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The supercritical instability leading to the Bénard-von Karman vortex street in
a cylinder wake is a well known example of supercritical Hopf bifurcation: the
steady solution becomes linearly unstable and saturates into a periodic limit cycle.
Nonetheless, a simplified physical formulation accurately predicting the transition
dynamics of the saturation process is lacking. Building upon our previous work,
we present here a simple self-consistent model that provides a clear description
of the saturation mechanism in a quasi-steady manner by means of coupling the
instantaneous mean flow with its most unstable eigenmode and its instantaneous
amplitude through the Reynolds stress. The system is coupled for different oscillation
amplitudes, providing an instantaneous mean flow as function of an equivalent time.
A transient physical picture is described, wherein a harmonic perturbation grows
and changes in amplitude, frequency, and structure due to the modification of the
mean flow by the Reynolds stress forcing, saturating when the flow is marginally
stable. Comparisons with direct numerical simulations show an accurate prediction
of the instantaneous amplitude, frequency, and growth rate, as well as the saturated
mean flow, the oscillation amplitude, frequency, and the resulting mean Reynolds
stresses. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4926443]

I. INTRODUCTION

The onset of the Bénard-von Karman1 vortex street in the cylinder wake is a classical example
of supercritical Hopf bifurcation: above the critical threshold of Re = 47,2 a self-sustained time-
periodic pattern of regularly spaced alternated vortices emerges, which is shed at a well-defined
frequency. This threshold could be retrieved theoretically3–5 using a linear stability analysis around
the base flow, the steady solution of the Navier-Stokes equations (NSEs), which provided in
addition an accurate frequency prediction at the critical Reynolds number. However, the linear
frequency prediction departs immediately after threshold from the experimental measurements or
direct numerical simulations (DNS) of the full nonlinear Navier-Stokes equations.

More generally, this instability is an archetypical test case for developing formulations and
theoretical concepts. Some examples are the computation of the instability threshold on numeri-
cally obtained solutions of the Navier-Stokes equations,3,4 the experimental determination of the
Landau’s constants for the description of the bifurcation with an amplitude equation,2 the under-
standing of the appearance of the global instability as the development of a region of absolute
instability,6,7 the construction of reduced models for flow control5,8 as well as an interesting test-bed
for sensitivity analysis and optimal open loop control design.9–12
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A key ingredient to a correct description of the dynamics above threshold is to properly capture
the effective mean flow that results from the additional distortion caused by the retro-action of the
quadratic contributions (the Reynolds stresses) of the fluctuating structures onto the steady flow
component.13–15 In the cylinder wake flow above threshold, the frequency prediction based on the
linear stability analysis of the mean flow outperforms the frequency prediction of the dominant
eigenmode of the base flow solving the NSE.6,13,16–18 In addition, it also sheds light onto the
nonlinear saturation mechanism: perturbations to the unstable flow induce mean flow modifications
that increase while perturbations grow, until the point at which the mean flow becomes neutrally
stable13,18 and perturbations saturate, as early formulated by Malkus19 in the context of turbulent
flows. This is also the main idea behind Stuart’s14 initial simplified model wherein the mean flow is
only affected by the Reynolds stress divergence of the most unstable eigenmode of the unperturbed
base flow. This focus on the mean flow distortion by finite perturbations was later dropped by Stuart
in favor of a more rigorous perturbative analysis of the Navier-Stokes equations close to threshold,20

which yields the well-known Stuart-Landau amplitude equation.
The rigorous application of Stuart’s multiple-scale expansion method to the wake cylinder flow

by Sipp and Lebedev21 yields a Stuart-Landau amplitude equation that captures well the nascent
nonlinear saturation mechanisms and correctly predicts the nonlinear frequency correction in the
vicinity of the instability threshold Re = 47. The absence of any adjustable parameter is remarkable
in comparison to the empirical approach where the Stuart-Landau amplitude equation is chosen so
as to reproduce the qualitative aspects of the saturation of the instability with empirically tuned
coefficients.22 Sipp and Lebedev21 also showed that the marginal stability property of the mean flow
was not generic but intimately linked to the dominance of the fundamental harmonic in the periodic
signal.

However, despite the elegance and rigorousness of the multiple-scale expansion method, its
perturbative nature limits its validity only very close to threshold, and thus, it quickly fails to capture
the saturated flow since the perturbation of the amplitude equation is fixed around the unperturbed
base flow.5,22 More precisely, it fails to provide correct nonlinear frequency corrections, already
at Reynolds number departing only 10% from the bifurcation threshold. This opens the question
of whether one can formulate a consistent and accurate prediction of the saturation amplitude and
perturbation by retaining some of the nonlinear terms, or if only direct numerical simulations of the
full nonlinear Navier-Stokes equations or careful experiments can provide an accurate description
of the dynamics.

Recently, building on Malkus’ marginal stability criterion and on Barkley’s observation, the
authors proposed a quasilinear self-consistent model: the full nonlinear distortion of the mean flow
caused by the Reynolds stresses is taken into account but the fluctuation structure is obtained from
a linearized disturbance equation.23 These two equations are solved together in a self-consistent
coupled way, with the scalar amplitude A of the disturbance as sole free parameter. For a specific
value of the amplitude A∗, the mean flow is found marginally stable, yielding an approximation
of the mean flow as well as the fluctuating structure, its frequency, and amplitude. The predicted
frequency compared very well to the one obtained from DNS, for Reynolds number as high as
Re = 100.

In this description of the stationary limit cycle,23 the amplitude A was treated as an external
parameter controlling the amplitude of the leading eigenmode. In the present paper, we consider A
as a dynamical variable reflecting the evolution in time of the amplitude of the leading eigenmode,
whose instantaneous growth rate is given by the real part of its leading eigenvalue. The purpose
of this paper is therefore two-fold: (i) first, we quantify the accuracy of the approximation of the
limit-cycle by the marginal self-consistent solution (U∗,u′∗,ω∗, A∗). (ii) Second, we show that the
family of self-consistent solutions can also be used to describe the transient evolution of the flow
starting from a small disturbance added to the base flow at time t = 0 and reaching the limit-cycle
after the transient has died out. This amounts to a quasi-static approximation where the amplitude
of the mode grows according to its instantaneous growth-rate until it saturates. In contrast to the
approach of Thiria, Bouchet, and Wesfreid,24 who have shown the relevance of this quasi-static
approach using a weakly non parallel stability analysis of the instantaneous mean flow, averaged on
the fly from DNS data, the quasi-static mean flow is here rather obtained as a result of the model.
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Section II introduces the formulation used throughout the whole paper and presents the quasi-
linear model in a general setting. Section III settles the physical domain and the numerical frame-
work in which the model is applied. Section IV describes the method developed to solve the model.
The results of the cylinder mean flow calculation and the transient dynamics are presented in
Secs. V and VI, finalizing with comments and conclusions.

II. FORMULATION AND SELF-CONSISTENT QUASI-LINEAR MODEL

A. Instability onset and transient dynamics

We consider a two dimensional (2D) flow with uniform velocity U∞ex and viscosity ν incident
on a cylinder of diameter D centered at the origin. The flow is governed by the 2D incompressible
Navier-Stokes equations

∂tu + N(u) = 0, (1)

where

N(u) ≡ (u · ∇)u + ∇p − Re−1
∆u (2)

corresponds to advection, diffusion, and the gradient of the pressure p required to impose incom-
pressibility

∇ · u = 0. (3)

Throughout the article, all the variables are non-dimensional using length D and velocity U∞ as
reference scales, and the sole physical parameter is the Reynolds number Re ≡ U∞D/ν. The NSE
can be equivalently written for the velocity u′ = u − U relative to some stationary reference flow U,
i.e.,

∂tu′ + LU(u′) + N(U) = −(u′ · ∇)u′, (4)

where

LU(u′) ≡ (U · ∇)u′ + (u′ · ∇)U + ∇p′ − Re−1
∆u′ (5)

is the operator for the NSE linearized around U.
The onset of the vortex shedding instability can be understood from linear stability analysis, in

which U corresponds to a steady solution UB of the NSE

N(UB) = 0, (6)

which is called the base flow, and u′ is considered sufficiently small so that (4) becomes

∂tu′B + LUB
(u′B) = 0. (7)

The solutions of this linearized perturbation equation can be expanded in the basis of eigen-
modes unB with their corresponding eigenvalues λnB = σnB + iωnB, n = 1,2, . . . ,∞ sorted by
decreasing real part. The (large-time asymptotic) growth rate σ is given by the most unstable
eigenvalue pair (λ1, λ̄1) as σ ≡ σ1 = ℜ(λ1); while the frequency corresponds to the imaginary
part ω ≡ ω1 = ℑ(λ1), the overbar represents complex conjugate. Linear equation (7) yields u′1B =
A0u1Be(λ1Bt+iφ0) + A0ū1Be(λ̄1Bt−iφ0), as solution for an initial condition based on the most unstable
eigenmode u′0 = A0u1Beiφ0 + A0ū1Be−iφ0, which will be used throughout the paper, where φ0 in
[0,2π] is the phase determined in the initial condition. The amplitude of u′0 is A0 since u1B is
normalized as

√
2∥u1B∥ = 1. The norm ∥.∥ is an L2 norm determined by the Hermitian inner product

(a|b) = 
Ω

a · bdΩ =

Ω

aH · bdΩ, for complex fields in the domainΩ.
At threshold Recr ≈ 47, the growth rate σ turns positive, the base flow becomes unstable,3,4

and the system undergoes a supercritical Hopf bifurcation.2 The development of the instability for
Re = 100 is shown in Fig. 1. The unstable global mode of the base flow (shown in Fig. 1(c)) is
the infinitesimal structure that grows from the base flow solution (Fig. 1(a)). As it evolves in time
(see Fig. 1(g)) and the nonlinear terms in the right-hand side (RHS) of (4) become important,
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FIG. 1. Velocity fields in x-direction; (a) base flow UBx and (b) mean flow Ux. (c) The most unstable eigenmode u1Bx from
stability analysis (7) around base flow UB. (d) Fluctuation snapshot u′ around the saturated mean flow U. Reynolds stress
divergence ⟨(u′ ·∇)u′⟩, x-direction component for the (e) eigenmode of the base flow and (f) fluctuation around the mean
flow. (g) Transient of velocity in x-direction at the point (x = 2, y = 1) for two initial conditions shifted by π. The change of
frequency is marked by the arrow length. (h) Transient evolution of the fluctuation amplitude A(t) for the DNS (solid line)
and self-consistent model (dashed line). All solutions are for Re= 100.

this unstable structure gets modified in space and saturates in a time periodic solution with a new
frequency and a finite amplitude. Above threshold, the system eventually settles in a limit cycle with
a frequency and spatial structure which are different from the initial perturbation22 as can be seen in
Figs. 1(b) and 1(d) showing the mean flow and a snapshot of the corresponding u′ as defined below.

Fig. 1(g) displays the transient of the x-direction velocity at the point (x = 2, y = 1) for two
initial conditions composed of the eigenmode with a different phase φ0 and the same amplitude
A0. There are two different time scales involved in the development of the instability: a fast time
scale associated to the shedding of alternated vortices and a slower one associated to the growth
in amplitude of the corresponding velocity oscillations. These two time scales are initially given
by the inverse of the real and imaginary parts of the unstable eigenmode; this scale separation
becomes arbitrarily large as the Reynolds number Re approaches threshold. As performed by Sipp
and Lebedev,21 this can be used to perform a weakly nonlinear perturbative expansion leading to
a Stuart-Landau equation for the amplitude of the unstable mode, which is valid only close to
threshold (Fig. 9).

The present description of the transient development and the saturated flow of the instability
also exploit this separation of scales: it is performed by means of a Reynolds decomposition. We
define U(t) as the phase averaged mean flow U = ⟨u⟩, where ⟨·⟩ denotes the average on the phase
φ0 of the fluctuation. By construction, the fluctuation u′ is such that ⟨u′⟩ = 0. This phase average
corresponds to an integral on the oscillation (fast) scale only and allows a simple separation of
time scales during the transient while being equivalent to a time average in the saturated regime.
Thereby, in practice, for a given specific time, τ the corresponding instantaneous mean flow U(τ), or
average on the phase, is given by averaging along the full velocity u(τ) of several DNS with initial
conditions u′0 of same amplitude A0 and shifted in φ0 as depicted in Fig. 1(g) for two φ0 shifted by π.

Inserting this mean flow decomposition u = U + u′ in the 2D NSE yields

N(U) = −⟨(u′ · ∇)u′⟩, (8a)
∂tu′ + LU(u′) = −(u′ · ∇)u′ + ⟨(u′ · ∇)u′⟩, (8b)

where the time derivative term ∂tU on the left-hand side (LHS) of (8a) has been neglected. This
term reflects the slow deformation of the mean flow which is null in the stationary regime and is
small but non-zero during the transient; neglecting this term amounts to a quasi-static approxima-
tion slaving the mean flow U to the forcing by u′ given in the RHS of (8a). Note, however, that the
fluctuation u′ does not have to be small compared to the mean U. The amplitude of the fluctuation is
defined as the square root of the phase averaged kinetic energy,

A =


1

2π

 2π

0


Ω

u′2dΩdφ0 =


⟨

Ω

u′2dΩ⟩, (9)
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which corresponds to a temporal average over a period for a harmonic fluctuation. The amplitude
A at t = 0 coincides with the amplitude of the initial condition A0 explaining the choice of√

2∥u1B∥ = 1.
System (8) is composed of two coupled equations. In the stationary regime, the mean flow U

comes as a solution of steady mean flow equation (8a), while fluctuation equation (8b) describes the
fluctuating field u′. As described briefly in Ref. 23, there are different nonlinear effects in (8), two of
which are dominant for the development of the instability.

• First, the RHS of (8a) corresponds to minus the Reynolds stress divergence ⟨(u′ · ∇)u′⟩,
a nonlinear mean momentum addition of the time dependent fluctuation u′ on U. The x-
component of this forcing term is shown in Fig. 1 for the initial u′ given by the unstable
eigenmode of the base flow (Fig. 1(e)) and for the final periodic state (Fig. 1(f)). This mo-
mentum addition can be also viewed as the body force required for the mean flow U to become
a stationary solution of the NSE. Fig. 1(b) shows that the mean flow U prevailing once the
limit cycle has been reached presents a much shorter recirculation bubble and less shear in the
wake than the base flow UB (Fig. 1(a)).15

• The second nonlinear effect in (8) which is relevant for the instability is that of the mean flow
U on u′, which is contained in the advection terms of LU(u′) present in fluctuation equation
(8b). This includes the advection of u′ by U (i.e., (U · ∇)u) and the source terms ((u · ∇)U)
responsible for the energy transfer associated to the growth in amplitude of the fluctuations.
These effects are included in the various linear stability analyses performed around mean
flows,6,13,16–18 which neglect the RHS of (8b) and in practice ignore (8a), since the mean flow
is usually obtained from DNS or experimental data. As remarked by Barkley,13 such a linear
stability analysis performed globally around the mean flow U provides a very good frequency
prediction with a growth rate very close to zero.

• The third nonlinear effect, seen in the RHS of (8b), (u′ · ∇)u′ − ⟨(u′ · ∇)u′⟩, represents the time
dependent, zero mean, momentum addition from the nonlinear interactions of u′ at different
frequencies, resulting from the nonlinear interactions between higher harmonics.

Neglecting this last nonlinear term as a consequence of the very harmonic nature of the periodic
limit cycle, the flow dynamics can be understood as a base flow that develops an instability which
grows and forces the underlying flow through the Reynolds stress divergence ⟨(u′ · ∇)u′⟩. Initially,
the Reynolds stress divergence of the unstable global mode, depicted in Fig. 1(e), forces the base
flow (Fig. 1(a)) modifying it towards the mean flow (Fig. 1(b)), until the point at which the mean
flow is (almost) marginally stable and the perturbation saturates into a limit cycle with a certain
amplitude and frequency. In this process, the Reynolds stress forcing of the initial perturbation
(Fig. 1(e)) is modified and migrates upstream as can be seen by comparing it with the Reynolds
stress of the saturated flow in Fig. 1(f).

Because the mean flow provides a very good prediction of the vortex shedding frequency with
an essentially zero growth rate, it is tempting to imagine that the NSE linearized around instanta-
neous mean flow (7) could approximate the instantaneous frequency and growth-rate of the evolving
vortex shedding. Thiria, Bouchet, and Wesfreid24 have indeed confirmed this suggestion, using a
weakly nonparallel stability analysis of instantaneous mean flows obtained from DNS. It must be
noted, however, that there is no amplitude information in such a linear approach. The objective of
the present paper is to show that the self-consistent model23 provides a fairly accurate and fully
consistent description of the transient dynamics involved in the passage from the unstable base flow
(Figs. 1(a), 1(c), and 1(e)) to the fully saturated mean flow with vortex shedding (Figs. 1(b), 1(d),
and 1(f)).

B. Self-consistent model

As introduced by Mantic-Lugo et al.23 the self-consistent model relies on the much larger
amplitude of the fundamental compared to the rest of harmonics. For the present case of the cylin-
der, Fig. 2 shows the structures of the velocity and energy of the fundamental and second harmonic
extracted from the fluctuation field u′ around the mean flow computed from DNS (from now on
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FIG. 2. Fluctuation velocity in x-direction ux; (a) fundamental frequency ω and (b) second harmonic 2ω extracted from
the fully nonlinear DNS fluctuating field u′(x, t) by Fourier series. Energy of the fluctuation; (c) fundamental frequency ω,
Eω =


Ω

u2
ωdΩ= 7.6 and (d) second harmonic 2ω, E2ω =


Ω

u2
2ωdΩ= 0.16. Re = 100.

denoted UDNS, leaving U for the mean flow of the model). The leading terms of the Fourier series
are computed from the DNS’ temporal signal at each spatial point to extract the dominant frequen-
cies. The power spectra of the vortex shedding signal are strongly dominated by the fundamental
frequency, with decaying energy of the higher harmonics.22 Also, this fundamental frequency domi-
nance can be seen in Fig. 2, where the energy of the second harmonic is less than 3% of the
fundamental.

This dominance of the fundamental harmonic supports that the RHS of (8b), which is respon-
sible for energy transfers between different frequencies, is of limited importance and is therefore
neglected in the model.23 Hence, perturbation equation (8b) is simplified neglecting the nonlinear
RHS, corresponding to a global linear stability analysis around the mean flow. Furthermore, the
model assumes that this fundamental frequency structure is directly given by the most unstable
mode of the linear stability analysis around the mean flow. In addition, the mean flow is not ex-
tracted from DNS or experimental values but given from (8a) with the forcing of the most unstable
eigenmode, forming a closed system of interactions. The resulting self-consistent quasilinear model
writes as

N(U) = −2A2ℜ ((ū1 · ∇)u1) , (10a)

λ1u1 + LU(u1) = 0, (10b)

where ℜ(·) denotes the real part and A > 0 is the instantaneous amplitude in L2 norm (9) of
the first eigenmode pair. Thus, the full instantaneous velocity field is approximated as u(x, t) =
UDNS(x) + u′(x, t) ≃ U(x) + u′1(x, t), being u′1(x, t) = Au1(x)e((σ1+iω1)t) + cc, with ω1 the frequency
and σ1 the growth-rate.

The solution of (10) for a given A proceeds exactly as in Ref. 23, also described in more detail
in Section IV. The amplitude A of the leading eigenmode u′1 of U is initially treated as an external
parameter allowing to find a family of coupled mean flow U(A) and perturbation u1(A) solutions
with their corresponding growth rate σ1(A) as function of the amplitude A (Fig. 3).

Following the physical saturation process previously described, the growth rate σ1 resulting
from these computations decreases with the amplitude increase A, as shown in Fig. 3. Simul-
taneously, the Reynolds stress forcing constructed from the most unstable eigenmode migrates
upstream with increasing amplitude A (insets in Fig. 3) reshaping progressively the mean flow and
stabilizing it. The upstream relocation of the Reynolds stress divergence forces the contraction of
the recirculation region on the corresponding mean flow, marked by a dashed line in the insets. The
recirculation bubble shortening was reported in previous descriptions of the differences between the
base and the mean flow5,13 and has been in addition advocated as a critical factor in the instability
saturation mechanism.25

Subsequently, the amplitude A = A(t) can be also interpreted as a dynamical variable reflecting
the evolution in time of the amplitude of the leading eigenmode, whose instantaneous growth rate
is given by the leading eigenvalue as σ1 = ℜ(λ1). That is, self-consistent model (10) is extended to
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FIG. 3. Growth rate σ1 for the converged coupled system of equations of self-consistent (SC) model (10) for a different
perturbation u1 amplitude A at Re = 100. The insets show the structure of the Reynolds stress divergence 2A2ℜ((ū1 ·∇)u1)
in the x-direction and the boundary of the recirculation bubble.

account for the transient dynamics by adding the equation

dA(t)
dt
= A(t)σ1(A), (11)

which links, through the growth rate σ1(A) (Fig. 3), the family of (U,u1) solutions of (10) for
different A to the development in time of the instability.

The relevant range of the amplitude A goes from A = 0, which corresponds to the base flow
solution UB with its unstable eigenmode, up to an amplitude A∗ such that σ1(A∗) = 0, which yields
a stationary solution of (11) that corresponds to the saturated vortex shedding state. The problem
of finding the amplitude A∗ corresponding to this saturated state can be rewritten by adding the
constraint σ1 = 0 in (10) and we get

Find: A∗ > 0 such that: σ∗1 = 0, for

N(U∗) = −2A∗2ℜ
�(ū∗1 · ∇)u∗1

�
, (12a)

iω∗1u
∗
1 + LU∗(u∗1) = 0. (12b)

Summarizing, system (10) together with (11) constitutes a self-consistent closed model of the base
flow stabilization process from the unstable base flow UB to a marginally stable mean flow U∗ given
by (12). It approximates the slow time evolution of the transient dynamics by means of a quasi-static
approximation of the instantaneous mean flow U(A(t)), which is parametrized by the amplitude
A. The model is based on the nonlinear coupling between the mean flow equations and the linear
stability equations through the Reynolds stress.

III. COMPUTATIONAL DETAILS

The computational domain is defined in Cartesian coordinates with center in the cylinder, its
nominal size is characterized by x−∞ = y∞ = y−∞ = 20D distance to upstream, upper, and lower
boundaries, respectively, and x∞ = 40D, distance to the outlet boundary. The nominal mesh, C3
in Table I, has 13 322 cells and 6731 vertices being locally clustered around the cylinder and the
wake region. The Dirichlet boundary condition (ux,uy) = (1,0) is used at the inlet x = x−∞, upper
y = y∞, and lower y = y−∞ side boundaries. No-slip condition (ux,uy) = (0,0) is applied on the
cylinder boundary x2 + y2 = D2/4 and outflow boundary condition is applied at the outlet x = x∞.

The linear and nonlinear Navier stokes equations are discretized and solved using the finite
element method. Taylor-Hood (P2,P2,P1) elements are used representing (ux,uy,p) for the spatial
discretization. The time discretization of the DNS of NSE solution is done applying an implicit
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TABLE I. Comparison of the most unstable eigenvalue λB of linear global
stability analysis (7) on the base flow UB at Re= 60 for different mesh sizes
and resolutions.

Mesh x−∞= y∞ x∞ N nodes Base flow, Re = 60, λB

C1 20 20 2 867 0.0488+0.761i
C2 20 40 4 755 0.0490+0.761i
C3 20 40 6 731 0.0491+0.761i
C4 20 40 15 862 0.0493+0.760i
C5 30 80 10 390 0.0478+0.752i
C6 40 120 68 215 0.0472+0.748i
C7 30 200 123 412 0.0474+0.750i

Barkley13 0.0496+0.757i

first-order time scheme based on characteristics-Galerkin method with a δt = 0.02 s. FreeFEM++ is
used to handle and solve the linear and nonlinear systems of equations and to build the matrices of
the generalized eigenvalue problem which is solved by means of the SLEPc software.

The numerical approach is validated comparing in Table I the unstable eigenvalue of the base
flow at Re = 60 for seven meshes with different resolutions and sizes and the results obtained in
Ref. 13. Based on the good agreement between the values in Table I, the mesh C3 is selected to
be the nominal mesh as its resolution is deemed to be enough. In addition, the critical Reynolds
number for the mesh C3 is Recr = 46.7 varying less than 1% compared to Recr = 46.3 presented
in Ref. 13, which base flow and mean flow are also compared to the present approach in Fig. 9(a)
together with experimental results for different Reynolds number showing an excellent agreement.
Having in mind that the aim of this paper is physical analysis and model presentation, the mesh
selection is a compromise between sufficient mesh resolution and computational costs due to the
large amount of linear stability computations required to converge the coupled equations.

IV. MODEL SOLUTION

The core of the model and the most difficult part of solving it are given by coupled (10),
which for each amplitude A requires finding a mean flow which is generated by the Reynolds stress
divergence of its own leading eigenmode. This is a non-standard problem, but once it is solved and
the growth rate σ(A) known in the relevant range of amplitudes, solving (12) to obtain the transient
dynamics is straightforward. The solution of the model is found by means of two nested iterative
loops: an inner loop to solve (10) for a particular value of A and an outer loop to solve (12) by
increasing A from 0 to A∗ required to advance from the unstable base flow UB to the marginally
stable mean flow U while capturing the transient dynamics.

A. Inner loop: Equation coupling λ1(A)
The iterative solution of (10) starts with an initial guess for U, in this case the base flow

UB. The corresponding eigenmode u1 is computed from (10b), which is then inserted in (10a)
to compute a new U using the Newton-Raphson method. This new U is used with a relaxation
factor (as described in detail in Table II) to update the previous guess for a new iteration. This
iterative algorithm converges robustly to a solution of (10) if the system is controlled by fixing the
amplitude of the Reynolds stress forcing Af ≡ A2∥2ℜ ((ū1 · ∇)u1)∥ instead of the amplitude A of the
perturbation.

This is intuitive since the amplitude Af directly governs the size of the forcing term in the (RHS
in (10)), which in terms of Af becomes

A22ℜ ((ū1 · ∇)u1) = Af
2ℜ ((ū1 · ∇)u1)
∥2ℜ ((ū1 · ∇)u1)∥ (13)
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TABLE II. The full double nested iterative procedure that obtains the transient quasi-steady relations of U(A),u1(A),
σ1(A),ω1(A) from (10) and finds the saturated flow of the self-consistent model A∗,ω∗,U∗,u∗1, solving coupled system
(12).

• Un=1=UB initial condition.
• Select small A f arbitrarily.

1. Solve linear stability (10b), Un→ un
1 .

2. Calculate Reynolds stress forcing, 2ℜ((ū1 ·∇)u1).
3. Solve forced mean flow equation (10a), un

1 → Un+1/2.
4. Calculate the new mean flow Un+1 to input into the linear stability equation,

Un+1=Un+1/2γ+ (1−γ)Un where 0 ≤ γ ≤ 1 is a relaxation factor.
Residuals Rs should reduce at each step.

5. Go to Step 1 and repeat till converged: Rs < Tolerance.
• If σ1 > 0, increase amplitude A f , go to Step 1, until σ∗1= 0, so that A f → A∗f .

and where we recall that u1 is of unit L2 norm (9). If the system is controlled by fixing A, the change
in shape of u1 between iterations influences the norm of the Reynolds stress ∥2ℜ ((ū1 · ∇)u1)∥
which involves derivatives, thus changing the size of the RHS of (10) and hindering convergence.
On the contrary, by fixing Af , the norm of the RHS of (10) is kept constant despite changes in
the shape of u1. Note that this change in normalization of the Reynolds stress forcing is only due
to convergence issues, and thus, it does not have any influence on the physics of the results, since
there is a fixed relation between A and Af for converged system (10) at each amplitude step A or
equivalently Af .

With fixed Af , this iterative procedure converges while reducing the growth rate σ1 and increas-
ing the frequency ω1 as can be seen in Fig. 4(a) for a case in which a marginally stable region is
reached. The residuals Rs are defined as the L2 norm on the domain Ω of the relative variation
of the fields between two consecutive steps Rs = ∥Un+1 − Un∥/∥Un∥. They reduce while iterating
Fig. 4(b) assuming the solution to be converged when all the residuals are less than Rs < 10−4.

B. Outer loop: Amplitude A∗

It parameterizes the slow time evolution of the instantaneous mean along the transient by means
of the amplitude Af of the Reynolds stress forcing and equivalently the amplitude A of the perturba-
tion u1 as it is the free parameter in (10). We assume that eventually for a particular value A∗ (or A∗f
(13)), which is not known a priori, system (12) is marginally stable similarly to the DNS mean flow.

For each amplitude A, there is a nonlinear solution of coupled perturbation-mean flow system
(10) with a certain growth rate σ1, frequency ω1, and perturbation structure u1, with its correspond-
ing Reynolds stress divergence 2A2ℜ ((ū1 · ∇)u1). Fig. 3 presents several of this system solutions
for different amplitudes A showing the relation of the growth rate and the amplitude σ1(A).

The growth rate σ1(Af ) for each amplitude Af is not known until nonlinear system (10) is
coupled iteratively. Therefore, in order to assess the transient dynamics and achieve the marginally

FIG. 4. (a) Growth rate and frequency evolution during convergence of the inner loop with fixed amplitude A f = 0.35 and
relaxation factor γ = 0.5 for Re= 60. (b) Residuals Rs of the velocity U, pressure p, and Reynolds stress divergence f
decrease during converge of (a). (c) Iterations (it) required to converge at different Reynolds numbers Re= 60 and Re= 100.
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FIG. 5. Re = 100 and Re = 60. Self-consistent ((a) and (b)) and DNS ((c) and (d)), comparison of the mean flow velocity U∗

for the x-direction. For Re= 60, (a) self-consistent and (c) DNS. For Re= 100, (b) self-consistent and (d) DNS.

stable solution U∗, u∗1 with ω∗1, several steps in Af are required closing system (10) at each step, in
order to obtain the evolution σ1(A),U(A),ω1(A),u1(A).

C. Coupled system solution

Perturbation-mean flow system (12) is solved as described in Table II. The relaxation factor
required to have a stable convergence in the inner loop varies from γ = 0.5 for Re = 60 to γ = 0.1
for the large amplitudes Af for Re = 100. This difference is related to the increased difficulty to
converge for σ∗1 = 0 as the Reynolds number increases as shown in Fig. 4(c). Similar issues for
converging to steady solutions of the NSE when increasing Re have been reported in the literature,
see Ref. 26, for instance. The required amplitude A∗ to saturate the base flow grows with the
Reynolds number entailing an increased number of iterations (it), (Fig. 4(c)). For Reynolds higher
than Re > 110, the number of iterations required to converge increases rapidly; therefore, only
partial convergence was achieved for Re = 120. Different initial conditions and relaxation values
have been tried converging to the same marginally stable mean flow solution U∗, showing that the
solution to coupled system (12), A∗,ω∗1,U

∗,u∗1 is not path dependent.

V. SATURATED FLOW

A. Mean flow and base flow

The converged mean flow U∗ obtained from the self-consistent model predicts very accurately
the DNS result showing the same recirculation bubble length with similar wake distribution as
presented in Fig. 5 for Re = 60 and Re = 100.

A more quantitative comparison to DNS results is presented in Fig. 6. The model provides an
excellent prediction of the mean flow recirculation bubble for all Reynolds numbers (Fig. 6(a)),
exhibiting a recirculation length Lx that is much shorter than in the wake of the base flow UB.

Fig. 6(b) shows the relative difference between the model’s mean flow U∗ and the “exact” mean
flow from DNS UDNS, as well as the corresponding difference associated with using the steady
base flow UB as approximation of the mean flow. The relative difference between a steady flow U
(the base flow UB or the model’s mean flow U∗) and the mean flow from DNS is defined as the
norm of their difference normalized by the velocity deficit Uδ ≡ UDNS − 1ex of the DNS mean flow,
i.e., Diff(U) = ∥U − UDNS∥/∥Uδ∥; this difference is independent of the domain size. As it can be
seen in Fig. 6(b), the relative difference of the model’s mean flow U∗ stays below 10%, while the
difference of the base flow UB increases up to 100%.

As can be seen from Figs. 5(b)–5(d), the difference between U∗ and UDNS is in large part located
far downstream, a region in which the flow dynamics consists mainly in the advection and diffusion
of the shed vortices. In the case of the mean flow from DNS (Fig. 5(d)), the advected vortices
lead to a relatively strong and concentrated velocity deficit in the wake as compared to the model’s
prediction (Fig. 5(b)), in which the velocity deficit seems blurred. As it will be seen below, this

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  193.54.81.114

On: Thu, 26 May 2016 09:02:41



074103-11 Mantič-Lugo, Arratia, and Gallaire Phys. Fluids 27, 074103 (2015)

FIG. 6. (a) Base flow (triangles) and mean flow recirculation bubble length Lx variation with the Reynolds number Re

for the self-consistent model (circles) and DNS (squares). (b) Relative difference of the self-consistent model results U∗

(circles) and the base flow UB (triangles) compared to the exact DNS mean flow UDNS. The relative difference is defined as
∥U−UDNS∥/∥Uδ∥.

seemingly minor difference between the mean flows has important consequences for the respective
leading eigenmodes and their associated Reynolds stress.

B. Fluctuation and perturbation

In the left of Fig. 7, the x-velocity component of the perturbation u′∗1 from the leading eigen-
modes of the self-consistent model u∗1 (Fig. 7(a)) and the perturbation velocity u′1DNS of the leading
eigenmode u1DNS around the DNS mean flow (Fig. 7(e)) are compared to a snapshot of the corre-
sponding fluctuating velocity component of the fully nonlinear DNS u′ (Fig. 7(c)). The least stable
eigenmode u∗1 of the self-consistent model presents a wavelength of the vortex shedding that is very
similar to that of the DNS snapshot u′, as illustrated more quantitatively in Fig. 8(a) where the
contrast with the wavelength of base flow eigenmode u1B can be also appreciated. This resemblance
is also well captured by the eigenmode u1DNS of the exact DNS mean flow UDNS, shown in Fig. 7(e)
and also Fig. 8(a); this was highlighted by Barkley13 and also by Mittal,18 who has mentioned the
relationship of this streamwise wavelength to the (accurate) frequency prediction of the eigenmode
of the mean flow.

FIG. 7. Re = 100. Self-consistent and DNS comparison for the perturbation and fluctuation velocity ((a), (c), and (e))
and Reynolds stress divergence ((b), (d), and (f)) in the x-direction. (a) Perturbation velocity of the self-consistent model
calculated by the most unstable eigenmode u′∗1 , (c) snapshot of the DNS fluctuation velocity u′, and (e) perturbation
velocity u′1DNS by the most unstable eigenmode of the DNS mean flow with the same amplitude as the DNS snapshot.
(b) Reynolds stress divergence of the self-consistent model 2A∗2ℜ

�(ū∗1 ·∇)u∗1
�
, (d) Reynolds stress divergence of the full

nonlinear DNS ⟨(u′ ·∇)u′⟩, and (f) Reynolds stress divergence build by the least stable eigenmode of the DNS mean flow
2ℜ((ū1DNS ·∇)u1DNS) enforcing the amplitude to be the same as the DNS Reynolds stress.
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FIG. 8. Re = 100. (a) Stream-wise cut of the fluctuation velocity u′y in the y-direction at y = 0.7 and (b) energy integral

in y-direction averaged over one period, Ep(x)=T−1 T
0

 ∞
−∞u

′2(x, y, t)dydt . Base flow linear perturbation (dashed line),
perturbation velocity of the self-consistent model calculated by the most unstable eigenmode u′∗1 (thick solid line), snapshot
of the DNS fluctuation velocity u′ (dashed-dotted line), and the velocity from the most unstable eigenmode of the DNS mean
flow u1DNS (thin solid line); the base flow and DNS mean flow eigenmode amplitudes are fixed to be the same as the DNS
snapshot.

Besides this similarity, there are important differences between the eigenmode of the self-
consistent model u∗1 and that of the DNS mean flow u1DNS. The present model solution u∗1 cap-
tures also important features of the spatial distribution of the vortex shedding, since the amplitude
of the corresponding streamwise oscillations peaks close to the cylinder and decreases quickly
downstream, similar to the fully nonlinear snapshot (Fig. 7(c)). This trend is illustrated in more
detail in Fig. 8(b), which shows the energy distribution of the fluctuating velocity integrated in
the y-direction, illustrating how far is the energy distribution of the base flow and mean flow
eigenmodes from the exact DNS. For the eigenmode of the DNS mean flow u1DNS, the peak in
amplitude of the streamwise oscillations is followed by a much weaker decay downstream, resulting
in a flow structure that is much more elongated than the actual vortex shedding. In addition, the
nodal lines of the model’s eigenmode are mostly aligned to the y-direction in the downstream
region (Fig. 7(a)), similar to the nonlinear fluctuations from DNS (Fig. 7(c)) and unlike the oblique
structures of u1DNS (Fig. 7(e)). These two differences between u∗1 and u1DNS can be directly traced
to the previously mentioned difference between the model’s (U∗) and the DNS (UDNS) mean flows
regarding the more concentrated velocity deficit of UDNS in the region far downstream (Fig. 5(d)).
The relatively strong shear associated to the more concentrated velocity deficit in the downstream
region of UDNS coincides with the larger amplitude of the streamwise oscillations as well as with the
oblique structures of u1DNS, which are tilted against the shear of UDNS. This subtle failure of U∗ in
correctly approximating the mean flow from DNS appears as necessary for a better approximation
of the vortex shedding structure with a single mode.

The comparison between the Reynolds stresses shown on the right of Fig. 7 is striking. The
Reynolds stress divergence calculated from the leading eigenmode of the model 2A∗2ℜ

�(ū∗1 · ∇)u∗1
�

(Fig. 7(b)) is remarkably similar to that of the fully nonlinear time-averaged DNS ⟨(u′ · ∇)u′⟩
(Fig. 7(d)). Both the self-consistent and fully nonlinear DNS Reynolds stress present similar ampli-
tude and spatial distribution concentrating the forcing close to the cylinder. On the contrary, the
Reynolds stress based on the most unstable eigenmode u1DNS around the time averaged DNS
(Fig. 7(f)) presents an elongated structure with the forcing spread further downstream. The different
spatial structures of the Reynolds stresses of the two eigenmodes (model and mean-flow) are a
direct result of the different spatial structures of the respective modes described above (Figs. 7(a)
and 7(e)). It should be noted that the shape of the Reynolds stress divergence completely determines
the mean flow in the self-consistent model and in DNS, and unlike the linear solution around the
DNS mean flow. This is because the self-consistent result U∗,u1 comes as a closed system solution
where the mean flow and perturbation interact between each other nonlinearly through Reynolds
stress (12) in a similar manner as in the full DNS, while the linear solution around the DNS is
largely uncoupled (7).

Note that the full DNS Reynolds stress divergence is built by all the harmonics u′ whereas in
the self-consistent model, it is constituted only by the neutrally stable eigenmode u∗1 of the mean
flow. Therefore, the amplitude of the higher harmonic contribution decreases more abruptly for the
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FIG. 9. (a) Frequency ω of the least stable eigenmode of the self-consistent model mean flow (squares), steady base
flow (solid line), and DNS mean flow (circles) as compared to Barkley13 eigenvalues around the mean flow (triangles),
experimental frequency (dashed line), and the weakly nonlinear theory prediction20,21 (thin solid line). (b) Fluctuation and
perturbation amplitude A∗ variation with Reynolds number for the weakly nonlinear theory (dashed-dotted line), converged
self-consistent model (triangles), and saturated DNS (circles).

Reynolds stress forcing than for the fluctuation since they scale as ⟨(u′ · ∇)u′⟩ ∼ O(u′2). This scaling
difference may explain why the Reynolds stress divergence of the model resembles better the exact
DNS solution Figs. 7(b)–7(d) than the fluctuating velocity Figs. 7(a)–7(c).

Fig. 9(a) shows that the saturated frequency of the vortex shedding from experiments is well
approximated by the model converged solution represented by squares in Fig. 9(a), while at the
same time, matching the eigenvalues of the linear stability around the DNS mean flow as previously
described by Barkley.13 The model is valid far from threshold, contrary to the perturbative theory
(thin straight line) of the well known amplitude equation,20,21 capturing the correct frequency shift
from the initial base flow (solid line Fig. 9(a)).

The perturbation amplitude predicted by the self-consistent model (triangles) follows closely the
DNS results (circles), as seen in Fig. 9(b), capturing well the nonlinear retroaction of the perturbation
equation onto the mean flow. However, the model requires a slightly larger perturbation amplitude
A∗ in order to obtain a marginally stable mean flow. Probably, because the Reynolds stress forcing is
only constructed by one harmonic which has to approximate the spatial information of all harmonics
in DNS. The reduced amplitude at Re = 120 is related to the partial convergence. Note also how the
weakly nonlinear theory is valid only close to the critical Reynolds number as it starts to diverge from
DNS and self-consistent results for Re > 50, Fig. 9. This discrepancy of the weakly nonlinear theory is
caused by the lack of coupling between the mean flow variation and the perturbation equation through
the Reynolds stress which on the contrary is present in the self-consistent model.

C. Vorticity fields

In order to complement the description of the flow field behind the cylinder, the vorticity of the
fluctuation is presented in Fig. 10. The self-consistent vorticity structure from the perturbation u′∗1
illustrated in Fig. 10(a) resembles well the fully nonlinear DNS fluctuation u′ at the fundamental
frequency (ω, Fig. 10(c)), showing a similar pattern of horizontally alternated positive and negative
vortices with a reflection symmetry about y = 0. However, the self-consistent model misses the
vertical alternation of vortices gathered in the second harmonic at (2ω, Fig. 10(d)) and thus ex-
plaining the difference with the total fluctuation snapshot depicted in Fig. 10(b). The vorticity of the
perturbation around the mean flow u1DNS shows an even poorer approximation of the DNS snapshot
presenting oblique structures in the same fashion as previously described in Figs. 7 and 8.

It seems that the loss of symmetry about y = 0 is secondary in the wake dynamics and in
the saturation process since the self-consistent model is able to capture the correct shape of the
Reynolds stress divergence (Fig. 7), the mean flow (Figs. 5 and 6), and the fluctuation energy
distribution (Fig. 8(b)) with a symmetric vorticity distribution.
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FIG. 10. Re = 100. Self-consistent and DNS comparison for the vorticity of the fluctuation. (a) Perturbation vorticity of the
self-consistent model calculated from the most unstable eigenmode u′∗1 . (b) Snapshot of the DNS fluctuation vorticity from
u′, (c) fluctuation vorticity of the fundamental, and (d) vorticity distribution of the second harmonic, both extracted from the
fully nonlinear DNS fluctuating field u′(x, t) by Fourier series. (e) Perturbation vorticity from the most unstable eigenmode
u1DNS of the DNS mean flow with the same amplitude as the DNS snapshot.

VI. TRANSIENT EVOLUTION

The transient evolution of the 2D cylinder flow from the unstable base flow UB to the margin-
ally stable mean flow U,σ1 = 0 is considered by splitting the effects between the fast time scale of
the fluctuation oscillation u′(t) and the slow time evolution of the mean flow U. The evolution in
time of the instantaneous mean flow is assessed by calculating the average among DNS with several
initial conditions defined as the base flow UB plus a small perturbation A0u1φ, of same amplitude A0
and a structure of the most unstable eigenmode u1 and different phase φ0, which allows the selection
of the wave phase of the initial perturbation as introduced in Sec. II. The initial phase angle span
φ0 = [0,2π] is divided in nφ = 8 equal parts providing an instantaneous mean flow approximation at
each slow time step equivalent to an average over 8 snapshots of one period in the fast time scale.
An average over nφ = 8 is deemed to be enough as nφ = 4 and nφ = 8 provided indistinguishable
results.

The phase averaged mean flow evolves in time with an associated change of the fluctuation
shape, frequency, and amplitude. The saturation of the DNS fluctuation amplitude ADNS (solid line)
is presented in Fig. 1(h), being calculated from the norm of the instantaneous velocity minus the
phase averaged mean, u′ = u − UDNS(t). On the other hand, the results U(A),u′1(A),σ1(A),ω1(A) of
the self-consistent model (10) for each amplitude A predict, through evolution equation (11), an
analogous slow time scale dynamics which can be compared to the DNS exact transient. Then,
knowing the relation σ1(A) from Fig. 3, (11) is integrated with a fourth order Runge-Kutta method
and the corresponding small initial amplitude A0. The amplitude A(t) as a function of time for the
self-consistent model is compared to DNS in Fig. 11(a) and in logarithmic scale in Fig. 1(h). The
model shows a fair agreement with the transient dynamics of the DNS, closely matching with the
initial evolution up to roughly half the amplitude of saturation, while also capturing the final stage
of saturation with the modest difference in final amplitude shown in Fig. 9(b). There is an overshoot
in the transient, also reported in Ref. 8, which the self-consistent model fails to reproduce probably
because it is based on a quasi-static approximation.

Indeed, at this Reynolds number, there is no strict separation of time scales since the transient
time based on the base flow growth rate is of similar order of magnitude as the fluctuation period
1/σ1B ∼ 1/St ∼ 8 for Re = 100. However, defining a time for the instability growth tg as the time
between the amplitude 1% and 99% of the saturated mean flow amplitude, the DNS’ results show
that the frequency time scale 1/St is much smaller than tg even for Reynolds numbers as large as Re
= 100 (Fig. 11(b)). Hence, there is time for several oscillations during the growth of the instability,
pointing to the relevance of the averaging process involved in the self-consistent model.
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FIG. 11. (a) Time evolution of the fluctuation amplitude during the saturation process, DNS (solid line), self-consistent
(dashed line), and simplified polynomial relation (14) of σ1(A) (dashed dotted line) for Re = 100. (b) Time for instability
growth (tg = tA0.99− tA0.01) (15) as function of the Reynolds number for the DNS (squares) and based on polynomial
approximation (14) of the σ1(A) relation (dashed dotted line). Characteristic period of the base flow perturbation 1/St
(circles).

A step further in simplification of the transient dynamics is to approximate the function σ1(A)
obtained from the self-consistent model in Fig. 3 with a simple polynomial of second order consis-
tent with the Stuart-Landau amplitude equation,20

σ1(A) ∼ σ1B

(
1 − A2

A∗2

)
, (14)

where σ1B is the growth rate from the most unstable mode of the linear stability around the base
flow, and A∗ is the saturated amplitude. Integrating (11) from A0 at t = 0 and assuming the poly-
nomial relation (14), we obtain an analytical solution which is plotted in Fig. 11(a) showing a
good approximation of the amplitude evolution when compared to DNS. The time of the transient
evolution can be calculated from the relation (14) as

tg =
K
σ1B

, (15)

where K = 1
2 log

(
0.992

1−0.992
1−0.012

0.012

)
. The transient time tg obtained from crude approximation (14)

compares well to the DNS transient time as illustrated in Fig. 11(b). Thereby, relation (15) allows
to obtain an a priori approximation of the transient time tg independent of the mean flow and just
dependent on the base flow growth rate σ1B.

During the transient, the base flow is modified slowly with the progressive saturation of the
instability associated to the growth rate reduction with time. The instantaneous growth rate σ of the
fluctuating instability u′ around the instantaneous mean flow UDNS(t) can be obtained from

σ(t) = d log ADNS(t)
dt

, (16)

where the fluctuation amplitude ADNS(t) of the DNS at each slow time step is extracted from
Fig. 1(h). This nonlinear instantaneous growth rate σ (solid line) is compared in Fig. 12(a) to the
linear growth rate σ1DNS (circles and triangles) calculated from linear stability analysis (7) around
each instantaneous mean, showing a slightly delayed saturation of the linear growth rate but a
similar overall evolution. The instantaneous growth rate of the self-consistent model obtained for its
equivalent time (dashed line in Fig. 12(a)) follows however more closely the exact DNS transition
but misses the overshoot of the DNS before the saturated value.

On the other hand, the linear frequency of the DNS instantaneous mean (circles and triangles)
matches better with the exact DNS nonlinear frequency (solid line in Fig. 12(b)), which is extracted
from the time evolution of the x-direction velocity at (x, y) = (2,1), as depicted in Fig. 1(g), when
compared to the predicted frequency of the self-consistent model (dashed line) at the equivalent
time. A similar remarkable agreement was found already by Wesfreid, Bouchet, and Thiria24 using
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FIG. 12. Evolution of the transient growth rate (a) and frequency (b) with time. Comparison between the linear stability
prediction around the instantaneous DNS mean (triangles, labeled as linear), the fully nonlinear instantaneous growth rate
and frequency of the DNS fluctuation evolution u′ (solid line labeled as nonlinear DNS), and self-consistent approximation
of the frequency and growth rate (dashed line) at Re = 100.

a weakly nonparallel stability analysis. We think that this minimal difference might appear because
the self-consistent model transient evolution and the DNS correspond to independent dynamical
systems. In both cases, the growth rate σ and amplitude A are the leading parameters to capture
the nonlinear saturation from the base flow UB to the marginally stable mean flow U∗, while the
frequency is free to vary.

The Reynolds stress divergence evolution of the DNS and the self-consistent model is compared
in Fig. 13 for three different linear growth rates σ1 = 1.27,0.66,0 at their associated times tSC =
0,40,150 and tDNS = 0,50,150. Since the same linear growth rate is obtained at different equivalent
times, the self-consistent model and the full DNS nonlinear saturation do not follow exactly the same
dynamical paths. However, the close matching encountered in the evolution of the spatial structure
(Fig. 13) suggests a physical relation underlying the Reynolds stress amplitude convergence of the
self-consistent model Af and the transient DNS evolution in the slow time scale. The quasi-steady
evolution of the perturbation based on the growth-rate of the unstable eigenmode which is coupled
back to the mean flow through the Reynolds stress is enough to capture the slow time evolution of
the fully nonlinear DNS saturation. Independently of the exact path of the instantaneous mean flow,
the growth rate decreases accompanied by a frequency increase as oscillations grow and saturate.

FIG. 13. Reynolds stress divergence in x-direction component; ((a), (c), and (e)) for the Self-consistent model 2A2ℜ
((ū1 ·∇)u1) and ((b), (d), and (f)) for the full DNS ⟨(u′ ·∇)u′⟩; comparison of the transient evolution for σ1= 1.27 (a) self-
consistent and (b) DNS, for σ1= 0.66 (c) self-consistent and (d) DNS, and for σ1= 0 (e) self-consistent and (f) DNS at Re
= 100.
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VII. CONCLUSIONS

We have presented and characterized self-consistent model (12) that describes the saturation
process of the vortex shedding instability by coupling the mean flow and the linear perturbation
equation. The model provides an excellent prediction of the mean flow and its associated vortex
street in terms of frequency, amplitude, and spatial structure. This fully nonlinear fluctuating field is
approximated by a single harmonic given by the most unstable eigenmode around the mean, which
at the same time creates the Reynolds stress that forces back onto the aforementioned mean flow
closing the system. The obtained Reynolds stress divergence of the coupled model estimates very
well the structure of the exact solution of the full DNS, unlike the one constructed by the most
unstable eigenmode of the DNS mean flow since it is largely decoupled. From the vorticity fields, it
can be inferred that the vertical alternation of the wake vortices is gathered in the second harmonic
and thus missing in the symmetric wake of the model. Therefore, it seems to be a secondary effect
not required to capture the saturation process.

In addition to the saturated periodic flow, we have extended the model to describe the transient
of the saturation process from the unstable base flow to the marginally stable mean flow. The
comparison reveals that the self-consistent model provides the same trends of the instantaneous
mean flow as the fully nonlinear DNS obtained by averaging on the phase. The similarities in
the evolution of the growth rate, frequency, fluctuation amplitude, and Reynolds stress strongly
suggest a physical relation between the perturbation amplitude A of the quasi-steady solution of the
model and the time evolution of the DNS nonlinear saturation. The model shows that even with
a single harmonic linear perturbation, the flow evolves to similar saturation structures as the full
DNS, thanks to the retained Reynolds stress nonlinearity. Furthermore, assuming a simple relation
between the growth rate and the fluctuation amplitude, we found a simple and predictive estimate of
the characteristic time of the transient that compares well to the exact DNS.

Inspired by the scale separation of the weakly nonlinear theory,21 the present model formalizes
in a self-consistent coupled system the physical picture of an instability saturation process. The
perturbation, given by the most unstable eigenmode, grows around the mean flow and modifies it by
the Reynolds stress forcing, saturating at the point when the mean flow is marginally stable. This
physical picture, which has been put forward in the past by various authors,13–15 is mathematically
formalized by the present model. The similarities between DNS and the predictions of the model
strongly support the relevance of this saturation mechanism. The predictive capacity of the present
model is in no way expected to make it significant as a substitute for the Navier-Stokes equations,
rather, it is significant since it shows that this simplified model contains all the essential ingredients
to provide a fairly accurate description of the physics. This substantiates the importance of the
model.

As already mentioned, the idea of marginal stability of the mean flow was suggested in the
1950s by Malkus19 for turbulent flows and by Stuart14 for the saturation of supercritical instabil-
ities. The dynamical significance of the mean flow was further suggested by accurate frequency
predictions from the stability of mean flows for the vortex shedding instability,6,13,16–18 making it
the obvious test case for our model. But these are also interesting questions for other limit cycles
arising from oscillatory instabilities. Recently, the questions of the mean-flow’s marginal stability
and of frequency prediction from the mean flow have been considered by Turton et al.27 in a very
different case, namely, thermosolutal convection driven by opposing thermal and solutal gradients.
Turton et al.27 study two different types of limit cycles existing in such system, travelling and
standing waves. Remarkably, they find that for travelling wave solutions, the mean flow (or mean
fields in this case involving two extra scalar fields) is nearly marginally stable and the frequency of
its leading eigenmode almost matches with that of the limit cycle. For the standing wave solutions,
on the contrary, the frequency predicted by the mean flow’s leading eigenvalue differs considerably
from that of the limit cycle, and the mean flow is unstable, which is perhaps not surprising since
the standing wave solution is also unstable. More importantly, they show that the key difference
between travelling and standing wave solutions lies in their temporal spectra, strongly peaked for
travelling waves but not so for standing waves. Moreover, they provide a general discussion for sys-
tems with limit cycles and quadratic nonlinearities, and show that when the limit cycle has (almost)
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a single temporal frequency, the leading eigenvalue of the mean flow necessarily has (almost) the
right frequency with (almost) zero growth rate. This points to a broader applicability of our model,
although their attempt to implement it based on our previous report23 did not converge.27

In any case, the relevance of this type of self-consistent quasilinear models, which couple
a perturbation equation linearized around a mean flow which is itself determined simultaneously
from the Reynolds stress of the perturbations, goes well beyond limit cycles. A recent study
derives a similar model in order to compute exact coherent structures in the transitional regime
of a parallel shear flow.28 Another important application of such models involves the study of
turbulent flows by modeling the nonlinear effects of turbulent fluctuations as a stochastic forcing
on the linearized fluctuation equations. This has been used, for example, for obtaining statistical
solutions leading to analytical expressions of the mean flow for wall bounded turbulence29 or for
describing the appearance of coherent structures as a bifurcation of the statistical solution.30,31

Further development of these ideas may open interesting possibilities for optimization and flow
control.
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