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We cannot yet describe turbulence 
generated by a flow. Let us try to describe 
a flow generated by turbulence.
How to predict a flow generated by an 
inverse cascade in two dimensions?

G. Falkovich, Interaction between mean flow and turbulence in two dimensions 
Proc. R. Soc. A 2016 472 20160287, special feature ‘Perspectives in Astrophysical 
and Geophysical Fluids’

Anna Frishman, Jason Laurie, Gregory Falkovich, Jets or vortices - what flows are 
generated by an inverse turbulent cascade? Arxiv:1608.04628 Phys Rev 2017



General problem: what are the forms of large scale 
flows created by inverse cascades in different domains?

Going all the way to the lowest available wavenumber – is that 
a guiding principle?

• Box with walls and aspect ratio r of order unity – central vortex 
and four counter-rotating corner vortices. What for r>>1? 

• Sphere, rotating and non-rotating. Expectation: a flow around 
a sphere. What meridional profile?

• Torus. Expectation: lowest wavenumber corresponds to a flow 
going around in short and modulated along a long direction. 

In a square box, the jets can be directed along either side and then one may 
expect a superposition of two sets of jets, which would look like a vortex dipole



Two-dimensional turbulence with forcing and friction

- positive and space-independent

Condition for a strong mean flow



Two-dimensional vortex sustained by small-scale forcing

= force+dissipation



Two-dimensional vortex sustained by small-scale forcing

Frishman and GF, unpublished



Next step: describing correlation functions of turbulence

with A Frishman, work in progress



C.Herbert, A. Frishman & GF, in preparation 







C.Herbert, A. Frishman & GF, in preparation 



C.Herbert, A. Frishman & GF, in preparation 



Numerical modeling in a box with no-slip boundary
Natalia Vladimirova, work in progress



Numerical modeling in a box with no-slip boundary
Natalia Vladimirova, work in progress












New closed equation on the momentum flux



Can we have a plane flow out of a two-dimensional 
turbulence with forcing and friction?

- positive and space-independent



Real jet must have a maximum where U’=0 



Impossibility of jets + weak turbulence.
Consider enstrophy balance.

Consider U’’=0 and U=0 

Conclusion: one cannot neglect turbulent enstrophy flux.
Turbulent fluctuations are not weak. 
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Inverse cascade on a torus: jets or vortices?

J Laurie, A. Frishman and GF Arxiv:1608.04628

Velocity modulus averaged over short times (mean flow)
Vortices are effectively pinned. Aspect ration one.



Inverse cascade on a torus: jets or vortices?

Velocity modulus averaged over short times (mean flow)
Vortices are effectively pinned. Different aspect ratios.



Inverse cascade on a torus: jets or vortices?

Velocity modulus averaged over time 1/α for different aspect ratios. 



Even lower friction

Snapshot and long-time average





Mean momentum flux <uv>

Mean profiles



J Laurie, A Frishman



Inverse cascade and vortices in compressible 2d turbulence

Vorticity (left) and density (right) profiles in a mid-size box



Profile and fluxes in the condensate vortex in c compressible inverse cascade



Summary

It is a good time to revisit the classical approach to 
the analytic perturbative description of turbulent 
flow.

Several two-dimensional problems are consistently 
solvable when the geometry of the flow is trivial.

We have no idea what determines the form of the 
flow in more general cases like double-periodic 
rectangle.





From Kolmogorov back to Fridman

“… a goal to write down a closed set 
of equations for which an initial value 
problem for turbulent flow can be posed
and solved” A. A. Fridman 1924



A.A. Friedman introduced correlation functions in turbulence theory.



Plane flow 
pipe, channel, boundary layer





Yet another “derivation” of log-profile
Let’s consider statistical steady state, make quasi-linear 

approximation and neglect cubic term in the energy balance:



Arresting inverse cascade 
before it reaches the box size 



Operator product expansion and universality of turbulence
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