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The actual simulations were carried out in a square
shaped cell of linear size L with periodic boundary
conditions. The particles were represented by points
moving continuously (off lattice) on the plane. We
used the interaction radius r as the unit to measure
distances (r = 1), while the time unit At = 1 was the
time interval between two updatings of the directions
and positions. In most of our simulations we used the
simplest initial conditions: (i) at time t = 0, N particles
were randomly distributed in the cell and (ii) had the
same absolute velocity v and (iii) randomly distributed
directions 0. the velocities (v;) of the particles were
determined simultaneously at each time step, and the
position of the ith particle updated according to

(a) ~ p q~&. ~ "„~ (b)

Here the velocity of a particle v; (r + 1) was constructed
to have an absolute value v and a direction given by
the angle 0(t + 1). This angle was obtained from the
expression

where (0(t))„denotes the average direction of the
velocities of particles (including particle i) being
within a circle of radius r surrounding the given par-
ticle. The average direction was given by the angle
arctan[(sin (0(t))„/(cos (0(t)))„]. In Eq. (2) 50 is a
random number chosen with a uniform probability from
the interval [—rI/2, g/2]. Thus the term 50 represents
noise, which we shall use as a temperaturelike variable.
Correspondingly, there are three free parameters for a
given system size: g, p, and v, where v is the distance
a particle makes between two updatings.
We have chosen this realization because of its simplic-

ity, however, there may be several more interesting alter-
natives of implementing the main rules of the model. In
particular, the absolute value of the velocities does not
have to be fixed, one can introduce further kinds of parti-
cle interactions and or consider lattice alternatives of the
model. In the rest of this paper we shall concentrate on
the simplest version, described above, and investigate the
nontrivial behavior of the transport properties as the two
basic parameters of the model, the noise g and the density
p = N/L, are varied. We used v = 0.03 in the simula-
tions we report on for the following reasons. In the limit
v ~ 0 the particles do not move and the model becomes
an analog of the well-known XY model. For v ~ ~ the
particles become completely mixed between two updates,
and this limit corresponds to the so-called mean-field be-
havior of a ferromagnet. We use v = 0.03 for which the
particles always interact with their actual neighbors and
move fast enough to change the configuration after a few
updates of the directions. According to our simulations,
in a wide range of the velocities (0.003 & v & 0.3), the
actual value of v does not affect the results.

FIG. l. In this figure the velocities of the particles are
displayed for varying values of the density and the noise. The
actual velocity of a particle is indicated by a small arrow, while
their trajectory for the last 20 time steps is shown by a short
continuous curve. The number of particles is N = 300 in each
case. (a) t = 0, L = 7, rj = 2.0. (b) For small densities and
noise the particles tend to form groups moving coherently in
random directions, here L = 25, ri = 0.1. (c) After some
time at higher densities and noise (L = 7, 71 = 2.0) the
particles move randomly with some correlation. (d) For higher
density and small noise (L = 5, rl = 0.1) the motion becomes
ordered. All of our results shown in Figs. 1—3 were obtained
from simulations in which v was set to be equal to 0.03.

Va
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Nv Pv, (3)

Figures 1(a)—1(d) demonstrate the velocity fields dur-
ing runs with various selections for the value of the pa-
rameters p and g. The actual velocity of a particle is in-
dicated by a small arrow, while their trajectory for the last
20 time steps is shown by a short continuous curve. (a) At
t = 0 the positions and the direction of velocities are dis-
tributed randomly. (b) For small densities and noise the
particles tend to form groups moving coherently in ran-
dom directions. (c) At higher densities and noise the par-
ticles move randomly with some correlation. (d) Perhaps
the most interesting case is when the density is large and
the noise is small; in this case the motion becomes or-
dered on a macroscopic scale and all of the particles tend
to move in the same spontaneously selected direction.
This kinetic phase transition is due to the fact that

the particles are driven with a constant absolute velocity;
thus, unlike standard physical systems in our case, the net
momentum of the interacting particles is not conserved
during collision. We have studied in detail the nature of
this transition by determining the absolute value of the
average normalized velocity
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The actual simulations were carried out in a square
shaped cell of linear size L with periodic boundary
conditions. The particles were represented by points
moving continuously (off lattice) on the plane. We
used the interaction radius r as the unit to measure
distances (r = 1), while the time unit At = 1 was the
time interval between two updatings of the directions
and positions. In most of our simulations we used the
simplest initial conditions: (i) at time t = 0, N particles
were randomly distributed in the cell and (ii) had the
same absolute velocity v and (iii) randomly distributed
directions 0. the velocities (v;) of the particles were
determined simultaneously at each time step, and the
position of the ith particle updated according to

(a) ~ p q~&. ~ "„~ (b)

Here the velocity of a particle v; (r + 1) was constructed
to have an absolute value v and a direction given by
the angle 0(t + 1). This angle was obtained from the
expression

where (0(t))„denotes the average direction of the
velocities of particles (including particle i) being
within a circle of radius r surrounding the given par-
ticle. The average direction was given by the angle
arctan[(sin (0(t))„/(cos (0(t)))„]. In Eq. (2) 50 is a
random number chosen with a uniform probability from
the interval [—rI/2, g/2]. Thus the term 50 represents
noise, which we shall use as a temperaturelike variable.
Correspondingly, there are three free parameters for a
given system size: g, p, and v, where v is the distance
a particle makes between two updatings.
We have chosen this realization because of its simplic-

ity, however, there may be several more interesting alter-
natives of implementing the main rules of the model. In
particular, the absolute value of the velocities does not
have to be fixed, one can introduce further kinds of parti-
cle interactions and or consider lattice alternatives of the
model. In the rest of this paper we shall concentrate on
the simplest version, described above, and investigate the
nontrivial behavior of the transport properties as the two
basic parameters of the model, the noise g and the density
p = N/L, are varied. We used v = 0.03 in the simula-
tions we report on for the following reasons. In the limit
v ~ 0 the particles do not move and the model becomes
an analog of the well-known XY model. For v ~ ~ the
particles become completely mixed between two updates,
and this limit corresponds to the so-called mean-field be-
havior of a ferromagnet. We use v = 0.03 for which the
particles always interact with their actual neighbors and
move fast enough to change the configuration after a few
updates of the directions. According to our simulations,
in a wide range of the velocities (0.003 & v & 0.3), the
actual value of v does not affect the results.

FIG. l. In this figure the velocities of the particles are
displayed for varying values of the density and the noise. The
actual velocity of a particle is indicated by a small arrow, while
their trajectory for the last 20 time steps is shown by a short
continuous curve. The number of particles is N = 300 in each
case. (a) t = 0, L = 7, rj = 2.0. (b) For small densities and
noise the particles tend to form groups moving coherently in
random directions, here L = 25, ri = 0.1. (c) After some
time at higher densities and noise (L = 7, 71 = 2.0) the
particles move randomly with some correlation. (d) For higher
density and small noise (L = 5, rl = 0.1) the motion becomes
ordered. All of our results shown in Figs. 1—3 were obtained
from simulations in which v was set to be equal to 0.03.
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Figures 1(a)—1(d) demonstrate the velocity fields dur-
ing runs with various selections for the value of the pa-
rameters p and g. The actual velocity of a particle is in-
dicated by a small arrow, while their trajectory for the last
20 time steps is shown by a short continuous curve. (a) At
t = 0 the positions and the direction of velocities are dis-
tributed randomly. (b) For small densities and noise the
particles tend to form groups moving coherently in ran-
dom directions. (c) At higher densities and noise the par-
ticles move randomly with some correlation. (d) Perhaps
the most interesting case is when the density is large and
the noise is small; in this case the motion becomes or-
dered on a macroscopic scale and all of the particles tend
to move in the same spontaneously selected direction.
This kinetic phase transition is due to the fact that

the particles are driven with a constant absolute velocity;
thus, unlike standard physical systems in our case, the net
momentum of the interacting particles is not conserved
during collision. We have studied in detail the nature of
this transition by determining the absolute value of the
average normalized velocity
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The actual simulations were carried out in a square
shaped cell of linear size L with periodic boundary
conditions. The particles were represented by points
moving continuously (off lattice) on the plane. We
used the interaction radius r as the unit to measure
distances (r = 1), while the time unit At = 1 was the
time interval between two updatings of the directions
and positions. In most of our simulations we used the
simplest initial conditions: (i) at time t = 0, N particles
were randomly distributed in the cell and (ii) had the
same absolute velocity v and (iii) randomly distributed
directions 0. the velocities (v;) of the particles were
determined simultaneously at each time step, and the
position of the ith particle updated according to

(a) ~ p q~&. ~ "„~ (b)

Here the velocity of a particle v; (r + 1) was constructed
to have an absolute value v and a direction given by
the angle 0(t + 1). This angle was obtained from the
expression

where (0(t))„denotes the average direction of the
velocities of particles (including particle i) being
within a circle of radius r surrounding the given par-
ticle. The average direction was given by the angle
arctan[(sin (0(t))„/(cos (0(t)))„]. In Eq. (2) 50 is a
random number chosen with a uniform probability from
the interval [—rI/2, g/2]. Thus the term 50 represents
noise, which we shall use as a temperaturelike variable.
Correspondingly, there are three free parameters for a
given system size: g, p, and v, where v is the distance
a particle makes between two updatings.
We have chosen this realization because of its simplic-

ity, however, there may be several more interesting alter-
natives of implementing the main rules of the model. In
particular, the absolute value of the velocities does not
have to be fixed, one can introduce further kinds of parti-
cle interactions and or consider lattice alternatives of the
model. In the rest of this paper we shall concentrate on
the simplest version, described above, and investigate the
nontrivial behavior of the transport properties as the two
basic parameters of the model, the noise g and the density
p = N/L, are varied. We used v = 0.03 in the simula-
tions we report on for the following reasons. In the limit
v ~ 0 the particles do not move and the model becomes
an analog of the well-known XY model. For v ~ ~ the
particles become completely mixed between two updates,
and this limit corresponds to the so-called mean-field be-
havior of a ferromagnet. We use v = 0.03 for which the
particles always interact with their actual neighbors and
move fast enough to change the configuration after a few
updates of the directions. According to our simulations,
in a wide range of the velocities (0.003 & v & 0.3), the
actual value of v does not affect the results.

FIG. l. In this figure the velocities of the particles are
displayed for varying values of the density and the noise. The
actual velocity of a particle is indicated by a small arrow, while
their trajectory for the last 20 time steps is shown by a short
continuous curve. The number of particles is N = 300 in each
case. (a) t = 0, L = 7, rj = 2.0. (b) For small densities and
noise the particles tend to form groups moving coherently in
random directions, here L = 25, ri = 0.1. (c) After some
time at higher densities and noise (L = 7, 71 = 2.0) the
particles move randomly with some correlation. (d) For higher
density and small noise (L = 5, rl = 0.1) the motion becomes
ordered. All of our results shown in Figs. 1—3 were obtained
from simulations in which v was set to be equal to 0.03.

Va
1

Nv Pv, (3)

Figures 1(a)—1(d) demonstrate the velocity fields dur-
ing runs with various selections for the value of the pa-
rameters p and g. The actual velocity of a particle is in-
dicated by a small arrow, while their trajectory for the last
20 time steps is shown by a short continuous curve. (a) At
t = 0 the positions and the direction of velocities are dis-
tributed randomly. (b) For small densities and noise the
particles tend to form groups moving coherently in ran-
dom directions. (c) At higher densities and noise the par-
ticles move randomly with some correlation. (d) Perhaps
the most interesting case is when the density is large and
the noise is small; in this case the motion becomes or-
dered on a macroscopic scale and all of the particles tend
to move in the same spontaneously selected direction.
This kinetic phase transition is due to the fact that

the particles are driven with a constant absolute velocity;
thus, unlike standard physical systems in our case, the net
momentum of the interacting particles is not conserved
during collision. We have studied in detail the nature of
this transition by determining the absolute value of the
average normalized velocity
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Large-scale population dynamics
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Self-propelled particles: 1st trick

Quincke Rotation
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Self-propelled particles: 2nd trick
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Self-propelled colloids

PMMA colloids 
Hexadecane oil+AOT salt

Microfluidic channel: 
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2a = 5µm

Supplementary methods

Here, we provide a comprehensive description of the theoretical model outlined in the main text, which
accounts of the large-scale properties of a population of colloidal rollers. For sake of clarity, this document is
written in a self-consistent fashion, all the notations and definitions of the main text are explicitly re-defined.
It is organized as follows: In section I we introduce a microscopic model that accounts for the motion of
a single colloidal roller moving on a solid surface. Then, in section II we model the two-body interactions
between colloidal rollers. We show that the combination of the electrostatic and the hydrodynamic couplings
take the form of an effective potential He↵ that couples the orientation of the rollers. In section III, the latter
microscopic model is coarse-grained following a kinetic theory framework. We focus first on weakly polarized
states, for which we establish the dynamics of the local density �(r, t), and of the local polarization field ⇧(r, t)

in section IV. This model accounts for a mean-field transition to collective motion. The linear stability of
the homogeneous polar phase is questioned, and the existence of unstable compression modes is shown to be
consistent with the formation of a band state. This stationary band state is characterized by the constitutive
relation between the local density and the local polarization. Finally, we consider the large-scale dynamics of
the polar-liquid phases in section V. Our main result is the explanation for the suppression of the giant density
fluctuations by long-ranged hydrodynamic interactions.

I. FROM QUINCKE ROTATION TO SELF-PROPULSION: THE SINGLE ROLLER DYNAMICS

A. Quincke rotation: uniform electric field, quiescent fluid

Before discussing the key role played by the solid surface, we briefly recall the main ingredients which
originate the Quincke rotation of an isolated particle embedded in a quiescent and unbounded liquid [27].

This electro-hydrodynamic effect arises from the interplay between interfacial electrodynamics and the par-
ticle motion in a viscous fluid. Let us consider an insulating sphere of radius a located at r = 0, possibly
rotating at the angular velocity ⌦. We note ✏p the dielectric permittivity of the particle. It is surrounded by a
conducting liquid with a conductivity � and a permittivity ✏l. The solid particle is assumed to be impermeable.
As the charge carriers in the liquid are ions, the sphere is a perfect insulator. A uniform DC electric field E0 ẑ

is applied along the z-direction as sketched in Fig. S1. After a transient regime, the electric charge relaxes to
zero in the bulk. However, the charge distribution is not uniform at the the liquid-particle interface. Due to
the conductivity and permittivity discontinuity, a non-uniform charge distribution arises close to the interface.

Figure S1 – An isolated solid sphere in an unbounded conducting liquid. When an external electric field E0 is applied,
the particle can undergo Quincke rotation.
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Self-propulsion: isotropic and tunable
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on a single master curve solely parameterized by the particle fraction,
w‘, away from the band: P s,tð Þ~1{w?=w s,tð Þ. As it turns out, this
relation corresponds to particle-number conservation in a system
where density and polarization waves propagate steadily at a velocity
v0 (ref. 22 and Supplementary Methods). This observation unambigu-
ously demonstrates that the band state corresponds to a genuine sta-
tionary flocking phase of colloidal active matter.

On further increasing the area fraction to more than w0 < 2 3 1022,
transient bands eventually catch up with themselves along the periodic
direction and form a homogeneous polar phase (Fig. 2d and Supp-
lementary Video 4) in which the velocity distribution condenses on a
single orientation of motion (Fig. 4a, to be contrasted with the perfectly

isotropic distribution for fractions less than wc in Fig. 1b). Conversely,
the roller positions are weakly correlated, as evidenced by the shape of
the pair-distribution function, which is similar to that found in low-
density molecular liquids (Fig. 4b). We also emphasize that the density
fluctuations are normal at all scales (Fig. 4c). This is experimental
observation of a polar-liquid phase of active matter. The existence of
a polar-liquid phase was theoretically established yet had not been
observed in any prior experiment involving active materials. Until
now, collective motion has been found to occur in the form of patterns
with marked density, orientational heterogeneities or both7,10,13,14,16.
Furthermore, in contrast with the present observations, giant density
fluctuations are considered to be a generic feature of the uniaxially
ordered states of liquids comprising self-propelled particles2,3,17. We
resolve this apparent contradiction below and quantitatively explain
our experimental observations.

From a theoretical perspective, the main advantage offered by the
rollers is that their interactions are clearly identified. We show in
Supplementary Methods how to establish the equations of motion of
Quincke rollers interacting through electrostatic and far-field hydro-
dynamic interactions. They take a compact form both for the position
ri and the orientation p̂i of the ith particle:

_ri~v0p̂i

_hi~
1
t

X

i=j

L
Lhi

Heff ri{rj,p̂i,p̂j
! "

Here p̂i makes an angle hi with the x axis, and a dot denotes a time
derivative. In dilute systems, the particle interactions do not affect their
propulsion speed, yet the electric field and flow field compete to align
the p̂i with them. This competition results in an effective potential, Heff,
for the p̂i. At leading order in a/r

Heff r,pi,pj
! "

~A rð Þp̂i.p̂jzB rð Þp̂i .̂r

zC rð Þp̂i. 2r̂r̂{Ið Þ.p̂j

where A(r) is a positive function and thus promotes the alignment of
the neighbouring rollers, I is the identity matrix, r̂r̂ is the outer product
of r̂ with itself, and a dot denotes tensor contraction. Importantly, A is
dominated by a hydrodynamic interaction, which arises from a hydro-
dynamic-rotlet singularity screened over distances of the order of the
chamber height23. The function B(r) is also short ranged and accounts
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Figure 2 | Transition to directed collective motion. a, Dark-field pictures of a
roller population that spontaneously forms a macroscopic band propagating
along the racetrack. E0/EQ 5 1.39, w0 5 1022. Scale bar, 5 mm. b–d Close-up
views. The arrows correspond to the roller displacement between two
subsequent video frames (180 frames s21). b, Isotropic gas. w0 5 6 3 1024.

c, Propagating band. w0 5 1022. d, Homogeneous polar liquid.
w0 5 1.8 3 1021. Scale bar, 500mm. e, Modulus of the average polarization, P0,
plotted versus the area fraction, w0. Collective motion occurs as w0 exceeds
wc 5 3 3 1023. wc is independent of E0. Error bars, 1 s.d. e | | (or eH) is the unit
vector oriented along the tangent (or the normal) of the racetrack confinement.
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Figure 1 | Single-roller dynamics. a, Sketch of the Quincke rotation and of the
self-propulsion mechanisms of a colloidal roller characterized by its electric
polarization, P, and superposition of ten successive snapshots of colloidal
rollers. Time interval, 5.6 ms; scale bar, 50mm. b, Probability distribution of the
velocity vector (v | | , vH) for isolated rollers: v | | corresponds to the projection of
the velocity on the direction tangent to the racetrack (Fig. 2); vH is normal to
v | | . The probability distribution involves more than 1.4 3 105 measurements of
instantaneous speed. c, Roller velocity, v0, plotted versus the field amplitude, E0.
Inset, v2

0 versus E2
0. The black dots represent the maximum of the probability

distribution. Error bars, 1 s.d.
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for a dipolar repulsion. Conversely, C(r) is long ranged and decays
algebraically as r22 owing to another hydrodynamic singularity
induced by the roller motion in confinement. This singularity is
referred to as a source doublet24. Neither B nor C yields any net align-
ment interaction. If these two terms were neglected, our model built
from the actual microscopic interactions would amount to the ‘flying
xy model’ introduced on phenomenological grounds in ref. 25. We
emphasize that Heff is independent of v0 and E0, and that it is not
specific to the Quincke mechanism. Its form could have been deduced
from generic arguments based on global rotational invariance.

We then use a conventional Boltzmann-like kinetic-theory frame-
work to derive the large-scale equation of motion for the density, and
the polarization fields22,25. In the present case, this approximation was
fully supported by the weak positional correlations in all the three
phases, as exemplified in Fig. 4b. The resulting hydrodynamic equations
are shown in Supplementary Methods. At the onset of collective motion,
the magnitudes of the terms arising from the long-range hydrodynamic
interactions are negligible. We are therefore left with equations for w and
P akin to those in the model of refs 2, 3. However, we explicitly provide
the functional form of the transport coefficients introduced on phe-
nomenological grounds in ref. 2. Accordingly, we find that the competition
between the polar ordering (induced by the short-range hydrodynamic
interactions) and rotational diffusion yields a mean-field phase trans-
ition between an isotropic state and a macroscopically ordered state
(Supplementary Methods). The phase transition occurs above a critical
fraction, wc, that does not depend on the particle velocity (that is, on
E0), in agreement with our experiments: collective motion chiefly
stems from hydrodynamic interactions between the electrically pow-
ered rollers. However, at the onset of collective motion (that is, for
w0 . wc), the homogeneous polar state is linearly unstable to spatial

heterogeneities. Moreover, for w0 . wc, the compression modes are
unstable eigenmodes of the isotropic state, in agreement with the
emergence of density bands observed in the experiments, all starting
from a homogeneous state and an isotropic velocity distribution.

We also rigorously establish a kinetic theory for the strongly polar-
ized state reached for w0wwc (Supplementary Methods). In this
regime, the short-range electrostatic repulsion matters, causing the
density fluctuations to relax and stabilizing the polar-liquid state. In
addition, the long-range hydrodynamic interactions further stabilize
the system by damping the modes of P with non-zero divergence, that
is, the splay modes that couple orientation disturbances to density
fluctuations24. As a result, the giant density fluctuations26 are sup-
pressed, in agreement with our unanticipated experimental findings
(Fig. 4c and Supplementary Methods). We stress here that these long-
range hydrodynamic interactions do not depend at all on the propul-
sion mechanism at the individual level. They solely arise from the
confinement of the fluid in the z direction24. They are therefore not
specific to the Quincke propulsion mechanism.

The only way to destroy the robust polar-liquid phase is to prevent it
geometrically by eliminating the angular periodicity of the confine-
ment in the curvilinear coordinate. In rectangular geometries with
large enough aspect ratios, we observe that the bands never relax but
rather bounce endlessly against the confining box (Supplementary
Video 5). In confinement with an aspect ratio of order one, the band
state is replaced by a single macroscopic vortex (Supplementary Video 6).

We have engineered large-scale populations of self-propelled part-
icles from which collective macroscopic polar motion emerges from
hydrodynamic interactions at exceptionally small densities. We believe
that control over their interactions, and the ease with which they can be
confined in custom geometries, will extend the present framework of
active matter to include collective motion in more complex environ-
ments relevant to biological, robotic and social systems.

METHODS SUMMARY
We use commercial poly(methyl methacrylate) colloids (Thermo Scientific G0500;
2.4-mm radius), dispersed in a 0.15 mol l21 AOT/hexadecane solution. The sus-
pension is injected into a wide microfluidic chamber made of double-sided Scotch

3

2

0

–1

–2

–3

1

v ⊥
 (m

m
 s

–1
)

v  (mm s–1)

–3 0 3–2 –1 1 2

0.06

0.04

0.02

1.2

0.8

0.4

0.2

g(
r/

2a
)

0 2 4 6 8 10
r/2a

103

102

101

100

101 102 103

N

Slope =
 1

N
2

a b

c

Δ

Figure 4 | Polar-liquid state. a, Probability distribution of the velocity vector
(v | | , vH) in the polar-liquid state. The probability distribution involves more
than 3.2 3 107 measurements of instantaneous speed. b, Pair correlation
function, g, of the particle position in the polar-liquid state. c, The variance of
the number of colloids,DN2, scales linearly with the average number of colloids,
N, counted inside boxes of increasing size. E0/EQ 5 1.39, w0 5 9.5 3 1022.
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of the racetrack. b, Band shape plotted versus the rescaled curvilinear
coordinate, s/L, for w0 5 5.3 3 1023 (dark blue), 7.8 3 1023 (blue), 1.0 3 1022

(cyan) and 1.5 3 1022 (orange). c, The rescaled band length, Lband/L, increases
with w0 and is independent of L (white dots, L 5 28 mm; grey dots, L 5 50 mm;
black dots, L 5 73 mm). Error bars show the estimated error associated with the
measurement of Lband. d, P(s) plotted versus 1 2 w‘/w(s). The black dots
correspond to averages over 5,000 local measurements (grey dots). The red
curve is the theoretical prediction. Error bars, 1 s.d.
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for a dipolar repulsion. Conversely, C(r) is long ranged and decays
algebraically as r22 owing to another hydrodynamic singularity
induced by the roller motion in confinement. This singularity is
referred to as a source doublet24. Neither B nor C yields any net align-
ment interaction. If these two terms were neglected, our model built
from the actual microscopic interactions would amount to the ‘flying
xy model’ introduced on phenomenological grounds in ref. 25. We
emphasize that Heff is independent of v0 and E0, and that it is not
specific to the Quincke mechanism. Its form could have been deduced
from generic arguments based on global rotational invariance.

We then use a conventional Boltzmann-like kinetic-theory frame-
work to derive the large-scale equation of motion for the density, and
the polarization fields22,25. In the present case, this approximation was
fully supported by the weak positional correlations in all the three
phases, as exemplified in Fig. 4b. The resulting hydrodynamic equations
are shown in Supplementary Methods. At the onset of collective motion,
the magnitudes of the terms arising from the long-range hydrodynamic
interactions are negligible. We are therefore left with equations for w and
P akin to those in the model of refs 2, 3. However, we explicitly provide
the functional form of the transport coefficients introduced on phe-
nomenological grounds in ref. 2. Accordingly, we find that the competition
between the polar ordering (induced by the short-range hydrodynamic
interactions) and rotational diffusion yields a mean-field phase trans-
ition between an isotropic state and a macroscopically ordered state
(Supplementary Methods). The phase transition occurs above a critical
fraction, wc, that does not depend on the particle velocity (that is, on
E0), in agreement with our experiments: collective motion chiefly
stems from hydrodynamic interactions between the electrically pow-
ered rollers. However, at the onset of collective motion (that is, for
w0 . wc), the homogeneous polar state is linearly unstable to spatial

heterogeneities. Moreover, for w0 . wc, the compression modes are
unstable eigenmodes of the isotropic state, in agreement with the
emergence of density bands observed in the experiments, all starting
from a homogeneous state and an isotropic velocity distribution.

We also rigorously establish a kinetic theory for the strongly polar-
ized state reached for w0wwc (Supplementary Methods). In this
regime, the short-range electrostatic repulsion matters, causing the
density fluctuations to relax and stabilizing the polar-liquid state. In
addition, the long-range hydrodynamic interactions further stabilize
the system by damping the modes of P with non-zero divergence, that
is, the splay modes that couple orientation disturbances to density
fluctuations24. As a result, the giant density fluctuations26 are sup-
pressed, in agreement with our unanticipated experimental findings
(Fig. 4c and Supplementary Methods). We stress here that these long-
range hydrodynamic interactions do not depend at all on the propul-
sion mechanism at the individual level. They solely arise from the
confinement of the fluid in the z direction24. They are therefore not
specific to the Quincke propulsion mechanism.

The only way to destroy the robust polar-liquid phase is to prevent it
geometrically by eliminating the angular periodicity of the confine-
ment in the curvilinear coordinate. In rectangular geometries with
large enough aspect ratios, we observe that the bands never relax but
rather bounce endlessly against the confining box (Supplementary
Video 5). In confinement with an aspect ratio of order one, the band
state is replaced by a single macroscopic vortex (Supplementary Video 6).

We have engineered large-scale populations of self-propelled part-
icles from which collective macroscopic polar motion emerges from
hydrodynamic interactions at exceptionally small densities. We believe
that control over their interactions, and the ease with which they can be
confined in custom geometries, will extend the present framework of
active matter to include collective motion in more complex environ-
ments relevant to biological, robotic and social systems.

METHODS SUMMARY
We use commercial poly(methyl methacrylate) colloids (Thermo Scientific G0500;
2.4-mm radius), dispersed in a 0.15 mol l21 AOT/hexadecane solution. The sus-
pension is injected into a wide microfluidic chamber made of double-sided Scotch
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Figure 3 | Propagating-band state. a, Spatiotemporal variations of the area
fraction measured along the curvilinear coordinate, s, and temporal variations
of the area fraction at s 5 0.8L (white dashed line), where L is the overall length
of the racetrack. b, Band shape plotted versus the rescaled curvilinear
coordinate, s/L, for w0 5 5.3 3 1023 (dark blue), 7.8 3 1023 (blue), 1.0 3 1022

(cyan) and 1.5 3 1022 (orange). c, The rescaled band length, Lband/L, increases
with w0 and is independent of L (white dots, L 5 28 mm; grey dots, L 5 50 mm;
black dots, L 5 73 mm). Error bars show the estimated error associated with the
measurement of Lband. d, P(s) plotted versus 1 2 w‘/w(s). The black dots
correspond to averages over 5,000 local measurements (grey dots). The red
curve is the theoretical prediction. Error bars, 1 s.d.
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Polar liquid: Structure
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Equations of motion
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Hydrodynamics does matter

Figure S5 – Hydrodynamic interactions: a particle rolling in direction p̂ creates a flow field. The streamlines are plotted
in the plane containing all the other particles, which tend to align in flow. A– At distances smaller than the channel
height, the central roller induces a radial shear with anisotropic amplitude, which globally promotes alignment. B– At
distances much larger than the channel height, the non-screened resulting flow has a dipolar symmetry.

The global interaction potential He↵ accounts for all the possible interactions between the rollers that we have
established above. It takes the generic form:

He↵(r, p̂i, p̂j) = A(r) p̂j · p̂i +B(r) r̂ · p̂i + C(r) p̂j · (2r̂r̂� I) · p̂i (S18)

where the coefficients have complex expressions, deduced from well identified microscopic parameters:
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B(r) = 6
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C(r) = 6µ̃s
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Here, r reduces to a two-dimensional vector parallel to the surface, and ⇥ accounts for the screening of finite-
range interactions. For sake of simplicity, we henceforth approximate the screening function by a step function:
⇥(r) = 1 if r  H/⇡, and ⇥(r) = 0 otherwise. We have also introduced a noise term in Eq. (S17) to account for
rotational diffusion. ⇠i(t) is a Gaussian white noise with zero mean and unit variance h⇠i(t)⇠j(t0)i = �(t� t0)�ij .
Remarkably, the rotational diffusivity Dr is the only phenomenological coefficient of our theory.

Several comments are in order:
(i) The term A(r) p̂j · p̂i is an alignment interaction. It arises both from the short-distance hydrodynamic

interactions and from part of the electrostatic couplings. They correspond respectively to the first and the
second terms in (S19).

(ii) In the absence of the B and C terms, our model would reduce to the so-called "flying XY model"
introduced phenomenologically in [36]. Nevertheless, additional terms have been obtained from the microscopic
analysis.

(iii) The coefficient B(r) is positive, since �1
+

1
2 > 0 and �1 < 0 in our experimental system. It corresponds

to the electrostatic repulsive coupling. The last term C(r) combines electric and hydrodynamic interactions.
Contrary to A(r), theses additional terms in Eq. (S18) do not yield any net alignment interaction in an isotropic
population.

(iv) A(r) and B(r) are finite-range interactions, being screened on a distance set by the channel height.

Damping of the splay modes

Brotto, Caussin, Lauga, and Bartolo, Phys Rev Lett (2013)

He↵(r, p̂i, p̂j) = �A(r) p̂i · p̂j �B(r)r̂ · p̂j � C(r)p̂i · (2r̂r̂� I) · p̂j � ...

Suppression of the giant number fluctuations
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