clusters 
Note that percolating clusters are 
neglected



Finite size scaling

Scaled radius of gyration of clusters. Only static configurations are 
shown. 

Here Ns is the total number of force bearing contacts in the system. 

The value of the exponents are ϕ = 0.29 and ν = 1.52.



Finite size scaling (Sheared systems)

Scaled radius of gyration of clusters. Only 2D plane shear 
configurations are shown. 

Here Ns is the total number of force bearing contacts in the system 

The value of the exponents are ϕ = 0.275 and ν = 1.8


