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Introduction 
•  usual view:  Chern insulator = integer QHE without a magnetic field.

alternatively:  Chern insulator = integer QHE on a commensurate lattice

In particular, the Chern insulator proposed by Haldane is a lattice model 
with a magnetic field of one Dirac quanta per hexagon.

→ new (fractional) phases can be identified either on the lattice as Chern
     insulators or in the continuum as quantum Hall states.

•  Topological insulator (2D TI) = IQHE + IQHE, protected by T

•  Fractional topological insulator (FTI) = FQHE + FQHE, protected by T
No real innovation, since the topological order (the fractionalization) and 
the symmetry protection do not entangle!

•  A state which respects T and entangles the “layers” has never been found.
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Fractional insulator:  ground state wave function

Oct 11, 2008

 m",m#,n[z; w̄] =

N"Y

i=1

e�
1
4 |zi|

2
N#Y

k=1

e�
1
4 |w̄k|2

<latexit sha1_base64="4X6TQaRWMSHvtbjzwQ6jkxr/y7Q="></latexit><latexit sha1_base64="4X6TQaRWMSHvtbjzwQ6jkxr/y7Q="></latexit><latexit sha1_base64="4X6TQaRWMSHvtbjzwQ6jkxr/y7Q="></latexit><latexit sha1_base64="4X6TQaRWMSHvtbjzwQ6jkxr/y7Q="></latexit>

filling factors for each spin:

(m",m#, n) = (3, 1, 1) : ⌫" = ⌫# = 1
2

<latexit sha1_base64="Bs1WbUcjNfR1+zG7r1ofQu4qdcU="></latexit><latexit sha1_base64="+qs0uz0Yx+xkAM9c0lSPiJRO0H4="></latexit><latexit sha1_base64="+qs0uz0Yx+xkAM9c0lSPiJRO0H4="></latexit><latexit sha1_base64="+3PK8BQgaw1f4Hp2ehvT1/2EVv8="></latexit>

The 311-state has topological order which breaks time reversal symmetry T.
It is also an SPT (symmetry protected) phase, with T as protecting symmetry! 
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Illustration of the 331 state: 

"
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quasi-electrons remove zeros

Finally, the # of zeros in each “layer” is 2 per electron,                       . ⌫" = ⌫# = 1
2
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quasi-holes add zeros:            , one extra zero per electronn = 1
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Chiral edge modes are T conjugates of each other, i.e. protected by T!
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Effective field theory of the 331 state: 

The T violation is only manifest in non-local quantities, like the QP statistics.
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Therefore, the edge states are still topologically protected by T.
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General method to find a parent Hamiltonian

Ask whether         is the ground state of Hamiltonian with L terms,
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and determine the coefficients     .  ai
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We get one solution for each zero eigenvalue of 

Method to identify parent Hamiltonians for trial states
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We describe a general method to identify exact, local parent Hamiltonians for trial states like
quantum Hall or spin liquid states, which we have used extensively during the past decade. It can
be used to identify exact parent Hamiltonians, either directly or via the construction of simpler
annihilation operators from which a parent Hamiltonian respecting all the required symmetries can
be constructed. Most remarkably, however, the method provides approximate parent Hamiltonians
whenever an exact solution is not available within the space of presumed interaction terms.

PACS numbers: 75.10.Dg, 75.10.Pq, 73.43.-f

Introduction.—In the study of condensed matter sys-
tems with conceptionally or even topologically non-
trivial properties including superconductors [1], fraction-
ally quantized Hall fluids [2–4], or spin liquids in one [5–8]
or two dimensions [9–13] (1D or 2D), it has often been
extremely helpful to resort to trial wave functions which
serve as paradigms for the universality classes at hand.
These trial wave functions are usually amenable to ana-
lytic formulations, and instruct us on the properties, and
in particular the quantum numbers, of the excitations
above the ground state. Well known examples of such
trial states are the BCS wave function [1], which sup-
ports Bogoliubov quasiparticles, the Laughlin [2], Moore–
Read [14] and Read–Rezayi [15] states in the quantum
Hall effect, which support fractionally charged quasipar-
ticles with Abelian [16] or non-Abelian statistics [14, 17],
and the Gutzwiller ground state [18–20] of the Haldane—
Shastry (HS) model [5–7], which supports spinon excita-
tions with half-fermi statistics.

In some cases, it is only possible to study these
paradigms using approximate parent Hamiltonians.
Whenever available, however, it is highly desirable to
construct exact parent Hamiltonians, and thus elevate
the paradigm from a wave function to an exact model.
This has been accomplished for all the examples men-
tioned above [3, 5, 6, 15, 21–24], and has been partic-
ularly rewarding in the case of the Gutzwiller ground
states of 1D spin chains, where the model turned out
to be an exact lattice realization of the SU(2)1 Wess–
Zumino–Witten (WZW) model [25–28]. This model was
subsequently generalized from SU(2) to SU(M,N) su-
persymmetry [29, 30], and also to higher spin represen-
tations of SU(2) [8, 31, 32], where the low energy sector
is described by the SU(2)k=2S WZW model. All these
developments have been inspired not by the Gutzwiller
states directly, but by its parent Hamiltonian, which was
independently discovered by Haldane and Shastry [5, 6].

In this note, we describe a general, numerical method
to obtain exact parent Hamiltonians for given trial wave
functions, which almost trivially yields parent Hamilto-
nians for the Laughlin and for the Gutzwiller wave func-
tions discussed above. The approach is in part similar

to recent proposals by Xi and Renard [33] as well as
by Chertkov and Clark [34]. Over the years, we have
obtained new results using this method for the hier-
achical quantum Hall states [35] (with wave functions
obtained either through a composite fermion construc-
tion or through an explicit condensation of quasiparti-
cles in the hierachy), for the non-Abelian chiral spin liq-
uid (NACSL) [12, 13, 36], and most recently, for a new
universality class of fractional topological insulators [37]
we propose. In the latter two examples, the method not
only revealed that there do not exist exact parent Hamil-
tonians containing only the interaction terms we consid-
ered, but provided us with meaningful approximate par-
ent Hamiltonians, which were instrumental to our stud-
ies.

General method.—With these introductory remarks,
we now turn to the method itself. Let | 0i be a known
trial ground state for a finite system, of a system size
amenable to exact diagonalization studies. We now wish
to ask whether | 0i is the exact ground state of a (lo-
cal) model Hamiltonian specified by a finite number L of
terms Hi with unknown coefficients ai,

H =
LX

i=1

aiHi, (1)

and determine the coefficients. To begin with, this re-
quires that | 0i is an exact eigenstate,

H | 0i = E0 | 0i , (2)

which we write as

(H + a0) | 0i = 0. (3)

Clearly, the additional variational parameter a0 is to be
interpreted as �E0. Defining H0 ⌘ 1, we may write this
compactly as

LX

i=0

aiHi | 0i = 0. (4)

Since we are interested in identifying parent Hamiltoni-
ans for highly correlated many body states, and the num-
ber of translationally invariant m-body terms Hi for a
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ans for highly correlated many body states, and the num-
ber of translationally invariant m-body terms Hi for a

Must be an eigenstate, write                                     where a0 = �E0
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.
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Usually one zero eigenvalue corresponds to a conserved quantities, e.g. total angular 
momentum for a quantum Hall state on the sphere.  If there is an exact parent 
Hamiltonian involving only the terms      , however, it will correspond to another Hi

<latexit sha1_base64="MlY/leZecxVRYFnLE1QgSBc/Fv8="></latexit>

If there is no exact parent Hamiltonian, there is often one eigenvalue which is much 
smaller than all the others, maybe by 1000 times.  The associated eigenvector then 
usually corresponds to a highly optimized, approximate parent Hamiltonian. 
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⌫" =
1

m" � n
and ⌫# =

1

m# + n
. (6.2.7)

In general, (6.2.6) and (6.2.7) give di↵erent results. For our state, we choose m" = 3, m# = 1 and n = 1,
to which we from now on refer to as the “311-state”. This is the simplest applicable choice for which the
filling fractions are identical, ⌫" = ⌫# = 1/2. This guarantees that time reversal symmetry is locally valid.
Another possible choice preserving time-reversal symmetry locally is m" = 5, m# = 1 and n = 2. In this
512-state, it is ⌫" = ⌫# = 1/3.

The state (6.2.2) starts with a Laughlin state of filling fraction 1/m" for the "-particles and a completely
filled lowest Landau level for the #-particles. The e↵ect of the interflavor term
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can be understood by comparing our state to the Laughlin state with a quasielectron (2.3.5): The "-particles
see quasielectrons at the positions of the #-particles. The quasiparticles decrease the flux through the "-
sphere by nN#. This implies that the degree of the polynomial for the #-particles increases by nN", while
the total flux seen by the #-particles increases by nN". The interflavor term thus shifts zeros from the "-
layer to the #-layer. As far as the filling factors are concerned, increasing n thereby e↵ectively increases ⌫"
while decreasing ⌫#. Since quasiparticles correspond to a surplus of electron charge, we see that the density
of "-particles is increased at the position of the #-particles. In other words, the interlayer correlation is
attractive. When both fillings factors are equal, the quasiparticle excitations in both groups carry opposite
charges which are equal in magnitude.
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(ā, b̄)
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e
�
"

e
�
# e

�
#

qh qh

qe qe

Fig. 6.1 Illustration of the 311-state. In the "-layer, the particles e
�
" have spherical coordinates (u, v) and live in a

Laughlin state with filling fraction 1/m" = 1/3 before the interlayer interaction is turned on. In the #-layer, the particles
e
�
# , have coordinates (ā, b̄) and start o↵ in a filled lowest Landau level, m# = 1. The "-particles see quasielectrons
(qe) at the positions of the #-particles, which remove one zero each in the "-layer. This corresponds to quasiholes (qh)
adding zeros in the #-layer, yielding one extra zero per electron. Finally, the number of zeros in each layer is two per
electron, which implies ⌫" = ⌫# = 1

2
.

6.2.2 Angular momentum calculation and rotational invariance

As we are dealing with a two-layer system in which the magnetic fields point in opposite directions, the
calculation of angular momenta is somewhat more subtle. Remembering the formalism leading to (2.4.10),
in the lowest Landau level, the angular momentum L is

L =
1

2
(u, v)�
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.
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This formalism is applicable for the "-layer, where we describe the particles by spinor coordinates
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The angular momentum components are

L
z
" =

1

2
(u@u � v@v),

L
+
" = u@v,

L
�
" = v@u.

(6.2.9)

The spinor coordinates u and v can also be viewed as independent boson creation operators, and their
derivative operators @u and @v as the conjugate destruction operators.

As detailed in Section 2.4, the states

 
s
m,0(u, v) =

s
(2s+ 1)!

(s+m)!(s�m)!
u
s+m

v
s�m (6.2.10)

form a complete orthogonal basis, m = �s,�s + 1, . . . , s. A single particle state localized at position
⌦(↵,�), defined in (2.4.14), is given by

 (↵,�)(u, v) = (↵̄u+ �̄v)2s. (6.2.11)

Its angular momentum along ⌦ is s, since

(⌦ · L") (↵,�)(u, v) = s (↵,�)(u, v) (6.2.12)

and, according to [36],

(⌦ · L") = (u, v)
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2
(↵↵̄+ ��̄)(u@u + v@v). (6.2.13)

In Figure 6.2, ⌦ is chosen to point towards the north pole, so that ↵ = 1 and � = 0. Then, "-particles with
maximal angular momentum s along ⌦, described by (6.2.11), are located at the north pole, while particles
at the south pole have angular momentum �s.

A more intuitive understanding of the state (6.2.11) can be achieved by the following considerations:
The chord distance between two points on the unit sphere is given by

|⌦(u1, v1)�⌦(u2, v2)| = 2|u1v2 � u2v1|. (6.2.14)

Given a point ⌦(↵,�) on the sphere, the point antipodal to it is �⌦(↵,�) = ⌦(b̄,�ā), since insertion into
(6.2.14) gives

|⌦(↵,�)�⌦(�̄,�↵̄)| = 2||↵|2 + |�|2| = 2.

Then the absolute value of state (6.2.11) is proportional to the distance of point (u, v) to the point P
0

antipodal to (↵,�) taken to the power 2s, since the distance is

|⌦(u, v)�⌦(�̄,�↵̄)| = 2|↵̄u+ �̄v|.

For the #-layer, however, the sign of the magnetic field is reversed. Thus, the spinor coordinates are
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Fig. 6.2 Localization of a single-particle state on the "-sphere for an angular momentum component along ⌦ of m.
For maximum angular momentum m = s, the state is localized at the north pole.
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The states

 
s0

m0,0(ā, b̄) =

s
(2s0 + 1)!

(s0 +m0)!(s0 �m0)!
ā
s0�m0

b̄
s0+m0

(6.2.16)

form a complete orthogonal basis, m0 = �s
0
,�s

0 + 1, . . . , s0.
Since  (↵,�)(u, v) is located around ⌦(↵,�) on the sphere, the same holds for

 0
(↵,�)(ā, b̄) = (↵ā+ �b̄)2s

0
. (6.2.17)

In this case, however, the angular momentum points to the antipodal point �⌦(↵,�), as we will explain
now.

At the north pole, ↵ = e
i⇠ and � = 0, where ⇠ is a pure phase. Since the complex-valuedness of ↵ only

adds a phase ⇠ to the wave function  0, we can set it to 0, such that ↵ = 1. Then  0 becomes

 0
(1,0)(ā, b̄) = ā

2s0 = e
�is0'

. (6.2.18)

Thus, the z-component of the angular momentum operator

L
z
# = �i

@

@'
(6.2.19)

is Lz
# = �s

0. We therefore need to construct an angular momentum operator for the #-particle which fulfills

(⌦ · L#) 
0
(↵,�)(ā, b̄) = �s

0 0
(↵,�)(ā, b̄), (6.2.20)

with

⌦(↵,�) = (↵,�)�
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◆
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The previous expression (6.2.21) can be proven by explicitly writing out ⌦,

6.2 Properties of the 311-state 97

⌦z = ↵↵̄� ��̄ = cos2
✓
✓

2

◆
� sin2

✓
✓

2

◆
= cos(✓),

⌦x = ↵�̄ + ↵̄� = cos

✓
✓

2

◆
sin

✓
✓

2

◆�
e
i' + e

�i'
�
= sin(✓) cos('),

⌦y = �i(↵�̄ � ↵̄�) = · · · = sin(✓) sin(').

(6.2.22)

The operator

L# = �1

2
(ā, b̄)�>
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. (6.2.23)

fulfills the Lie algebra and the above requirement (6.2.20). It is thus the total angular momentum for the
#-layer.

We then have

(⌦ · L#) = �(ā, b̄)
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The components of the angular momentum are

L
z
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2
(ā@ā � b̄@b̄),

L
+
# = �b̄@ā,

L
�
# = �ā@b̄.

(6.2.25)

Obviously, the #-layer components have a minus sign as compared to the "-components (6.2.9). Thus, for
maximum L

z
#-eigenvalue s

0, the single-particle state is located a the south pole of the #-sphere. This state
is maximally separated from a single-particle state on the "-sphere with maximum L

z
#-eigenvalue, which

sits at the north pole.
The 311-state is invariant under spacial rotations around the sphere, i.e., it is a singlet state with respect

to the total angular momentum: L2
tot | 311i = 0, with

Ltot = L
"
tot + L

#
tot,

L
↵
tot =

N↵X

i=1

L
↵
i , ↵ =", # .

(6.2.26)

The singlet nature of the 311-state can be verified both analytically and numerically for finite systems.
The easiest way to do this is to verify L

z
tot | 311i = 0 and to check if the ladder operator L+

tot annihilates
the state,

L
+
tot | 311i = 0, (6.2.27)

as only rotationally invariant states fulfill this requirement. The total ladder operator is

L
+
tot =

N"X

i=1

L
+
",i +

N#X

j=1

L
+
#,j (6.2.28)

=
X

i

ui@vi �
X

j

b̄j@āj . (6.2.29)

The above statement (6.2.27) can be easily proven, since L
+
tot commutes with each of the three factors of

the 311-state (6.2.2). For instance, for the interlayer term, we have
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Fig. 6.2 Localization of a single-particle state on the "-sphere for an angular momentum component along ⌦ of m.
For maximum angular momentum m = s, the state is localized at the north pole.
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The states
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form a complete orthogonal basis, m0 = �s
0
,�s

0 + 1, . . . , s0.
Since  (↵,�)(u, v) is located around ⌦(↵,�) on the sphere, the same holds for

 0
(↵,�)(ā, b̄) = (↵ā+ �b̄)2s

0
. (6.2.17)

In this case, however, the angular momentum points to the antipodal point �⌦(↵,�), as we will explain
now.

At the north pole, ↵ = e
i⇠ and � = 0, where ⇠ is a pure phase. Since the complex-valuedness of ↵ only

adds a phase ⇠ to the wave function  0, we can set it to 0, such that ↵ = 1. Then  0 becomes
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Thus, the z-component of the angular momentum operator

L
z
# = �i

@

@'
(6.2.19)

is Lz
# = �s

0. We therefore need to construct an angular momentum operator for the #-particle which fulfills

(⌦ · L#) 
0
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The previous expression (6.2.21) can be proven by explicitly writing out ⌦,
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Fig. 6.2 Localization of a single-particle state on the "-sphere for an angular momentum component along ⌦ of m.
For maximum angular momentum m = s, the state is localized at the north pole.
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2s0 = e
�is0'

. (6.2.18)

Thus, the z-component of the angular momentum operator

L
z
# = �i

@

@'
(6.2.19)

is Lz
# = �s

0. We therefore need to construct an angular momentum operator for the #-particle which fulfills

(⌦ · L#) 
0
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The previous expression (6.2.21) can be proven by explicitly writing out ⌦,
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The angular momentum components are

L
z
" =

1

2
(u@u � v@v),

L
+
" = u@v,

L
�
" = v@u.

(6.2.9)

The spinor coordinates u and v can also be viewed as independent boson creation operators, and their
derivative operators @u and @v as the conjugate destruction operators.

As detailed in Section 2.4, the states
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(2s+ 1)!

(s+m)!(s�m)!
u
s+m

v
s�m (6.2.10)

form a complete orthogonal basis, m = �s,�s + 1, . . . , s. A single particle state localized at position
⌦(↵,�), defined in (2.4.14), is given by

 (↵,�)(u, v) = (↵̄u+ �̄v)2s. (6.2.11)

Its angular momentum along ⌦ is s, since

(⌦ · L") (↵,�)(u, v) = s (↵,�)(u, v) (6.2.12)

and, according to [36],

(⌦ · L") = (u, v)
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2
(↵↵̄+ ��̄)(u@u + v@v). (6.2.13)

In Figure 6.2, ⌦ is chosen to point towards the north pole, so that ↵ = 1 and � = 0. Then, "-particles with
maximal angular momentum s along ⌦, described by (6.2.11), are located at the north pole, while particles
at the south pole have angular momentum �s.

A more intuitive understanding of the state (6.2.11) can be achieved by the following considerations:
The chord distance between two points on the unit sphere is given by

|⌦(u1, v1)�⌦(u2, v2)| = 2|u1v2 � u2v1|. (6.2.14)

Given a point ⌦(↵,�) on the sphere, the point antipodal to it is �⌦(↵,�) = ⌦(b̄,�ā), since insertion into
(6.2.14) gives

|⌦(↵,�)�⌦(�̄,�↵̄)| = 2||↵|2 + |�|2| = 2.

Then the absolute value of state (6.2.11) is proportional to the distance of point (u, v) to the point P
0

antipodal to (↵,�) taken to the power 2s, since the distance is

|⌦(u, v)�⌦(�̄,�↵̄)| = 2|↵̄u+ �̄v|.

For the #-layer, however, the sign of the magnetic field is reversed. Thus, the spinor coordinates are
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6.2 Properties of the 311-state

6.2.1 Construction of the 311-state

To investigate the feasibility to stabilize a fractional insulator (FI), we construct a quantized Hall wave
function, describing electrons in a two dimensional continuum subject to a perpendicular magnetic field.
More precisely, we need a wave function for "- and #-spin electrons, which move in magnetic fields of equal
magnitude but pointing in opposite directions, since we wish to describe a topological insulator with chiral
edge modes protected by time reversal symmetry.

Our wave function for an FI is inspired by the explicit form of the Haldane-Halperin hierarchy
states (2.6.1) [38] and a coupled-wire construction in [97]. In the plane, we have

 m",m#,n[z, w̄] =

N"Y
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e
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4
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� 1

4
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N#Y

k

N"Y

i

(w̄k � 2
@

@zi
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N"Y

i<j

(zi � zj)
m" ,

(6.2.1)

where N is the overall normalization of the state, and z1, . . . , zN" and w1, . . . , wN# denote the coordinates
of the " and # electrons, respectively, in complex coordinate notation. The bars above the w-coordinates
indicate complex conjugation. The exponents m" and m# are positive, odd integers and n 2 Z.

A translational invariant version is derived by placing the wave function on a unit sphere, as explained
in Section 2.4, yielding the wave function

 m",m#,n[u, v, ā, b̄] = (6.2.2)

1

N

N#Y
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�
āk b̄l � ālb̄k

�m#
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✓
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@

@ui
� āk

@

@vi

◆n N"Y

i<j

(uivj � ujvi)
m"

.

This state realizes a system of N" particles of flavor " and N# particles of flavor #, which are described
by the spinor coordinates (u, v) and (ā, b̄), respectively. It can be visualized as a two-layered system, one for
flavor " and one for flavor #. As formally reflected in the complex conjugation, the #-particles experience a
magnetic field B# with opposite direction as compared to the magnetic field B" for the "-particles.

The flux quanta seen in each layer are

2s" = N�," = m"(N" � 1)� nN# (6.2.3)

and
2s# = N�,# = m#(N# � 1) + nN". (6.2.4)

We assume that the magnetic field in both layers is of equal strength, N�," = N�,# = N�. The filling
fraction is defined by

1

⌫
:=

@N�

@N

����
N!1

, (6.2.5)

such that the filling fractions in both layers are given by

✓
⌫"
⌫#

◆
=

1

m"m# + n2

✓
m# + n

m" � n

◆
. (6.2.6)

In our numerical analysis, however, we assume an unpolarized ground state, i.e. equal particle numbers
N" = N#. The filling fractions in both layers then are
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two particle states with relative angular momentum                    in the LLL:

6.3 Construction of a parent Hamiltonian 103

V m1m2m3m4
=

2sX

l=0

hs,m1; s,m2|2s� l,m1 +m2iV 2s
l h2s� l,m3 +m4|s,m3; s,m4i , (6.3.4)

which is a product of the Haldane pair pseudopotential V 2s
l and a geometrical factor involving the Clebsch-

Gordon coe�cients hs,m1; s,m2|j,m1 +m2i. The relative angular momentum l of two particles with an-
gular momenta L1 and L2, L2

1 = L
2
2 = s(s+ 1), fulfills 0  l  2s, l 2 N. For fermions (bosons), the sum is

restricted to l odd (even). The coe�cient V 2s
l then equals the energy cost of two particles having relative

angular momentum l. Basically, in (6.3.4), a basis transformation is performed from an uncoupled tensor
product basis to a total angular momentum basis, the result is multiplied with a pseudopotential coe�cient
and then transformed back into the original uncoupled basis. The finite set of pseudopotentials contains
the information about the interaction projected to the specified LL.

To understand pseudopotentials in more detail, it is instructive to expand the e↵ective Hamiltonian
in terms of projection operators, with the pseudopotentials as expansion coe�cients. In the following, we
restrict our analysis to two-body interactions and the lowest LL. However, the pseudopotential formalism
can be expanded to higher-order interactions [131] and higher LLs [36]. The simple generalization to higher
LLs is based on the fact that there is in every LL a one-to-one mapping to a system confined to the lowest
LL with a modified interparticle interaction.

To derive the pseudopotential expansion, we first need to define an orthonormal basis for the space
of magnetic translation invariant QH states. A convenient choice are the two-particle coherent lowest LL
states introduced by Haldane [53], which are defined by

{⌦(↵,�) · (L1 + L2)} s,j
(↵,�),0[u, v] = j 

s,j
(↵,�),0[u, v], (6.3.5)

with [u, v] := (u1, u2, v1, v2) the particle coordinates on the sphere and j the total angular momentum,

(L1 + L2)
2
 
s,j
(↵,�),0[u, v] = j(j + 1) s,j

(↵,�),0[u, v]. (6.3.6)

(6.3.5) is solved by

 
s,j
(↵,�),0[u, v] = (u1v2 � u2v1)

2s�j
Y

i=1,2

(↵̄ui + �̄vi)
j
, (6.3.7)

describing two particles with relative angular momentum l = 2s� j precessing around their common center
of mass at ⌦(↵,�). As above, l has to be odd (even) for fermions (bosons). The total angular momentum
can take 2s+1 values j = 0, 1, . . . , 2s, and the relative angular momentum accordingly l = 2s, 2s�1, . . . , 0.
Properly orthogonalized, the states { s,j

(↵,�),0}j form an orthogonal basis in the subspace of two-particle
interactions.

Analogously to the localization of the single-particle state, illustrated in Figure 6.2 of Section 6.2.2,
the two-particle state has its two particles localized at the north pole for j = 2s. For j = 0, the state is
rotationally invariant. However, the two particles are not located at opposite sides of the sphere. This can
be seen mathematically by multiplying out (6.3.7), yielding

 
s,0
(↵,�),0[u, v] =

2sX

k=0

✓
2s
k
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(�1)ku2s�k

1 v
2s�k
2 u

k
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k
1 . (6.3.8)

The terms with k = 0 and k = 2s describes a state with the two particles localized at opposite sides of the
sphere. Modulo the antisymmetrization, these terms correspond to the state

|j1,m1; j2,m2i = |s, s; s,�si

in Clebsch-Gordon notation. All other terms occurring in the sum (6.3.8), however, describe states in which
the two particles are not maximally separated.
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The terms with k = 0 and k = 2s describes a state with the two particles localized at opposite sides of the
sphere. Modulo the antisymmetrization, these terms correspond to the state
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in Clebsch-Gordon notation. All other terms occurring in the sum (6.3.8), however, describe states in which
the two particles are not maximally separated.
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Projected onto the lowest Landau level via ⇧0, every rotationally invariant two-body operator V (r1 · r2)
can be expanded as

⇧0V (⌦(u1, v1) ·⌦(u2, v2))⇧0 =
2sX

l=0

V
2s
l P2s�l(L1 + L2), (6.3.9)

and the pseudopotential coe�cients V
2s
l , similar to those in (6.3.4), can be evaluated using the coherent

states (6.3.7), yielding

V
2s
l =

h s,j
(↵,�),0|V (⌦(u1, v1) ·⌦(u2, v2)) | s,j

(↵,�),0i

h s,j
(↵,�),0| 

s,j
(↵,�),0i

. (6.3.10)

The relative angular momentum quantum number l = 2j�1 is restricted to odd (even) integers, depending
on the fermionic (bosonic) character of the system. The projection operator Pj(L) projects onto states with
total angular momentum L

2 = (L1 + L2)2 = j(j + 1).
The most general two-particle interaction Hamiltonian for a system of N particles in terms of pseudopo-

tential coe�cients thus is

Hint =
NX

i<j

2sX

l

V
2s
l P2s�l(Li + Lj) =:

2sX

l

V
2s
l H

(l)
. (6.3.11)

The pseudopotential expansion has proven to be highly useful to describe FQH states. For instance, the
Laughlin state with a filling fraction of ⌫ = 1/3 is the unique zero mode of the V 2s

1 pseudopotential (V 2s
l = 0

8 l > 1). For a filling of 1/m, the Laughlin state emerges as the densest ground state of a Hamiltonian
H =

P
l0<m V

2s
l0 H

(l0), with arbitrary, but positive coe�cients V
2s
l0 . The requirement of being the densest

zero mode is necessary to obtain non-trivial results, since it is easy to construct additional zero modes by
increasing the flux and thus creating quasihole states.

A pseudopotential of the form V
2s
l = a + bl(l + 1), with a, b 2 R, is called harmonic. The parameter

a adds a constant potential, while b adds a term / L
2
tot. It can be proven that it does not break the

degeneracy of n-particle angular momentum multiplets and thus does not introduce correlations into the
QH system [152; 117]. Correlations in the system then can be introduced by deviations from the harmonic
pseudopotential.

6.3.1.1 Intralayer pseudopotentials for the Coulomb potential

For the Coulomb potential, the pseudopotential coe�cients can be expressed in a compact form. We first
consider an intralayer interaction, meaning a single-flavor system of N electrons on the sphere interacting
with each other and a positive background via the Coulomb potential. In Section 6.3.1.3, we will derive an
expression for the more complicated system of an interlayer interaction, described by a Coulomb potential.
Assuming the magnetic length a0 as the unit length and e

2
/4⇡✏a0 the unit of energy, ✏ being the dielectric

constant, (6.3.1) simplifies to S = R
2. The Coulomb potential then simplifies to V (r) = 1/r, where r is the

distance between two interacting particles. On the unit sphere, the chord distance between two particles is
given by (6.2.14).

Inserting the Coulomb potential into (6.3.2), we get

VCoul =
1

2

sX

m1=�s

sX

m2=�s

sX

m3=�s

sX

m4=�s

c
†
m1

c
†
m2

cm4
cm3

· hs,m1; s,m2|
1

r
|s,m3; s,m4i . (6.3.12)

The coe�cient can be written as

hs,m1; s,m2|
1

r
|s,m3; s,m4i =

2sX

l=0

V
2s
l

lX

M=�l

hs,m1; s,m2|l,Mi hl,M |s,m3; s,m4iR�1
. (6.3.13)
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Fig. 6.2 Localization of a single-particle state on the "-sphere for an angular momentum component along ⌦ of m.
For maximum angular momentum m = s, the state is localized at the north pole.
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The states
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m0,0(ā, b̄) =

s
(2s0 + 1)!
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ā
s0�m0

b̄
s0+m0

(6.2.16)

form a complete orthogonal basis, m0 = �s
0
,�s

0 + 1, . . . , s0.
Since  (↵,�)(u, v) is located around ⌦(↵,�) on the sphere, the same holds for

 0
(↵,�)(ā, b̄) = (↵ā+ �b̄)2s

0
. (6.2.17)

In this case, however, the angular momentum points to the antipodal point �⌦(↵,�), as we will explain
now.

At the north pole, ↵ = e
i⇠ and � = 0, where ⇠ is a pure phase. Since the complex-valuedness of ↵ only

adds a phase ⇠ to the wave function  0, we can set it to 0, such that ↵ = 1. Then  0 becomes

 0
(1,0)(ā, b̄) = ā

2s0 = e
�is0'

. (6.2.18)

Thus, the z-component of the angular momentum operator

L
z
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@'
(6.2.19)

is Lz
# = �s

0. We therefore need to construct an angular momentum operator for the #-particle which fulfills

(⌦ · L#) 
0
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0 0
(↵,�)(ā, b̄), (6.2.20)

with
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The previous expression (6.2.21) can be proven by explicitly writing out ⌦,
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can take 2s+1 values j = 0, 1, . . . , 2s, and the relative angular momentum accordingly l = 2s, 2s�1, . . . , 0.
Properly orthogonalized, the states { s,j

(↵,�),0}j form an orthogonal basis in the subspace of two-particle
interactions.

Analogously to the localization of the single-particle state, illustrated in Figure 6.2 of Section 6.2.2,
the two-particle state has its two particles localized at the north pole for j = 2s. For j = 0, the state is
rotationally invariant. However, the two particles are not located at opposite sides of the sphere. This can
be seen mathematically by multiplying out (6.3.7), yielding
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The terms with k = 0 and k = 2s describes a state with the two particles localized at opposite sides of the
sphere. Modulo the antisymmetrization, these terms correspond to the state

|j1,m1; j2,m2i = |s, s; s,�si

in Clebsch-Gordon notation. All other terms occurring in the sum (6.3.8), however, describe states in which
the two particles are not maximally separated.
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which is a product of the Haldane pair pseudopotential V 2s
l and a geometrical factor involving the Clebsch-

Gordon coe�cients hs,m1; s,m2|j,m1 +m2i. The relative angular momentum l of two particles with an-
gular momenta L1 and L2, L2

1 = L
2
2 = s(s+ 1), fulfills 0  l  2s, l 2 N. For fermions (bosons), the sum is

restricted to l odd (even). The coe�cient V 2s
l then equals the energy cost of two particles having relative

angular momentum l. Basically, in (6.3.4), a basis transformation is performed from an uncoupled tensor
product basis to a total angular momentum basis, the result is multiplied with a pseudopotential coe�cient
and then transformed back into the original uncoupled basis. The finite set of pseudopotentials contains
the information about the interaction projected to the specified LL.

To understand pseudopotentials in more detail, it is instructive to expand the e↵ective Hamiltonian
in terms of projection operators, with the pseudopotentials as expansion coe�cients. In the following, we
restrict our analysis to two-body interactions and the lowest LL. However, the pseudopotential formalism
can be expanded to higher-order interactions [131] and higher LLs [36]. The simple generalization to higher
LLs is based on the fact that there is in every LL a one-to-one mapping to a system confined to the lowest
LL with a modified interparticle interaction.

To derive the pseudopotential expansion, we first need to define an orthonormal basis for the space
of magnetic translation invariant QH states. A convenient choice are the two-particle coherent lowest LL
states introduced by Haldane [53], which are defined by
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6.3 Construction of a parent Hamiltonian

The knowledge of a parent Hamiltonian is crucial for the characterization of a specified state. Therefore,
we wish to derive a parent Hamiltonian for our 311-state. For the system to be experimentally viable,
this Hamiltonian optimally contains only short-range interactions. In the following chapter, we introduce
a numerical method to construct an approximate parent Hamiltonian for any specified state.

6.3.1 Pseudopotentials

Initially, pair pseudopotentials were developed by Haldane in the context of the FQHE [53], expressing the
interaction energy of a pair of particles in terms of their realtive angular momentum. The formalism applies
to QH systems in the infinite plane or on the surface of a sphere. In such cases, the system is invariant
under transformations around at least one axis, so that the Wigner-Eckart theorem (4.2.15) applies.

According to the Wigner-Eckart theorem, any long range interaction V in a spherically symmetric system
decomposes into a discrete set of components depending only on the relative angular momentum, the so-
called pseudopotential coe�cients. These are partial wave expansion coe�cients of N -body interactions.
For two particle-scattering, the pseudopotential is a quantitative measure of the interaction energy in terms
of the relative angular momentum. Generalizations to more than two bodies allow the expansion of a wider
range of interaction types [131]. For instance, the “Pfa�an” state [100] has a parent Hamiltonian which is
the shortest-range repulsion potential acting on three particles at a time [47; 48; 119]. The pseudopotential
formalism has proven to be very useful to universally classify di↵erent interaction profiles, to provide an
adequate description of FQHE phase diagrams, and to find a parent Hamiltonian to a specified FQH wave
function. In the following, we will restrict our analysis to pair pseudopotentials.

Let us consider a sphere of radius R with a magnetic monopole placed at the center of the sphere,
resulting in a radial magnetic field B. Due to Dirac’s quantization condition, the total flux 4⇡R2

B equals
an integer 2s of the elementary flux quantum h/e. Taking c = 1, we have

B =
~s
eR2

() s =
R

2

a
2
0

, (6.3.1)

with a0 = (~/eB)1/2 the magnetic length. In the following, we again set ~ = 1. The kinetic energy within a
single LL is e↵ectively constant. Thus, the remaining e↵ective Hamiltonian is rotationally invariant, which
equals translational invariance on the sphere. The Hamiltonian depends solely on particle interactions (e.g.
the Coulomb potential) projected to the LL.

Assuming a two-body interaction, the projection ⇧n of the Hamiltonian H on the n-th LL can be
expressed in second quantized form as

He↵ = ⇧nH⇧n =
sX
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where c
†
m (cm) creates (annihilates) a particle with L

z quantum number m in the properly normalized
single particle state
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. (6.3.3)

The Kronecker-delta assures angular momentum conservation throughout the scattering process. Due to
rotational invariance, the matrix element Vm1m2m3m4

factorizes into
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Projected onto the lowest Landau level via ⇧0, every rotationally invariant two-body operator V (r1 · r2)
can be expanded as

⇧0V (⌦(u1, v1) ·⌦(u2, v2))⇧0 =
2sX

l=0

V
2s
l P2s�l(L1 + L2), (6.3.9)

and the pseudopotential coe�cients V
2s
l , similar to those in (6.3.4), can be evaluated using the coherent

states (6.3.7), yielding

V
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The relative angular momentum quantum number l = 2j�1 is restricted to odd (even) integers, depending
on the fermionic (bosonic) character of the system. The projection operator Pj(L) projects onto states with
total angular momentum L

2 = (L1 + L2)2 = j(j + 1).
The most general two-particle interaction Hamiltonian for a system of N particles in terms of pseudopo-

tential coe�cients thus is

Hint =
NX

i<j

2sX

l

V
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l P2s�l(Li + Lj) =:
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l

V
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(l)
. (6.3.11)

The pseudopotential expansion has proven to be highly useful to describe FQH states. For instance, the
Laughlin state with a filling fraction of ⌫ = 1/3 is the unique zero mode of the V 2s

1 pseudopotential (V 2s
l = 0

8 l > 1). For a filling of 1/m, the Laughlin state emerges as the densest ground state of a Hamiltonian
H =

P
l0<m V

2s
l0 H

(l0), with arbitrary, but positive coe�cients V
2s
l0 . The requirement of being the densest

zero mode is necessary to obtain non-trivial results, since it is easy to construct additional zero modes by
increasing the flux and thus creating quasihole states.

A pseudopotential of the form V
2s
l = a + bl(l + 1), with a, b 2 R, is called harmonic. The parameter

a adds a constant potential, while b adds a term / L
2
tot. It can be proven that it does not break the

degeneracy of n-particle angular momentum multiplets and thus does not introduce correlations into the
QH system [152; 117]. Correlations in the system then can be introduced by deviations from the harmonic
pseudopotential.

6.3.1.1 Intralayer pseudopotentials for the Coulomb potential

For the Coulomb potential, the pseudopotential coe�cients can be expressed in a compact form. We first
consider an intralayer interaction, meaning a single-flavor system of N electrons on the sphere interacting
with each other and a positive background via the Coulomb potential. In Section 6.3.1.3, we will derive an
expression for the more complicated system of an interlayer interaction, described by a Coulomb potential.
Assuming the magnetic length a0 as the unit length and e

2
/4⇡✏a0 the unit of energy, ✏ being the dielectric

constant, (6.3.1) simplifies to S = R
2. The Coulomb potential then simplifies to V (r) = 1/r, where r is the

distance between two interacting particles. On the unit sphere, the chord distance between two particles is
given by (6.2.14).

Inserting the Coulomb potential into (6.3.2), we get
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The coe�cient can be written as
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6.3 Construction of a parent Hamiltonian

The knowledge of a parent Hamiltonian is crucial for the characterization of a specified state. Therefore,
we wish to derive a parent Hamiltonian for our 311-state. For the system to be experimentally viable,
this Hamiltonian optimally contains only short-range interactions. In the following chapter, we introduce
a numerical method to construct an approximate parent Hamiltonian for any specified state.

6.3.1 Pseudopotentials
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interaction energy of a pair of particles in terms of their realtive angular momentum. The formalism applies
to QH systems in the infinite plane or on the surface of a sphere. In such cases, the system is invariant
under transformations around at least one axis, so that the Wigner-Eckart theorem (4.2.15) applies.

According to the Wigner-Eckart theorem, any long range interaction V in a spherically symmetric system
decomposes into a discrete set of components depending only on the relative angular momentum, the so-
called pseudopotential coe�cients. These are partial wave expansion coe�cients of N -body interactions.
For two particle-scattering, the pseudopotential is a quantitative measure of the interaction energy in terms
of the relative angular momentum. Generalizations to more than two bodies allow the expansion of a wider
range of interaction types [131]. For instance, the “Pfa�an” state [100] has a parent Hamiltonian which is
the shortest-range repulsion potential acting on three particles at a time [47; 48; 119]. The pseudopotential
formalism has proven to be very useful to universally classify di↵erent interaction profiles, to provide an
adequate description of FQHE phase diagrams, and to find a parent Hamiltonian to a specified FQH wave
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Let us consider a sphere of radius R with a magnetic monopole placed at the center of the sphere,
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with a0 = (~/eB)1/2 the magnetic length. In the following, we again set ~ = 1. The kinetic energy within a
single LL is e↵ectively constant. Thus, the remaining e↵ective Hamiltonian is rotationally invariant, which
equals translational invariance on the sphere. The Hamiltonian depends solely on particle interactions (e.g.
the Coulomb potential) projected to the LL.

Assuming a two-body interaction, the projection ⇧n of the Hamiltonian H on the n-th LL can be
expressed in second quantized form as
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The Kronecker-delta assures angular momentum conservation throughout the scattering process. Due to
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be constructed. As we want to check the approximate version of the Hamiltonian Finder, we artificially
restrict our Hilbert space by setting all pseudopotentials V 2s

l with l > 5 to zero. For this fermionic system,
only three pseudopotential coe�cients V 2s

1 , V 2s
3 and V

2s
5 are non-zero.

Three di↵erent system sizes were considered: (1) N = 7, 2s = 18, (2)N = 8, 2s = 18 and (3) N = 8,
2s = 20. In case (1), the system setup is similar to a Laughlin state with filling fraction ⌫ = 1/3. As a
measure to compare the accuracy of the resulting Hamiltonian Hres, we calculated the overlap of the initial
state | 0i with the exact ground state |GSi of Hres, and the relative variance (6.3.54). The results are
presented in Table 6.1.

N = 7, 2s = 18 N = 8, 2s = 18 N = 8, 2s = 20

A B A B A B

overlap 0.9999 0.9529 0.0000 0.0000 0.9990 0.9815

rel. variance 0.9151 · 104 0.5171 0.1871 · 104 0.0009 0.290 · 104 0.0008

Table 6.1 Results of the two methods A and B of the Hamiltonian Finder for three di↵erent system sizes. As indicators
for the accuracy of the approximate parent Hamiltonian, the overlap of the initial state | 0i with the exact, zero energy
ground state |GSi, and the relative variance are calculated.

For systems (1) and (3), both methods A and B find a ground state. The original method A, however,
reaches a higher overlap. In contrast, for system (2), both methods fail to determine a zero mode. Obviously,
method B minimizes the relative variance as its value is by orders of magnitude smaller than that of method
A. Yet, as we can see, this does not necessitate a higher overlap.

6.3.4 Finding an approximate parent Hamiltonian for the 311-state

So far, we have only considered systems with one particle-flavor. If there are particles of two flavors in the
system, as is the case for the 311-state, the Hilbert space extends, and also additional constraints have to
be formulated to eliminate trivial solutions from the solution space.

Consider a system with particles of two flavors, " and # (for instance spin ±1/2). All states then live in
a product Hilbert space H" ⌦H# and the Hamiltonian consists of three parts: two intraflavor interactions
H

(#,#) and H
(",") and one interflavor interaction H

(",#). The angular momentum of a "-particle (#-particle)
is s (s0). For a system of charged particles which live on di↵erent spheres according to their flavor, 2s (2s0) is
the number of Dirac flux quanta through the "-sphere (#-sphere). We will only consider fermionic particles,
therefore, the intraflavor pseudopotential coe�cients for even relative angular momenta are zero,

V
2s
l = V

2s0

l = 0 8 l 2 2Z. (6.3.57)

The total Hamiltonian is the sum of all three contributions,
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(6.3.58)

for the 311 state with                 spin layers:
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restrict our Hilbert space by setting all pseudopotentials V 2s

l with l > 5 to zero. For this fermionic system,
only three pseudopotential coe�cients V 2s

1 , V 2s
3 and V

2s
5 are non-zero.

Three di↵erent system sizes were considered: (1) N = 7, 2s = 18, (2)N = 8, 2s = 18 and (3) N = 8,
2s = 20. In case (1), the system setup is similar to a Laughlin state with filling fraction ⌫ = 1/3. As a
measure to compare the accuracy of the resulting Hamiltonian Hres, we calculated the overlap of the initial
state | 0i with the exact ground state |GSi of Hres, and the relative variance (6.3.54). The results are
presented in Table 6.1.

N = 7, 2s = 18 N = 8, 2s = 18 N = 8, 2s = 20

A B A B A B

overlap 0.9999 0.9529 0.0000 0.0000 0.9990 0.9815

rel. variance 0.9151 · 104 0.5171 0.1871 · 104 0.0009 0.290 · 104 0.0008

Table 6.1 Results of the two methods A and B of the Hamiltonian Finder for three di↵erent system sizes. As indicators
for the accuracy of the approximate parent Hamiltonian, the overlap of the initial state | 0i with the exact, zero energy
ground state |GSi, and the relative variance are calculated.

For systems (1) and (3), both methods A and B find a ground state. The original method A, however,
reaches a higher overlap. In contrast, for system (2), both methods fail to determine a zero mode. Obviously,
method B minimizes the relative variance as its value is by orders of magnitude smaller than that of method
A. Yet, as we can see, this does not necessitate a higher overlap.

6.3.4 Finding an approximate parent Hamiltonian for the 311-state

So far, we have only considered systems with one particle-flavor. If there are particles of two flavors in the
system, as is the case for the 311-state, the Hilbert space extends, and also additional constraints have to
be formulated to eliminate trivial solutions from the solution space.

Consider a system with particles of two flavors, " and # (for instance spin ±1/2). All states then live in
a product Hilbert space H" ⌦H# and the Hamiltonian consists of three parts: two intraflavor interactions
H

(#,#) and H
(",") and one interflavor interaction H

(",#). The angular momentum of a "-particle (#-particle)
is s (s0). For a system of charged particles which live on di↵erent spheres according to their flavor, 2s (2s0) is
the number of Dirac flux quanta through the "-sphere (#-sphere). We will only consider fermionic particles,
therefore, the intraflavor pseudopotential coe�cients for even relative angular momenta are zero,
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h ex| 311i = 0.821
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l V
"#
l V

""
l V

##
l

0 3.24

1 1.72 6.00 7.93

2 0.34

3 -0.87 3.72 5.04

4 -1.93

5 -2.84 2.05 2.76

6 -3.60

7 -4.21 0.99 1.09

8 -4.67

9 -4.97 0.53 0.03

10

11 -0.43

Table 6.4 The interlayer and intralayer pseudopotential coe�cients of our approximate parent Hamiltonian for the
311-state with six "-spin and six #-spin particles.

Fig. 6.23 For a system of six "-spin and six #-spin particles, the best approximation of a parent Hamiltonian for
our 311-state is specified by this choice of intralayer (black and blue dots) and interlayer (red dots) pseudopotential
coe�cients V

↵↵0

l .

6.4.5 Real space potentials for the 311-state

For the 311-state with six "-spin particles and six #-spin particles, given the choice of pseudopotential
coe�cients {Ṽl}l in Figure 6.23, the corresponding real space potentials V ↵�

311(✓) for the intralayer (↵ = � ="
or ↵ = � =#) and interlayer (↵ =" and � =#) interactions are derived by solving the system of linear
equations (6.3.67). Details of this method are described in Section 6.3.6. The three real space potentials
then are

# -sphere: 2s = 11
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Fig. 6.17 The relative angular momentum resolved correlators C↵↵0

l of the 311-state (crosses) and the actual ground
state (dots) of the parent Hamiltonian for the interlayer (red) and intralayer (black and blue) case. The system consists
of six "-spinoparticles living on an "-sphere pierced by 2s = 9 flux quanta, and six #-spin particles living on a #-sphere
pierced by 2s0 = 11 flux quanta. The dashed lines show the value of the correlators for an uncorrelated system.

Fig. 6.18 Relative angular momentum resolved correlators of the product Laughlin state with filling fraction ⌫ = 1/3
of a system with five "-spin and five #-spin particles.

Increasing the system size, we investigate a state with six "-spin and six #-spin particles living on spheres
with 2s = 11 and 2s0 = 9 Dirac flux quanta respectively. The corresponding Hilbert space is of the order
O(104). Assuming the pseudopotential coe�cients listed in Table 6.4 and displayed in Figure 6.23, the
overlap of our 311-state and the actual ground state of the Hamiltonian h 311|GSi is 82.1%. The intralayer
pseudopotentials are monotonously decreasing with increasing relative angular momentum l, meaning that
the interaction is strongest for the particles being close to each other, which is physically realistic. The

⇥ | 331i
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Real space basis for the pseudopotentials

since there are as many basis potentials as there are pseudopotentials         , we can 
uniquely convert our pseudopotentials into a the real space potential spanned by these 
basis potentials.
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Fig. 6.6 Real space basis potentials Vn(✓) in arbitrary units for a sphere pierced by 2s = 9 flux quanta. The italic
label indicates the index n. The north (south) pole corresponds to ✓ = 0 (✓ = ⇡).

Fig. 6.7 Real space basis potentials Vn(✓) in arbitrary units for a sphere pierced by 2s = 11 flux quanta. The italic
label indicates the index n. The north (south) pole corresponds to ✓ = 0 (✓ = ⇡).
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ang
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(6.3.67)

where V
ang
l are the pseudopotentials for the total angular momentum, corresponding to (6.3.21) for the

intralayer case and (6.3.26) for the interlayer case. The real space potential is given by

" -sphere: 2s = 9
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6.3.6 Real space potentials

We assume a spherical two-layer system of N "-spin particles living on a "-sphere pierced by 2s Dirac
flux quanta, and N #-spin particles living on a #-sphere pierced by 2s0 Dirac flux quanta. Given a set of
pseudopotential coe�cients {Ṽl}l, we wish to obtain the real space potential Ṽ (✓) = f({Ṽl}l), where f is
some analytic function of the pseudopotentials.

To fulfill this task, we first have to set up a basis of real space potentials

Vn(✓) = Nn

✓
cos

✓

2

◆2(2s�n) ✓
sin

✓

2

◆2n

, n = 0, 1, . . . , 2s, (6.3.65)

with their normalization

Nn =

Z ⇡

0
d✓ 2⇡ sin ✓ Vn(✓). (6.3.66)

There are two types of potentials for a two-layer system: The intralayer interactions in one sphere, and
the interlayer interactions between "- and #-particles on di↵erent spheres. In the first case, ✓ is the angle
between two interacting particles of the same flavor, in the second case, it is the angle between an "- and a
#-particle. Since the system is rotationally invariant, we can pin one of the two particles to the north pole.
Then, ✓ = 0 (✓ = ⇡) corresponds to the north (south) pole.

In Figures 6.6 and 6.7, the real space basis potentials (6.3.65) are shown for 2s = 9 and 2s = 11,
respectively. For n = 0 (n = 2s), the maximum of the potential is at the north (south) pole. Since we
have pinned one particle at the north pole, V0 describes an interaction which yields a maximal separation
between the two particles, while they move closer together for increasing n.

With the help of (6.3.10) for the intralayer case and (6.3.25) for the interlayer case, the basis of pseu-
dopotentials Vl,n, l = 0, 1, . . . , 2s, corresponding to the real space basis potentials Vn(✓) can be calculated.
Explicit expressions for the pseudopotential basis will be derived below. Since the calculations are similar
to the calculation in Section 6.3.1.3, only the starting equations and the final result are given.

With the potential basis set up, we get the real space potential from a set of pseudopotentials {Ṽl}l by
solving the system of linear equations

Fig. 6.5 Angular momentum resolved correlators for the single particle Laughlin state with filling factor ⌫ = 1/3 in
a single flavor-system of seven fermions.
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intralayer: repulsive
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6.4 Numerical results for the 311-state 139
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(6.4.27)

By manually fine-tuning the coe�cients �
↵� and µ, we attempt to create the most realistic real space

potentials possible. With “realistic”, we mean that the interaction drops to zero for large distances and is
monotonous. The choice �

"" = 3.54, �## = 3.92 and �
"# = �5.26, µ = 7.60 gives the real space potentials

shown in Figures 6.24 and 6.25. As expected, the intralayer potential is repulsive, di↵ering slightly for the "-
and #-sphere since they experience a di↵erent magnetic field. The interlayer interaction is attractive. This
behavior is plausible since, as explained in 6.2.1, the "-spin particles see quasielectrons at the positions of
the #-spin particles. The real space potentials presented here show, that the 311-state can be stabilized for
a reasonable, local interaction profile among the electrons.
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Fig. 6.24 Repulsive real space potential for the intralayer interaction of the parent Hamiltonian of the 311-state for a
two-layer system with six "-spin and six #-spin particles. One particle is pinned at the north pole (✓ = 0). The orange
(blue) curve shows the potential in the "-sphere (#-sphere).
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Fig. 6.25 Attractive real space potential for the interlayer interaction of the parent Hamiltonian of the 311-state for
a two-layer system with six "-spin and six #-spin particles. One particle is pinned at the north pole (✓ = 0).

interlayer: attractive

Note that for the edge states to be 
protected by T the Hamiltonian must 
be T-invariant, i.e.  

For a finite system, however, 
we break T as 2s" = 2s# � 2
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Conclusion

Fractional Insulator protected by topological order

The 311-state has topological order which breaks time reversal symmetry T.
It is also an SPT (symmetry protected) phase, with T as protecting symmetry! 
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It can be stabilized with local potentials common in quantum Hall systems: 
repulsive in the layers and attractive between them
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