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Topological invariants 2

It is possible to go directly from topological 
invariants to edge states without studying 
Hamiltonians, Schrödinger equation or 
responses. 

Nd = Nd−2(Λ)−Nd−2(−Λ)

Bulk invariant 
in d dimensions

Edge invariant

G. Volovik, 1980s; VG, A. Essin, PRB 2011
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Edge topological invariant 3

1. Bulk invariant Nd Example: 3D edge of a 4D 
insulator

Fermi surface
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Edge topological invariant 3

1. Bulk invariant Nd

2. d-1 dimensional edge 
with d-1 momenta

3. Edge is not an insulator

4. Fix pd-1=Λ some large 
number

5. Now the edge is an d-2 dim 
insulator

6. Calculate its invariant Nd-2(Λ)

7. Claim: Nd =Nd-2(Λ)-Nd-2(-Λ)

Example: 3D edge of a 4D 
insulator

Fermi surface
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Example: an edge of a 4D AII insulator 4

This edge is taken as

because it is
1. linear in momenta
2. time-reversal invariant
H(p) = σyH

∗(−p)σy

But does it have the right 
edge invariant?

H = v

�

i=x,y,z

σipi − µ
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Example: an edge of a 4D AII insulator 4

This edge is taken as

because it is
1. linear in momenta
2. time-reversal invariant
H(p) = σyH

∗(−p)σy

But does it have the right 
edge invariant?

H = vσxpx + vσypy ± vΛσz − µ

Fix pz=+Λ or pz=-Λ
Effectively 2D.

N2(Λ)−N2(−Λ) = 1 Well known relation.
Yes, it is an edge.

H = v

�

i=x,y,z

σipi − µ

LFSG, 1994
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Plan 5

Nd = Nd−2(Λ)−Nd−2(−Λ)

1. Derive this result 2. Use this result to 
study something useful
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Topological invariant for even dimensions type  6

Matsubara Green’s function Gab(ω,p)

Z
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Topological invariant for even dimensions type  6

Matsubara Green’s function

known numerical coefficient, not particularly relevant

Nd = Cd �α0...αd tr

�
dωddpG−1∂α0G . . .G−1∂αdG

Summation over each α = ω, p1, . . . , pd is implied
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Topological invariant for even dimensions type  6

If d=2 this coincides with the TKNN invariant. Niu, Thouless, Wu (1985)

Matsubara Green’s function

known numerical coefficient, not particularly relevant

Nd = Cd �α0...αd tr

�
dωddpG−1∂α0G . . .G−1∂αdG

Summation over each α = ω, p1, . . . , pd is implied

Gab(ω,p)

topological invariant

Z
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Domain walls 7

Domain wall (edge)

NL NR

No translational invariance
in the “s” direction
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Domain walls 7

Domain wall (edge)

NL NR

Gab (ω; p1 . . . pd−1; s, s�)1. Mixed Green’s function

No translational invariance
in the “s” direction

2. Wigner transformed Green’s function

Gab(ω; p1 . . . pd; s) =
�

dr eipdr Gab(ω; p1 . . . pd−1; s +
r

2
, s− r

2
)

G−1
ab (ω; p1 . . . pd; s)Gbc(ω; p1 . . . pd; s) = δac4. Local inverse

Local invariant, defined with 
Wigner Green’s functions and

Wigner inverse
Nd = Cd �α0...αd tr

�
dωddpG−1∂α0G . . .G−1∂αdG

3. Inverse Green’s function K
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Topological invariant as a flux 8

ω; p1 . . . pd; s d+2 dimensional space

∂αnα = 0 divergentless d+2 dimensional vector

nα0 = Cd �α0...αd+1 trG
−1∂α1G . . .G−1∂αd+1G

N(s) =

�
dωddp ns
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Topological invariant as a flux 8

ω; p1 . . . pd; s d+2 dimensional space

∂αnα = 0 divergentless d+2 dimensional vector

NL NR

Invariant at a point s: 
flux of n 

through this surface

NR −NL =
�

dω ddp ds ∂αnα
=

�

singularities

�
dSd+1 · n

nα0 = Cd �α0...αd+1 trG
−1∂α1G . . .G−1∂αd+1G

N(s) =

�
dωddp ns
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Edge states 9

ω; p1 . . . pd−1 d-1 dimensional space spanning the edge

rα0 = Cd−2 �α0...αd−1Tr
�
K ∂α1G . . .K ∂αd−1G

�

mixed Green’s functions
Gab (ω; p1 . . . pd−1; s, s�)

TrAB =
�

ab

�
dsds� Aab(ω; p1 . . . pd−1; s, s

�)Bba(ω; p1 . . . pd−1; s
�, s)
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Edge states 9

ω; p1 . . . pd−1 d-1 dimensional space spanning the edge

divergentless d dimensional vector∂αrα = 0

�
dSd+1 · n =

�
dSd−1 · r

Gradient expansion shows
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Edge states 9

ω; p1 . . . pd−1 d-1 dimensional space spanning the edge

divergentless d dimensional vector∂αrα = 0

ω; p1 . . . pd−2

pd−1

rα0 = Cd−2 �α0...αd−1Tr
�
K ∂α1G . . .K ∂αd−1G

�

mixed Green’s functions
Gab (ω; p1 . . . pd−1; s, s�)

TrAB =
�

ab

�
dsds� Aab(ω; p1 . . . pd−1; s, s

�)Bba(ω; p1 . . . pd−1; s
�, s)

Nd = Nd−2(Λ)−Nd−2(−Λ)

Nd−2(pd−1) = Cd−2�α0...αd−2

�
dωdd−2pK∂α0G . . .K∂αd−2G

�
dSd−1 · r = Nd−2|pd−1=Λ − Nd−2|pd−1=−Λ

Λ

−Λ
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Application 1: IQHE 10

N2 = σxy = 1

N0(Λ)−N0(−Λ) = 1

p
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Application 1: IQHE 10

N2 = σxy = 1

N0(Λ)−N0(−Λ) = 1

p

G =
1

iω − �n(p)
N0(p) =

�
dω

2πi
K∂ωG =

1

2

�

n

sign �n(p)
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Application 1: IQHE 10

N2 = σxy = 1

N0(Λ)−N0(−Λ) = 1

p

G =
1

iω − �n(p)
N0(p) =

�
dω

2πi
K∂ωG =

1

2

�

n

sign �n(p)

�

p
−Λ

Λ

There has to be a level such that

This is the edge state!

�m(Λ) > 0, �m(−Λ) < 0
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Application 2: disorder 11

Old idea of Thouless, Wu, Niu: impose phases across the system

θx

θy

Gij(ω, θx, θy . . . )

Summation over each α = ω, θ1, . . . , θd is implied

Nd = Cd �α0...αd tr

�
dωddθG−1∂α0G . . .G−1∂αdG
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Application 2: disorder 11

Old idea of Thouless, Wu, Niu: impose phases across the system

θx

θy

Gij(ω, θx, θy . . . )

Summation over each α = ω, θ1, . . . , θd is implied

Nd = Cd �α0...αd tr

�
dωddθG−1∂α0G . . .G−1∂αdG

N0(Λ)−N0(−Λ) = 1

�

−Λ
Λ θ

d = 2 : This edge level must be 
delocalized

New results:
A. Essin, A. Altland, M. Mueller,

VG, in preparation
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Application 3: 1D insulators 12

Gij(ω) = −
�

kl

ΣikGkl(−ω)ΣljNeed chiral symmetry:
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N1 = tr

�
dp

4πi
ΣG−1∂pG

����
ω=0

Ĥ =
�

i

�
tâ

†
i+1âi + t

∗
â
†
i âi+1

�

Σij = (−1)iδij

Topological invariant:
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Application 3: 1D insulators 12

Gij(ω) = −
�

kl

ΣikGkl(−ω)ΣljNeed chiral symmetry:

Often realized as hopping on a bipartite lattice

N1 = tr

�
dp

4πi
ΣG−1∂pG

����
ω=0

Ĥ =
�

i

�
tâ

†
i+1âi + t

∗
â
†
i âi+1

�

Σij = (−1)iδij

Topological invariant:

N1 = N−1(Λ)−N−1(−Λ)? = # zero energy states at the boundary

Ĥ =
�

i

��
t+ (−1)iδt

�
â
†
i+1âi +

�
t+ (−1)iδt

�
â
†
i âi+1

�
N1 = θ(δt)
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Application 3: 1D interacting insulators 13

More generally, need a “particle-hole” symmetry:

Σ̂†a†i Σ̂ = Σijaj Example: particles hopping on a bipartite lattice with 
Hubbard interactions

Gij(ω) = −
�

kl

ΣikGkl(−ω)Σlj

N1 = tr

�
dp

4πi
ΣG−1∂pG

����
ω=0

N1 =
 # zero energy states at the boundary +

# of zeros at the boundary

Gij |ω=0 ψj = 0.

this is a zero

G = [iω −H]−1
 no interactions

no zeros

Σ̂†
ĤΣ̂ = Ĥ

∗

13



1D interacting model 14

Spin 1/2 fermion hopping on a 1D lattice with a 
large Hubbard repulsion U, one fermion per site

N1 = tr

�
dp

4πi
ΣG−1∂pG

����
ω=0

= 1

Top invariant
Yet large single 
particle gap U

Where are the 
edge states?

No hopping No hopping No hopping No hopping

S. Manmana, A. Essin, VG, 
work in progress
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1D interacting model 14

Spin 1/2 fermion hopping on a 1D lattice with a 
large Hubbard repulsion U, one fermion per site

N1 = tr

�
dp

4πi
ΣG−1∂pG

����
ω=0

= 1

Top invariant
Yet large single 
particle gap U

Where are the 
edge states?

little 
hopping

little 
hopping

little 
hopping

little 
hopping

Zeros at the edge
Gij(0)ψj = 0

S. Manmana, A. Essin, VG, 
work in progress
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1D interacting model 14

Spin 1/2 fermion hopping on a 1D lattice with a 
large Hubbard repulsion U, one fermion per site

N1 = tr

�
dp

4πi
ΣG−1∂pG

����
ω=0

= 1

Top invariant
Yet large single 
particle gap U

Where are the 
edge states?

Ferromagnetic
interactions

Ferromagnetic
interactions

Ferromagnetic
interactions

Ferromagnetic
interactions

Haldane
chain

S. Manmana, A. Essin, VG, 
work in progress
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Application 4: FQHE at simple fractions 15

pN2 �= σxy =
1

2k + 1

G =
(iω + vp)2k

iω − vp

X.G. Wen, 1989

Edge Green’s function

N0(p) =

�
dω

2πi
K∂ωG =

1

2

�

n

[sign �n(p)− sign rn(p)]

poles zeros

N0(Λ)−N0(−Λ) = 2k + 1 = N2

From Thouless’ to Wen’s topological order?
15



Application 5: topological insulators (class AII) 16

Z2 structure has to be studied by dimensional reduction

G(ω, p1, p2) → G(ω, p1, p2, q1, q2)

G(ω,p,q) = σyG
T (ω,−p,−q)σy TR invariance

N4 = odd

NL NR

Invariant at a point s: 
flux of n 

through this surface

Odd N4 = Odd # edge modes = 1 mode at q=0 = 
physical edge mode

unphysical momenta

16



Application 6: Fractional topological insulators 17

G(ω, p) =

�
(iω+vp)2k

iω−vp 0

0 (iω−vp)2k

iω+vp

�

Edge Green’s functions

1. Two FQHE with opposite chirality

G =




iω+p

ω2+p2+q2

�
(iω+p)2

ω2+Λ2

�n
qx+iqy

ω2+p2+q2

qx−iqy
ω2+p2+q2

iω−p
ω2+p2+q2

�
(iω−p)2

ω2+Λ2

�n





2. Add q-dependence

3. Calculate N4 = N2|p=Λ − N2|p=−Λ = 2k + 1

4. Topologically protected since N4 = odd

17



Conclusions 18

Bulk-edge correspondence is an interesting tool. 

18



The end

19
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