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Resolution Dependence of Energy Spectra
Frederiksen et al., 1996, Journal of the Atmospheric Sciences

Manabe et al. 1976 - GCM Frederiksen et al. - SME

1 1Signature of SME in GCMs

Inviscid
Del4
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Resolution Dependence of Energy Spectra

FDK 1996
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Barotropic Vorticity Equation – 2D Turbulence
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Spectral Space Equations - Torus

Spectral representation on doubly periodic domain: 
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Interaction Coefficients – Planar Geometry
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Barotropic Vorticity Equation on the Sphere
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Interaction Coefficients for Spherical Geometry
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Closure theory

The Closure Problem:
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Mathematical Approaches to Closure Equations

• Summation of Feynman diagrams

• Functional approaches

• Path integral approaches

• Heuristic renormalization
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Covariance, Response Function and Three-point 
Cumulant
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DIA for Homogeneous Turbulence
Both Planar and Spherical Geometry
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DIA for Homogeneous Turbulence
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DIA for Homogeneous Turbulence
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Markovian EDQNM closure from DIA
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Nonlinear Damping and Nonlinear Noise
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Large Eddy Simulations
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Eddy Viscosity, Dissipation & Stochastic Backscatter
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EDQNM with Renormalized Dissipation and Noise
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DIA Eddy Viscosities and Stochastic Backscatter
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LES with rotation, kinetic energy m-spectra
Frederiksen and Davies 1997, Journal of the Atmospheric Sciences
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Eddy viscosities
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Net dissipation

Closure based
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Langevin Equation for DIA
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Direct Stochastic Modelling Approach
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Direct Stochastic Modelling Approach
Frederiksen and Kepert 2006, Journal of the Atmospheric Sciences
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Direct Stochastic Modelling Approach

.)(ˆ)(ˆ                               

where
                               

:matrix noisenonlinear  Subgrid

.)(ˆ)(ˆ)(ˆ)(ˆ
   

:QDIA and DIA
  thein as effectsmemory  includes ndissipatio drain The

1

00
00

tt

tsdst
t
sds

t

t

t

t

+

+

−
++

=

+=






















∂
∂

−= ∫∫

qf

F

qqqqD

b

b

d

b

bb

F

FF

S



www.csiro.au
Direct Stochastic Modelling Approach
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Deterministic Parameterization
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Ideas from QDIA
Frederiksen 1999 Journal of the Atmospheric Sciences
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Comparison of Closure and Stochastic Modelling  for Barotropic 
2D Flows
Frederiksen and Kepert 2006, Journal of the Atmospheric Sciences

Closure Results                                     Stochastic Modelling Results

Essentially the same results from closure and stochastic model
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Comparison of Closure and Stochastic Modelling 
Eddy Viscosities
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QG Equations in terms of Vorticity and Temperature
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Jacobian & Thermal Wind

latitude sine is  longitude, is 
124.0 and  2f
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QG Potential Vorticity Equation
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Spectral QG Potential Vorticity Equation
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Baroclinic Atmospheric Model Results: Zonal Jets
Zidikheri and Frederiksen 2009, Journal of the Atmospheric Sciences

Longitudinally averaged (a) relaxation zonal winds, and (b) time averaged 
winds in T126 DNS

FL=100

250 hPa level solid; 750 hPa dashed
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Baroclinic Atmospheric Results: LES at T63 level 1

Kinetic Energy level 1
T63

X0.1

x0.01

Bare Dissipation

Renormalized Net 
Dissipation

Renormalized Drain 
Dissipation and 
Stochastic Backscatter

LES solid
DNS dashed
+/- Sigma dotted

Tail lifts

Since FL=100 the 
levels decouple
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Baroclinic Oceanic Results
Zidikheri and Frederiksen 2010, Phil. Transactions of the Royal Society

Figure : Longitudinally 
averaged time-averaged 
currents for Level 1 (upper 
level, solid) and Level 2 (lower 
level, dashed).

FL=10,000
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Ocean: Barotropic and Baroclinic Dissipations

Drain-solid

Net - dashed

T252 to T63
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Ocean: Barotropic and Baroclinic Eddy Noise
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Baroclinic Ocean LES

Figure : Kinetic energy spectra  in       
m2s-2 at Level 1 as functions of total 
wavenumber for LES at T63 (solid); 
for DNS at T252 truncated back to 
T63 (dashed); and DNS         ±
standard deviation (dotted). The top 
results are for LES with subgrid-
scale parameterizations; the bottom 
results are for LES without subgrid-
scale parameterizations scaled by 
10-3.
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Scaling Laws for Subgrid Model - Atmosphere
Kitsios, Frederiksen & Zidikheri 2011, JAS
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Cases A and B
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Kinetic Energy and Enstrophy Flux Spectra

A B
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Enstrophy Flux Spectra (Case B - Rectified)

Case A Case B

 Bcasefor       A; casefor  ,,,, DjrefjIjrefj ηηηη  ==
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Drain, Backscatter and Net Eddy Viscosities

T126 to T63 Level 1
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Net Eddy Viscosities with Changing Resolution TR
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Scaling Properties
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Scaling Properties
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Scaling Properties of Net Viscosity
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Convergence of Drain and Backscatter Viscosities
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Convergence of Drain and Backscatter Viscosities
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Scaling Properties d and b

Dashed line n
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LESs with net eddy viscosity from DNS
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LESs with net eddy viscosity satisfying scaling law.
Nearly identical results using drain viscosity and stochastic backscatter
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Discussion
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More general applications ?

Morales and Nenes, 2010 JGR Statistics of updrafts in clouds
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Conclusions

 Closure based subgrid-scale parameterizations have been compared 
with those based on a stochastic modelling approach.

 A stochastic method for subgrid-scale modelling has been applied to 
barotropic and baroclinic atmospheric and oceanic turbulent flows.

 Baroclinic turbulent flows with mean jets and rotation have been 
considered within QG models for the atmosphere and ocean.

 The subgrid-scale parameterizations of eddy viscosity and dissipation 
and stochastic backscatter have a cusp at the smallest retained scales of 
LES.

 LES with renormalized subgrid-scale parameterizations are in excellent 
agreement with DNS.

 For atmospheric flows deterministic and stochastic parameterizations are 
equally successful in reproducing mean flows and spectra.

 For oceanic flows a stochastic parameterization is necessary to represent 
injection due to unresolved baroclinic instability.

 A subgrid model with scaling laws has been developed for atmospheric 
QG simulations.
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