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excess of positive
charge

excess of negative
charge

Electric dipole moment of QCD matter!
DK, Phys.Lett.B633(2006)260 [hep-ph/0406125]

Charge asymmetry w.r.t. reaction plane 
as a signature of strong P violation

Submitted on 10 June 2004



Is there a way to observe topological charge 
fluctuations in experiment?

Relativistic ions create
a strong magnetic field:

H

20



Let all fermions 
be right-handed,
Q = NR -NL > 0

this means the spin
is parallel to momentum.

Magnetic field pins down
the directions of spins

and thus induces 
an electric current

The Chiral Magnetic Effect
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k A sensitive 
(but P-even) measure 
of the asymmetry:

S.Voloshin, hep-ph/0406311

Expect 

Charge asymmetry w.r.t. reaction plane: 
how to detect it?
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S. Voloshin et al [STAR Coll.]; Quark Matter ’09
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Mass number and energy dependences

Talk by E. Finch;
RHIC/AGS: J. Thomas

Expectations for the energy dependence:
slow growth towards low energies
reflecting longer-lived magnetic field,
then gradual disappearance (no QGP):
there has to be a maximum somewhere
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Black hole

D.Son, 
A.Starinets
hep-th/
020505

Perfect liquid contains fluctuating topological charge
Chern-Simons number
diffusion rate
at strong coupling

14

NB: This 
calculation is 
completely 
analogous to the 
calculation of 
shear viscosity 
that led to the 
“perfect liquid”

















































Critical mode and equilibrium fluctuations

µ > µE

µ = µE

µ < µE

〈σ2〉 ∼ (Ω′′)−1

σ

Ω(σ)

think e−Ω:

µ

T

1

2

3

1
2

3
large equilibrium

(Ω′′)−1 → ∞
fluctuations

ψ̄ψ − 〈ψ̄ψ〉 ≡ σ

Magnitude of fluctuation and correlation length:

〈σ(x)σ(0)〉 ∼



e−|x|/ξ for |x| ≫ ξ

1/|x|1+η for |x| ≪ ξ

〈σ2
0〉 =

Z

d3
x〈σ(x)σ(0)〉 ∼ ξ2−η

critical singularity is a collective
phenomenon

σ or nB or T 00? Because they mix, only one linear combination is critical.
Non-Gaussian fluctuations and QCD critical point – p. 5/16



Relation betweenσ fluctuations and observables
Consider example: fluctuations of multiplicity of pions (or protons).

Free gas: n0
p – fluctuating occupation number of momentum mode p.

Ensemble (event) average 〈n0
p〉 = fp and

n0
p = fp+δn0

p ; 〈δn0
pδn0

k〉 = f ′
pδpk ; fp = (eωp/T ∓ 1)−1; f ′

p ≡ fp(1 ± fp).

Couple these particles to σ field: Gσππ (or gσN̄N ).
Think of m2 ≡ m2

0 + 2Gσ as “fluctuating mass”. Then

δnp = δn0
p +

∂fp

∂m2
2Gσ = δn0

p +
f ′

p

ωp

G

T
σ

Using 〈δn0
pσ〉 = 0 and 〈σ2〉 = (T/V )ξ2.

〈δnpδnk〉 = f ′
pδpk +

1

V T

f ′
p

ωp

f ′
k

ωk

G2ξ2.

More formal derivation: PRD65:096008,2002

Non-Gaussian fluctuations and QCD critical point – p. 7/16



4-point function

The 2-particle correlator measures 4-point function at q = 0 (for p 6= k).
Singularity appears at q = 0 due to vanishing σ screening mass mσ → 0.
(i.e., ξ = 1/mσ → ∞).

p p

k k

1
m2
σ

〈δnpδnk〉σ =
1

T

fp(1 + fp)

ωp

fk(1 + fk)

ωk

G2

m2
σ

.

Check: 〈δnpδnk〉 = 〈npnk〉 − 〈np〉〈nk〉 > 0 — as in attraction.
Attraction lowers the energy of a pair (making it more likely)
by 〈Hinteraction〉 ∼ forward scattering amplitude.

Consider baryon number susceptibility, which should diverge: χB ∼ ξ2−η

χB ∼ 〈δBδB〉σ = 〈(δNp − δNp̄ + δNn − δNn̄)2〉σ = 〈δNpδNp〉σ + . . .

Each term on r.h.s. is ∼
1

m2
σ

, ⇒ 〈δBδB〉 ∼ 1/m2
σ = ξ2.

It is enough to measure protons 〈δNpδNp〉 (Hatta, MS, PRL91:102003,2003)

Non-Gaussian fluctuations and QCD critical point – p. 8/16



Higher moments (cumulants) of fluctuations
Consider probability distribution for the order-parameter field:

P [σ] ∼ exp {−Ω[σ]/T} ,

Ω – effective potential:

Ω =

Z

d3x

»

1

2
(∇σ)2 +

m2
σ

2
σ2 +

λ3

3
σ3 +

λ4

4
σ4 + . . .

–

. ⇒ ξ = m−1
σ

Moments of zero-momentum mode σ0 ≡
R

d3x σ(x)/V .

κ2 = 〈σ2
0〉 =

T

V
ξ2 ; κ3 = 〈σ3

0〉 =
2λ3T

2

V 2
ξ6 ;

κ4 = 〈σ4
0〉c ≡ 〈σ4

0〉 − 〈σ2
0〉

2 =
6T 3

V 3
[2(λ3ξ)

2 − λ4] ξ
8 .

Tree graphs. Each zero-momentum propagator gives m−2
σ , i.e., ξ2.

+

Non-Gaussian fluctuations and QCD critical point – p. 10/16



Moments of observables

Use multiplicity for an example. Since multiplicity is just the sum of all
occupation numbers, and thus

δN =
X

p
δnp ,

the cubic moment (skewness) of the pion multiplicity distribution is given by

〈(δN)3〉 =
X

p1

X

p2

X

p3

〈δnp1
δnp2

δnp3
〉 , where

P

p = V
R

d3p/(2π)3.

〈δnp1
δnp2

δnp3
〉σ =

2λ3

V 2T

„

G

m2
σ

«3 v2
p1

ωp1

v2
p2

ωp2

v2
p3

ωp3

v2
p = n̄p(1 ± n̄p)

Similarly for 〈(δN)4〉c.

Since 〈(δN)3〉 scales as V 1 it is convenient to normalize it by the mean
total multiplicity N̄ which scales similarly. Thus we define

ω3(N) ≡
〈(δN)3〉

N̄

Non-Gaussian fluctuations and QCD critical point – p. 11/16



Moments of observables contd.

... and find

ω3(N)σ =
2λ3

T

G3

m6
σ

„
Z

p

v2
p

ωp

«3 „
Z

p

n̄p

«−1

.

Similarly, for

ω4(N) ≡
〈(δN)4〉c

N̄

from

3× +

we find

ω4(N)σ =
6

T

»

2
λ2

3

m2
σ

− λ4

–

G4

m8
σ

„
Z

p

v2
p

ωp

«4 „
Z

p

n̄p

«−1

.

Non-Gaussian fluctuations and QCD critical point – p. 12/16



Scaling,λn

Scaling requires that both λ3 and λ4 vanish with a power of ξ given by:

λ3 = λ̃3T · (Tξ)−3/2, and λ4 = λ̃4 · (Tξ)−1, (η ≪ 1)

(because [(∇σ)2] = 3 ⇒ [σ] = 1/2 and ⇒ [λn] = 3 − n/2 )

Dimensionless couplings λ̃3 and λ̃4 are universal, and for the Ising univer-
sality class they have been measured on the lattice.

λ3 is nonzero:

crossover (λ̃3 = 0)

1st order

µB

T

contours of
equal ξ

with max ξ

vs
√

s

freeze-out point

freeze-out points

critical point

Non-Gaussian fluctuations and QCD critical point – p. 13/16



Estimates
Pions (top SPS):

ω3(Nπ)σ ≡
〈(δNπ)3〉

N̄π
≈ 1.

„

λ̃3

4.

« „

G

300 MeV

«3 „

ξ

3 fm

«9/2

ω4(Nπ)σ ≡
〈(δNπ)4〉c

N̄π
≈ 12.

„

2λ̃2
3 − λ̃4

50.

« „

G

300 MeV

«4 „

ξ

3 fm

«7

Protons (top SPS):

ω3(Np)σ ≡
〈(δNp)3〉

N̄p
≈ 3.

„

λ̃3

4.

«

“ g

10.

”3
„

ξ

1 fm

«9/2

ω4(Np)σ ≡
〈(δNp)4〉c

N̄p
≈ 23.

„

2λ̃2
3 − λ̃4

50.

«

“ g

10.

”4
„

ξ

1 fm

«7

Notes:

Strong dependence on ξ, compared to ω2 ∼ ξ2.

Significant uncertainty due to G, g.

Crosscheck: same exponents as baryon number cumulants from
scaling/universality:

〈(δNB)k〉c = V T k−1 ∂kP (T,µB)

∂µk

B

∼ ξk(5−η)/2−3. (η ≪ 1)

Non-Gaussian fluctuations and QCD critical point – p. 14/16



































Radius of Convergence 16

c2

c4

c6

c8

T CEP
8

T CEP
10

T CEP

µCEP
n = T CEP

√
cn/cn+2

µCEP = lim
n→∞

µCEP
n

Method to determine the CEP:
• find largest temperature were all expansion 

coefficients are positive
• determine the radius of convergence at that

temperature   

T CEP

µCEP

Fodor, KatzGavai, Gupta
Nt=6Nt=4 Nt=4

all expansion
coefficients 

positive:
singularity
on the real

axis!

c10

c8first non-trivial estimate of          from T CEP

second non-trivial estimate of          from T CEP

T RW

The Resonance gas limit:
p

T 4
= G(T ) + F (T ) cosh

(
µB

T

)

→ ρn =
√

(n + 2)(n + 1)
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Order of Phase Transition for µB ~ 0 

Y. Aoki et al., Nature443:675-678,2006 

Physical quark masses 
Continuum limit 
Simulations along Lines of Constant Physics  
mK/mπ = 3.689; fK/mπ = 1.185 
Staggered fermionic action 

No significant volume dependence (8 times difference in volumes) 
Phase transition at high T and µΒ = 0 is a cross over 

T grows with 6/g2, g : gauge coupling  

1st order : 
      Peak height ~ V 
      Peak width ~ 1/V 
Cross over : 
      Peak height ~ const. 
      Peak width ~ const. 
2nd order : 
     Peak height ~ Vα 

Lattice results on electroweak transition in standard model 
is an analytic cross-over for large Higgs mass 

K. Kajantie et al., PRL 77, 2887-2890,2006 

Relevant to LHC and 
current RHIC regimes 










