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The oceanic submeoscale is a bunch of lines on the sea surface;

i.e., surfactants gathered into horizontal convergences above downwelling jets



Spirals on the Sea

Sun-glint showing ~ 5 km ``spirals on the sea'' not far off the Mediterranean  
coast of Africa photographed from space (Scully-Power, 1986)

Lines are at density filaments (mimima) or density fronts (steps).



lines are horizontal density gradients, along-line jets,

and overturning secondary circulations


they arise from frontogenesis


the energy source is available potential energy, wb > 0,

while the processes of its release can be of several types


occasionally the lines roll up or tear apart into coherent vortices


Ro, Fr, Ri ~ 1



Frontogenesis induced by an ambient horizontal strain field
(a la Bergeron, Hoskins, …)

(ud, vd)

0

down−fro
nt f

low

fro
ntal

 ax
is

x

y z

heavy light

v(x,z)

cyclonic anti−
cyclonic

(u, w)

deformation flow

secondary circulation
Ro
Fr2

isopycnals:        <b>+b’

 < 0  > 0b’ b’

Density Front



Density Filament

filaments have stronger convergence and frontogenesis per unit density gradient and strain



Convergence vs. Strain?

As an “external” velocity, both fields imply exponential growth for any 
passive            ~           .|rc|
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As a local secondary circulation, convergence implies super-exponential 

growth for          .|r⇢|
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Oceanic mesoscale and atmospheric synoptic-scale have stronger strain 

than convergence because               .
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Oceanic submesoscale fronts have both comparable strain and 

convergence because               .   Ro & 1
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Turbulent Thermal Wind Balance (TTW):
combined effects of a geostrophic shear and vertical momentum mixing

� @z [ ⌫v@zu ]� fv = � @x

Z z

b0 dz

� @z [ ⌫v@zv ] + fu = � @y

Z z

b0 dz

@xu+ @yv + @zw = 0

e.g., for S =      vg(z) > 0 in the surface 
boundary layer (z > - h),  TTW  =>  the 
ageostrophic flow ua(z) is left-rearward 
relative to vg(z).

 => in 2D ua(x,z) is a frontogenetic cross-
frontal secondary circulation in the  same 
sense as in strain-induced frontogenesis.

@z

TTW is only an approximation to the
balanced diagnostic model; e.g.,
it is not aware of stratification
or ageostropihic advection.

constant
⌫v & S
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Front Dense Filament

“TTW”
ageostrophic

streamfunction for
secondary circulation

(u,w) (x,z)

buoyancy 
field

Linear TTW without Wind or Waves

BL depth
z = -h(x)

convergence on dense side convergence in center



  After the circulation dynamics has created submesoscale coherent structures with only 
  “slow” advective and boundary layer evolution rates, diagnose the instantaneous 3D

                           secondary circulation ua  
                          frontogenetic tendencies (Tb, Tu )

from b(x,z) and the turbulent forcing and mixing (                                        ) by 
assuming, as the only dynamical approximation to the hydrostatic, incompressible 
Primitive Equations with vertical mixing and wave- averaged Stokes vortex forces,

   the neglect of the ageostrophic time tendency in the horizontal momentum equations.

  This is a kind of maximally inclusive Balance Equations that excludes, e.g., inertia-gravity
  waves; i.e., a kind of generalized Sawyer-Eliassen model, but not based on the usual
                                             approximation.  Solved iteratively.

  It does not preclude evolution in b and ug, hence in ua. 

  Its PDE solutions can be expected to fail to exist at some finite  Ro > 1.  The true evolution 
  is presumed to stay close to this balanced state, as in realistic ROMS simulations.

  Today SCFT is applied to 2D b(x,z) fronts and dense filaments.

Diagnosing Secondary Circulation and FrontogeneticTendency 
(SCFT)

⌫v, v(x, y), ⌧ ,&Q

� ⌧ ⇣ = @xv � @yu

=

✓
D|rhb|2

Dt
,
D|rhuh|2

Dt

◆
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(McWilliams, 2017)



SCFT Diagnostic Analysis: 
Vertical Velocity in a Dense Filament

Linear TTW without wind Nonlinear TTW with wind
✓w =

⇡

4
(NE)
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Strain Induced Frontogenesis (Semigeostrophy) Scaling

(Hoskins and Bretherton, 1972)
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,
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V

fl
⇠ O(1)

Without loss of generality we assume the anisotropic submesoscale features are 
aligned in the y direction. Apply semigeostrophic scaling:  

Simplified Theory of Strong Frontogenesis



cross-front

Submesoscale Frontogenesis Scaling
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,

cross-front

along-front

mixed-layer depthalong-front

along-front geostrophic

hydrostatic balance

✏ =
l

L
⌧ 1Ro =

V

fl
⇠ O(1)

motivated by the rapid frontogenetic time scales and comparable cross-front and 
along-front velocity magnitudes we use:



velocity frontal tendency
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Frontogenetic Tendencies and Rates
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buoyancy frontal tendency

Tb =
Fb

|rhb|2
, Tu =
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|rhu|2

Tb ⇡ Tu ⇡ �� � = ux + vy

frontogenetic tendency rates

Hoskins, 1978
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new scaling



What about the divergence evolution?

Hoskins, 1978
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2
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D

Dt
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after removing

geostrophic balance

TTW balances

frontogenetic rates



            strong frontogenesis in a Lagrangian frame with                 :

�̇ = � �2 , ⇣̇ = � �⇣ .
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with                            at the center of the front (i.e., convergent and 
cyclonic).

� < 0 , ⇣ > 0
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a finite time singularity with -    as its growth rate.   Also,�
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snapshot of surface divergence

in a realistic ROMS simulation


for the Gulf of Mexico

tests of asymptotic theory:

composite evolution over 


656 detected frontogenesis

events in this simulation
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frontogenesis slows

at late time in model


due to instability 

& diffusive arrest

(Barkan et al, 2018)



Large-Eddy Simulation: Filament Frontogenesis, Arrest, & Decay
boundary-layer turbulence generated by surface cooling

fully turbulent i.c. at t= 6 hrs., peak frontal strength and arrest

along-front averaged fields

(Sullivan & McWilliams, JFM, 2017)



Large-Eddy Simulation of Frontogenesis, Arrest, and Decay:
time series of y-averaged peak vorticity, w, and turbulent KE



Large-Eddy Simulation of Frontogenesis, Arrest, & Decay:
near-surface u indicating arrest by horizontal shear instability of the sharp front

note the small arrest 
scale ~ 100 m ~ hbl

arrest  by horizontal Reynolds stress, <u’v’> < 0



alongfront wavenumber spectrum at time of peak arrest



Different LES cases: E and N winds and free convection: 
TTW frontogenesis, arrest, and decay always happen, but differently in detail

normalized 

by


                        .u2
⇤ or w2

⇤<latexit sha1_base64="rS6I6LL54FQB48Xoay42clgx5FU=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHERUmK2BZcFNy4rGAf0I5DJs20oZnMkGTUUvorblwo4tYfceffmGkrqOhZhHPPuZd7c4JEcG0Q+nCWlldW19ZzG/nNre2dXXev0NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLrI/PYtU5rH8tqME+ZFZCB5yCkxVvLdQuqf3JRhD8bKPndZ4btFVEIIYYxhRnDlDFlSq1XLuApxZl kUwQIN333v9WOaRkwaKojWXYwS402IMpwKNs33Us0SQkdkwLqWShIx7U1mt0/hkVX6MLTrw1gaOFO/T0xIpPU4CmxnRMxQ//Yy8S+vm5qw6k24TFLDJJ0vClMBTQyzIGCfK0aNGFtCqOL2VkiHRBFqbFx5G8LXT+H/pFUuYVTCV6fF+vkijhw4AIfgGGBQAXVwCRqgCSi4Bw/gCTw7U+fReXFe561LzmJmH/yA8/YJfR+Sxg==</latexit><latexit sha1_base64="rS6I6LL54FQB48Xoay42clgx5FU=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHERUmK2BZcFNy4rGAf0I5DJs20oZnMkGTUUvorblwo4tYfceffmGkrqOhZhHPPuZd7c4JEcG0Q+nCWlldW19ZzG/nNre2dXXev0NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLrI/PYtU5rH8tqME+ZFZCB5yCkxVvLdQuqf3JRhD8bKPndZ4btFVEIIYYxhRnDlDFlSq1XLuApxZl kUwQIN333v9WOaRkwaKojWXYwS402IMpwKNs33Us0SQkdkwLqWShIx7U1mt0/hkVX6MLTrw1gaOFO/T0xIpPU4CmxnRMxQ//Yy8S+vm5qw6k24TFLDJJ0vClMBTQyzIGCfK0aNGFtCqOL2VkiHRBFqbFx5G8LXT+H/pFUuYVTCV6fF+vkijhw4AIfgGGBQAXVwCRqgCSi4Bw/gCTw7U+fReXFe561LzmJmH/yA8/YJfR+Sxg==</latexit><latexit sha1_base64="rS6I6LL54FQB48Xoay42clgx5FU=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHERUmK2BZcFNy4rGAf0I5DJs20oZnMkGTUUvorblwo4tYfceffmGkrqOhZhHPPuZd7c4JEcG0Q+nCWlldW19ZzG/nNre2dXXev0NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLrI/PYtU5rH8tqME+ZFZCB5yCkxVvLdQuqf3JRhD8bKPndZ4btFVEIIYYxhRnDlDFlSq1XLuApxZl kUwQIN333v9WOaRkwaKojWXYwS402IMpwKNs33Us0SQkdkwLqWShIx7U1mt0/hkVX6MLTrw1gaOFO/T0xIpPU4CmxnRMxQ//Yy8S+vm5qw6k24TFLDJJ0vClMBTQyzIGCfK0aNGFtCqOL2VkiHRBFqbFx5G8LXT+H/pFUuYVTCV6fF+vkijhw4AIfgGGBQAXVwCRqgCSi4Bw/gCTw7U+fReXFe561LzmJmH/yA8/YJfR+Sxg==</latexit><latexit sha1_base64="rS6I6LL54FQB48Xoay42clgx5FU=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHERUmK2BZcFNy4rGAf0I5DJs20oZnMkGTUUvorblwo4tYfceffmGkrqOhZhHPPuZd7c4JEcG0Q+nCWlldW19ZzG/nNre2dXXev0NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLrI/PYtU5rH8tqME+ZFZCB5yCkxVvLdQuqf3JRhD8bKPndZ4btFVEIIYYxhRnDlDFlSq1XLuApxZl kUwQIN333v9WOaRkwaKojWXYwS402IMpwKNs33Us0SQkdkwLqWShIx7U1mt0/hkVX6MLTrw1gaOFO/T0xIpPU4CmxnRMxQ//Yy8S+vm5qw6k24TFLDJJ0vClMBTQyzIGCfK0aNGFtCqOL2VkiHRBFqbFx5G8LXT+H/pFUuYVTCV6fF+vkijhw4AIfgGGBQAXVwCRqgCSi4Bw/gCTw7U+fReXFe561LzmJmH/yA8/YJfR+Sxg==</latexit>



Surface Gravity Wave-Averaged

Now proceed to do similar SCFT diagnoses, ROMS simulations, and LES with WEC.

wave-added 

terms

Effects on Currents (WEC)



Filament in Wind-Wave Equilibrium:
Secondary Circulation

✓wind = ✓wave =
⇡

4

fully nonlinear SCFT
with TTW and WEC
and Ekman currents

with 
WEC

without 
WEC

difference 
field

w here is stronger
than with either TTW
or WEC alone through
constructive alignment
with Ekman current

(McWilliams, 2018)



with 
WEC

without 
WEC

Filament in Wind-Wave Equilibrium:
Frontogenetic Tendency

Tu here is stronger than with either  
TTW or WEC alone through construc- 
tive alignments with Ekman current  
and ageostrophic advection.

✓wind = ✓wave =
⇡

4



(Sullivan and McWilliams, 2018)

 Filament Frontogenesis in LES with Surface Waves
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st ⇣ dz0 > 0
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Why is TTW frontogenesis made so much weaker with along-front waves?                

Because the wave forces induce a shallow eastward geostrophic flow in the 

filament center that tears of the top of the front by eastward advection:

with                         .  This has the effect of creating two east-side fronts

with competing secondary circulations, hence “detuning” the frontogenesis.         

vst, ⇣ > 0
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alongfront-averaged vertical velocity after frontal rragmentation

hw i(x, z)
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residual Langmuir cells

Main 
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Surface 
Front



w(x,y) at z = - 5 m after frontal fragmentation:
inhomogeneous Langmuir turbulence

Surface 
Front

Main 
Filament



frontogenesis (FG) is a key process for surface submesoscale currents


in realistic simulations TTW-induced convergence is more common than mesoscale strain 

as a cause of FG


“balanced” diagnoses from b and      (or background strain rate) —> Secondary Circulation 

and Frontogenetic Tendencies (SCFT)


surface convergence     associated with the frontal ageostrophic secondary circulation is the 

cause of strong FG (Ro > 1) over a time of a few hrs.


frontal arrest is often caused by lateral shear instability


frontal arrest set the lower size limit for the submesoscale regime, here with a width ~ hBL


frontal decay extends over several days with slowly weakening currents


surface waves' Stokes drift has an important influence on strong fronts


we don't yet have a phenomenological overview of submesoscale <-> surface wave <->

boundary-layer interactions, but vertical momentum mixing is key to FG


Summary

⌫v
<latexit sha1_base64="/SWI2ZIMd1rJvlp2fF5j8vJfAsY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFUxbaEPZbCft0s0m7G4KJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UNja3tnfKu5W9/YPDo+rxSUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+H7utyeoNE/kk5mmGMR0KHnEGTVW8nsy60/61Zpbdxcg68QrSA0KNPvVr94gYVmM0jBBte56bmqCnCrDmcBZpZdpTCkb0yF2LZU0Rh3ki2Nn5MIqAxIlypY0ZKH+nshprPU0Dm1nTM1Ir3pz8T+vm5noNsi5TDODki0XRZkgJiHzz8mAK2RGTC2hTHF7K2EjqigzNp+KDcFbfXmdtK7qnlv3Hq9rjbsijjKcwTlcggc30IAHaIIPDDg8wyu8OdJ5cd6dj2VrySlmTuEPnM8f7KeOug==</latexit><latexit sha1_base64="/SWI2ZIMd1rJvlp2fF5j8vJfAsY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFUxbaEPZbCft0s0m7G4KJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UNja3tnfKu5W9/YPDo+rxSUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+H7utyeoNE/kk5mmGMR0KHnEGTVW8nsy60/61Zpbdxcg68QrSA0KNPvVr94gYVmM0jBBte56bmqCnCrDmcBZpZdpTCkb0yF2LZU0Rh3ki2Nn5MIqAxIlypY0ZKH+nshprPU0Dm1nTM1Ir3pz8T+vm5noNsi5TDODki0XRZkgJiHzz8mAK2RGTC2hTHF7K2EjqigzNp+KDcFbfXmdtK7qnlv3Hq9rjbsijjKcwTlcggc30IAHaIIPDDg8wyu8OdJ5cd6dj2VrySlmTuEPnM8f7KeOug==</latexit><latexit sha1_base64="/SWI2ZIMd1rJvlp2fF5j8vJfAsY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFUxbaEPZbCft0s0m7G4KJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UNja3tnfKu5W9/YPDo+rxSUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+H7utyeoNE/kk5mmGMR0KHnEGTVW8nsy60/61Zpbdxcg68QrSA0KNPvVr94gYVmM0jBBte56bmqCnCrDmcBZpZdpTCkb0yF2LZU0Rh3ki2Nn5MIqAxIlypY0ZKH+nshprPU0Dm1nTM1Ir3pz8T+vm5noNsi5TDODki0XRZkgJiHzz8mAK2RGTC2hTHF7K2EjqigzNp+KDcFbfXmdtK7qnlv3Hq9rjbsijjKcwTlcggc30IAHaIIPDDg8wyu8OdJ5cd6dj2VrySlmTuEPnM8f7KeOug==</latexit><latexit sha1_base64="/SWI2ZIMd1rJvlp2fF5j8vJfAsY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHghePFUxbaEPZbCft0s0m7G4KJfQ3ePGgiFd/kDf/jds2B219MPB4b4aZeWEquDau++2UNja3tnfKu5W9/YPDo+rxSUsnmWLos0QkqhNSjYJL9A03AjupQhqHAtvh+H7utyeoNE/kk5mmGMR0KHnEGTVW8nsy60/61Zpbdxcg68QrSA0KNPvVr94gYVmM0jBBte56bmqCnCrDmcBZpZdpTCkb0yF2LZU0Rh3ki2Nn5MIqAxIlypY0ZKH+nshprPU0Dm1nTM1Ir3pz8T+vm5noNsi5TDODki0XRZkgJiHzz8mAK2RGTC2hTHF7K2EjqigzNp+KDcFbfXmdtK7qnlv3Hq9rjbsijjKcwTlcggc30IAHaIIPDDg8wyu8OdJ5cd6dj2VrySlmTuEPnM8f7KeOug==</latexit>

�
<latexit sha1_base64="DLejqiJmuH1v6ZZJm0AkWxLHKgg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnZ3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KMiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVueGQ5NrqU0nYhakUNBEgRI6mQGWRhLa0eh25refwFih1QOOMwhTNlAiEZyhk1q9GCSyfqXq1/w56CoJClIlBRr9ylcv1jxPQSGXzNpu4GcYTphBwSVMy73cQsb4iA2g66hiKdhwMr92Ss+dEtNEG1cK6Vz9PTFhqbXjNHKdKcOhXfZm4n9eN8fkJpwIleUIii8WJbmkqOnsdRoLAxzl2BHGjXC3Uj5khnF0AZVdCMHyy6ukdVkL/Fpwf1Wt14s4SuSUnJELEpBrUid3pEGahJNH8kxeyZunvRfv3ftYtK55xcwJ+QPv8weQ8o8a</latexit><latexit sha1_base64="DLejqiJmuH1v6ZZJm0AkWxLHKgg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnZ3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KMiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVueGQ5NrqU0nYhakUNBEgRI6mQGWRhLa0eh25refwFih1QOOMwhTNlAiEZyhk1q9GCSyfqXq1/w56CoJClIlBRr9ylcv1jxPQSGXzNpu4GcYTphBwSVMy73cQsb4iA2g66hiKdhwMr92Ss+dEtNEG1cK6Vz9PTFhqbXjNHKdKcOhXfZm4n9eN8fkJpwIleUIii8WJbmkqOnsdRoLAxzl2BHGjXC3Uj5khnF0AZVdCMHyy6ukdVkL/Fpwf1Wt14s4SuSUnJELEpBrUid3pEGahJNH8kxeyZunvRfv3ftYtK55xcwJ+QPv8weQ8o8a</latexit><latexit sha1_base64="DLejqiJmuH1v6ZZJm0AkWxLHKgg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnZ3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KMiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVueGQ5NrqU0nYhakUNBEgRI6mQGWRhLa0eh25refwFih1QOOMwhTNlAiEZyhk1q9GCSyfqXq1/w56CoJClIlBRr9ylcv1jxPQSGXzNpu4GcYTphBwSVMy73cQsb4iA2g66hiKdhwMr92Ss+dEtNEG1cK6Vz9PTFhqbXjNHKdKcOhXfZm4n9eN8fkJpwIleUIii8WJbmkqOnsdRoLAxzl2BHGjXC3Uj5khnF0AZVdCMHyy6ukdVkL/Fpwf1Wt14s4SuSUnJELEpBrUid3pEGahJNH8kxeyZunvRfv3ftYtK55xcwJ+QPv8weQ8o8a</latexit><latexit sha1_base64="DLejqiJmuH1v6ZZJm0AkWxLHKgg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNnZ3mTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KMiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVueGQ5NrqU0nYhakUNBEgRI6mQGWRhLa0eh25refwFih1QOOMwhTNlAiEZyhk1q9GCSyfqXq1/w56CoJClIlBRr9ylcv1jxPQSGXzNpu4GcYTphBwSVMy73cQsb4iA2g66hiKdhwMr92Ss+dEtNEG1cK6Vz9PTFhqbXjNHKdKcOhXfZm4n9eN8fkJpwIleUIii8WJbmkqOnsdRoLAxzl2BHGjXC3Uj5khnF0AZVdCMHyy6ukdVkL/Fpwf1Wt14s4SuSUnJELEpBrUid3pEGahJNH8kxeyZunvRfv3ftYtK55xcwJ+QPv8weQ8o8a</latexit>


