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Twisted bilayer graphene (TBG):

• Flat bands, Dirac helicity

• Moire electron-phonon coupling

• BCS superconductivity & implication on insulator states



Twisted Bilayer Graphene (TBG)

Moire pattern

Twisted Bilayer Graphene (TBG) superlattice Moire pattern
(lattice constant ∝ 1/𝜃 ).

Symmetries:

C2x , C6z , 

time-reversal 𝑇



Monolayer Graphene

Monolayer Graphene

𝐾𝐾′ Γ

Graphene BZ

𝑀
Low energy Dirac electrons of monolayer graphene:

Valley 𝐾 and 𝐾′ (spin ↑, ↓):

(Helicity 𝜂 = +1)

(Helicity 𝜂 = −1)



Band structure of TBG

Interlayer electron hopping in momentum 𝒌 space:

𝒌 in layer 1 hop to 𝒌 − 𝒒𝑗 in layer 2 (𝑗 = 1,2,3).

Bistritzer, Macdonald (2011)

No hopping 
between 𝐾 & 𝐾′



Band structure of TBG

TBG continuum model at graphene valley 𝐾:

𝐻𝐾(𝒓) =
ℎ𝜃/2
𝐾 (−𝑖∇) 𝑤(𝑇1𝑒

𝑖𝒒1⋅𝒓 + 𝑇2𝑒
𝑖𝒒2⋅𝒓 + 𝑇3𝑒

𝑖𝒒3⋅𝒓)

𝑤(𝑇1𝑒
−𝑖𝒒1⋅𝒓 + 𝑇2𝑒

−𝑖𝒒2⋅𝒓 + 𝑇3𝑒
−𝑖𝒒3⋅𝒓) ℎ−𝜃/2

𝐾 (−𝑖∇)

Dirac electron at 𝐾𝑀 & 𝐾𝑀
′ points:

𝛼 =
𝑤

ℏ𝑣𝑘𝜃
,

𝑘𝜃 = 𝒒𝑗 =
8𝜋 sin 𝜃/2

3𝑎0

The first Magic angle:     𝛼2 = 1/3,  → 𝜃 ≈ 1.05°.

Bistritzer, Macdonald (2011)

−
1−3𝛼2

1+6𝛼2
ℏ𝑣𝝈 ⋅ 𝒌 ,     (Graphene valley 𝐾’)

1−3𝛼2

1+6𝛼2
ℏ𝑣𝝈∗ ⋅ 𝒌 ,     (Graphene valley 𝐾) 

෩𝐻 𝒌 =



Magic angle & flat band

Moire band structure at 𝜃 = 1.05° (one graphene valley, one spin):

All the Moire bands are 4-fold degenerate (graphene valley 𝐾, 𝐾’
and spin ↑ , ↓).

MM M M M

Two flat bands

Dirac



Nonzero Dirac helicity & fragile topology

Dirac helicity only 
depends on graphene 
valley 𝐾,𝐾′:

+:     ෩𝐻 ∝ 𝝈∗ ⋅ 𝒌

-:     ෩𝐻 ∝ −𝝈 ⋅ 𝒌

Graphene valley 𝐾

+

+

Graphene valley 𝐾′

-

-

Two flat bands at one graphene valley (𝐾 or 𝐾′):

Nonzero total helicity 𝜂tot = ±2

Indicating a fragile topology (no 2-band tight-binding model at one 
valley).

Po et. al. (2018), Song et al. (2018)
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Superconductor & Interacting insulator

2 electron 
per supercell

Cao et. al. (2018)

Interacting insulator phases & superconductivity observed near 
the magic angle:

TBG under pressure, Yankowitz et. al. (2018)

SC

BCS superconductivity (phonon)?

Wu, MacDonald, Martin (2018), Lian, Wang, Bernevig (2018),

Choi, Choi (2018), Wu, Hwang, Das Sarma (2018)



Moire enhanced electron-phonon coupling

The Moire pattern enhances the electron-phonon coupling.

The relative in-plane displacement 𝒖 (phonon field) between layers 
gives an amplified displacement of the Moire pattern:

෥𝒖 = 𝛾ො𝒛 × 𝒖, 𝛾 =
1

2 tan 𝜃/2
≫ 1 .

𝒖 = 𝒖1 − 𝒖2



In-plane interlayer phonon field 𝒖 strongly affects the Moire potential, 
yielding enhanced electron-phonon couplings.

Effect of interlayer rotation, expansion and shear

Moire enhanced electron-phonon coupling



Computing electron-phonon (long wavelength) coupling : 

deforming 𝒒𝑗 → 𝒒𝑗 + 𝛿𝒒𝑗 in the electron Hamiltonian:

Computing electron-phonon coupling

𝒒𝑗 + 𝛿𝒒𝑗

Electron-phonon coupling:   𝛿𝐻𝐾 𝒓 ∝ 𝜕𝒖

…



Computing electron-phonon coupling

Electron-phonon coupling near the flat band Dirac points: 

graphene valley 𝜂 = ±1 (𝐾, 𝐾′), Moire valley 𝜁 = ±1 (𝐾𝑀, 𝐾𝑀
′ ), spin 𝑠 = ±1 (↑, ↓)

The e-p coupling (long wavelength) only depends on graphene 
valley 𝜼 (Dirac helicity).

ഥ𝒌 =
𝒌 + 𝒌′

2

,                            ,



Phonon field                                                                       .

Phonon Hamiltonian

Interlayer coupling of in-plane phonons 
is negligible.

In-plane interlayer phonons (acoustic):
Phonon spectrum of AB BLG

Cocemasov, Nika, Balandin (2013)

𝑐𝐿, 𝑐𝑇 ∼ 104𝑚/𝑠

Bilayer sideview



Phonon mediated interaction

Acoustic phonon induced electron interaction 

(BCS channel) near magic angle (𝑐𝐿 ≈ 𝑐𝑇):

between graphene valley 𝜂 & 𝜂′:

The interaction is attractive for intervalley (𝜼 = −𝜼′), 
and repulsive for intravalley (𝜼 = 𝜼′).

Fermi surface illustration



Phonon mediated interaction

Repulsive nature of intravalley interaction: 

for arbitrary intravalley 2-electron state:                                          > 0 .

Understanding:

_______     _______
Lattice potential:      𝑈𝐶3 > 𝑈𝑆𝑂(2)

Mediated interaction

∝ ±𝑈𝐶3
2 − 𝑈𝑆𝑂 2

2 .

𝑈𝐶3:  odd in 𝒌 , odd 

in graphene valley
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Coulomb interaction

Large density of states (DoS) 𝑁𝐷 of the flat bands strongly screens the 
Coulomb interaction.

Thomas-Fermi approximation (2D):

TF momentum ≫ 𝑞

→ Coulomb repulsion: 

→ In large DoS limit, the Coulomb coupling strength 𝜇𝑐 = 𝑁𝐷𝒱𝑒 𝑞 ≈ 1 .



Coulomb interaction

Near magic angle, the DoS  𝑁𝐷 ≥ 1 𝑚𝑒𝑉−1 ⋅ Ω𝑠
−1,    (Ω𝑠: supercell area)

→ Screened Coulomb interaction    

𝒱𝑒 𝑞 /Ω𝑠 ≤ 1 𝑚𝑒𝑉 .

Acoustic phonon mediated intervalley attraction:

𝑉𝒌𝒌′
𝐾𝐾′

𝜔 = 0 /Ωs ∼ −1𝑚𝑒𝑉 .

→ Strong BCS coupling strength    𝜆 ∼ −𝑁𝐷𝑉𝒌𝒌′
𝐾𝐾′

≥ 1 .

(Optical phonon may further contribute: future study)



McMillan formula                                                               ,

Debye (acoustic) ℏ𝜔𝐷 ∼ ℏ𝑐𝑇𝑘𝜃 ∼ 2𝑚𝑒𝑉,    Coulomb 𝜇𝑐 ∼ 1,  
𝜔𝑝𝑒

𝜔𝐷
∼ 10

BCS superconductivity

Graphene valley 𝐾 Graphene valley 𝐾′

Pairing

Pairing Δ(𝜂𝒌)

This favors an intervalley 𝒔-wave BCS superconductivity, with a strong 
BCS coupling strength   𝜆 ≥ 1 (spin singlet-triplet degenerate).

𝜆 = 1.5 → 𝑇𝑐 ∼ 1𝐾 .                  𝜆 = 1 → 𝑇𝑐 ∼ 0.3𝐾 .



Apply to other angles & fillings

Electron-phonon coupling at other angles & fillings (numerical):

Under 𝒒𝑗 → 𝒒𝑗 + 𝛿𝒒𝑗 , the band energy change  𝛿𝐻 𝒌 ∼ 𝑏 𝒌 𝜕𝑖𝒖𝑗

→ phonon-mediated interaction in higher bands.

𝛿𝐻(𝒌) in continuum model 𝛿𝐻(𝒌) in ab initio (commensurate deform)

Deformation 𝜕𝑖𝑢𝑗 ∼ 0.01 (𝜃 = 3.15∘)



ab initio with commensurate deformation

TBG before deformation TBG after deformation



BCS at other angles & fillings

Moire pattern also enhances electron-phonon coupling 
in higher bands (large band width).

The lowest 
two bands

Tc of TBG in McMillan formula (if BCS superconductivity):



BCS 
coupling

DoS

BCS coupling at higher fillings

Strong phonon-mediated interaction may also induce charge 
density waves, etc, instead of superconductivity.



Implication for insulator phases

Local interaction (spin 𝑠, graphene valley 𝜂)

𝑉 ∼ σ𝑠,𝑠′,𝜂,𝜂′(𝑉0 + 𝜂𝜂′𝑉1)𝑛𝑠,𝜂𝑛𝑠′,𝜂′,

𝑉0: screened Coulomb,  𝑉1 : phonon.  

𝑉1 breaks the SU(4) symmetry among spin & graphene valley.

Insulator phases are 
observed at quarter 
fillings (1, 2, 3 electrons 
per supercell)

Cao et. al. (2018), Yankowitz et. al. (2018), Sharpe et. al. (2019)



Analogy to Bose Mott insulator

If BCS superconductivity, one could have 𝑉1 >
𝑉0 or comparable.

TBG resistance

Yankowitz et. al. (2018)

Fisher, Weichman, Grinstein, Fisher (1989), 

Yazdani, Kapitulnik (1995)

Bose Mott insulator of Cooper pairs?

Expected Feature: superconductor-insulator 
transition resistivity (isotropic) at 

𝜌 ≈
ℎ

2𝑒 2 ≈ 6𝑘Ω .

𝜇/𝑈

𝑡/𝑈
Bose Mott insulator

Charge density wave (anisotropic)?



Nematicity favored by phonon

Moire supercell

Wannier
function

• Delocalized Wannier (𝑉1 = 0): → Nematic insulator at 𝑛 = 1 & 3 .

• Delocalized Wannier + Phonon-mediated  𝑉1 favors valley 
nematicity at all integer 𝑛 insulators  → nematic SC  
(unpublished)

Kang, Vafek (2018)



Nematic insulator pattern (unpublished)

𝑛 = 2 electrons per supercell 𝑛 = 1 electrons per supercell

± : graphene valley index
𝑈1 > 𝑈0

𝑈1 < 𝑈0
𝑈1 > 𝛼1

2𝑈0 , 
𝛼1 ∼ 0.2



Summary

• The (generic) Moire pattern enhances the 
interlayer phonon-electron coupling.

• Phonon (acoustic) mediated electron interaction 
in TBG favors a intervalley pairing.

• Superconductivity in TBG can exist in higher 
bands & other angles.

• Insulating states:  Bose Mott insulator analogy, 
nematicity.

• Electron-phonon coupling in other Moire
systems (ABC/hBN trilayer, double bilayer 
graphene, TMDC)?


