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Introduction
KK spectrum: one of the most important piece of data 

associated to a compactification

• Full spectrum: relevant for holography

[Lüst, Palti, Vafa ’19; 
Klaewer, Lüst, Palti ’18…]
[Karch, Randall ’00…]

[Kim, Romans, Van Nieuwenhuizen ’85; 
Fabbri, Fré, Gualtieri, Termonia ’99; 

Ceresole, Dall’Agata, D’Auria, Ferrara ’99…]

• Smallest masses: scale separation, massive graviton models

• Homogeneous spaces

• Exceptional/generalized geometry: [Malek, Samtleben, ’19;
Malek, Nicolai, Samtleben, ’20…]

[Kim, Romans, Van Nieuwenhuizen ’85; 
Fabbri, Fré, Gualtieri, Termonia ’99; 

Ceresole, Dall’Agata, D’Auria, Ferrara ’99…]

Explicit computation relies on symmetries:



• gauge fixing; disentangling different spins; …

problem is reduced to eigenvalues 
of internal diff. operators

review: [Duff, Nilsson, Pope ’86]

Example: 
Freund–Rubin

Mi Duffel at, Kaluza—K!ein supergravily 61

in (3.2.18) and (3.2.21). Recalling the caveat under which these results were obtained, we now return to
the modes specified in (5.1.55) and derive the mass matrix for the corresponding AdS fields. Starting
with the minus sign in (5.1.55), it follows from (5.1.53) and (5.1.56) that Vi(x) = 0. By means of (5.1.51)
and the decomposition of Vi~in (5.1.59) it can then be shown that in fact Vi~= ~ with the implication
that the ~m of .0 on M7 spinors must be excluded from the ~1) tower. In the case of the plus
sign in (5.1.55), we notice that the original gauge condition (5.1.43) can no longer be maintained since
Ftm 1.5mE is identically zero. Instead we pick the gauge Vi = 0, which leads to y’~”D4,,~= 0 and
(0+ 8my5),~= 0. Thus, these modes can be absorbed into the structure of the towers ~1) and ~4),

respectively.
The results of this section are collected in table 5. As in [80],the different towers of a given spin are

distinguished by superscripts. For fermions and pseudoscalars, the first (second) superscript refers to the
negative (positive) part of the spectrum of the relevant first-order operator, while for the bosonic towers
with superscripts the first (second) one corresponds to taking the minus (plus) sign in the expression for
the mass operator. Concerning these towers, there is the following caveat; although some fields are
obtained from perfectly respectable modes of some operators on M7, they should nevertheless be
omitted from the physical mass spectrum. These fields are in the 0~’~tower the 0 and 7m

2 eigenvalue
modes of 4~and in the ~1) tower the 7m/2 mode of .01/2. Note that for clarity, we have reinstated
subscripts on the differential operators on M

7 in table 5 indicating whether the operator acts on p-forms,
LI,,, second-rank symmetric transverse and traceless tensors,

4L, spinors, 01/2, or vector spinors, 03,2. It
remains only to compute the spectrum of these operators on the particular M

7 in question. We
emphasize that table 5 is equally applicable to both homogeneous and inhomogeneous spaces. (To date,
however, the mass spectrum hasbeen computed in full only for the round S

7 [34,80, 90, 194, 195, 279], as
discussed in section 7.2, and for the N(k, 1) spaces [197]as discussed in chapter 9. Partial results for the
squashed S7 of chapter 8 may be found in [65, 92, 198] and for the M(m, n) spaces of chapter 9 in [34,
35, 36, 199].)
We also point out that by setting m = 0 both in table 5 and in the caveat about excluded modes, we

obtain the result for a Kaluza—Klein reduction on a Ricci flat space. The massless sector is then
determined solely by the zero eigenvalue modes of the relevant operators on M

7, information about
which is provided by Betti numbers b,,, etc. It is, however, important to realize the only if the internal
space is Ricci flat is this the case. There is, however, a subtlety for spaces with non-zero b1. The classic
example is T

7 for which the spectrum is completely known (see section 9.1).
A number of comments on table 5 are now in order, recalling the properties of the operators given in

section 4.3.
Table 5

Mass operators from the Freund—Rubin ansatz

Spin Mass operator

+

(3/2)~~~’(2) 41,2 + 7m/2
~ (2) + 12m2±6m (41 + 4m2)’12

(1/2)~~~’(1) 41/2 — 9m/2
(1/2)~~~(2) 3m/2—
O~1~3) 4o+44m2± 12m(4

0+9m
2)’12

AL—4m2
O_(1)(2) ~2+ 6mQ+ 8m2

Laplace–Beltrami

Laplace–de Rham

Lichnerowicz

• For spin-two, operator is always weighted Laplacian

warping
internal

‘de-warped’
metric

[Csaki, Erlich, Hollowood, 
Shirman’00; Bachas, Estes ’11]

f = (D � 2)A

total dimension

Gs2D = H2A(Gs2d + Gs2n)

<latexit sha1_base64="syVJNMYQb8hIdtYqNt2Vc1Xso1E="></latexit>
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This talk: mathematical bounds on KK masses  

• unwarped case: Laplace eigenvalues, long history

smallest mass

[Li, Yau ‘80]
[Cheng ‘75]

IRU H[DPSOH� 5LFFL SRVLWLYH GH¿QLWH ) ⇡2

4GLDP2 6 m2
1 6 2n(n+4)

GLDP2

dimensionmany bounds require assumptions about curvature.

of current mathematical interest! 

luckily, Ricci+warping combine in EoM in the ‘right’ mathematical way.

• warping seemingly spoils the old results

but more recent ideas: Bakry–Émery geometry, optimal transport [Sturm ’06; Lott, Villani ’07; 
Ambrosio, Gigli, Savaré 14…]



Plan
• Einstein equations 

• Overview of bounds

• Examples and applications

Curvature, warping, and the weighted Raychaudhuri equation

in terms of  Planck mass; Cheeger constant; diameter

gravity localization; scale separation



Einstein equations

DQG D FRPSDFWL¿FDWLRQ Gs2D = H2A(Gs2d + Gs2n)

‘de-warped’
internal

max. 
symmetric

&RQVLGHU D KLJKHUĥGLPHQVLRQDO JUDYLW\ mD�2
D

R
GDx

p
�gDRD +PDWWHU

(R0� RMN = 1
2m

2�D
D

⇣
TMN � 1

D�2gMNT
⌘
⌘ T̂MN

= ⇤gmn + (T̂mn � 1
dgmnT̂(d))

internal:
Rmn + (D � 2)(�rmrnA+ @mA@nA) = ((D � 2)|GA|2 +r2A)gmn + T̂mn

=

⇤� 1
d T̂(d) external

[De Luca, AT ’20]
previous attempts in
[Gautason, Schillo, 

Van Riet, Williams ’15]

<latexit sha1_base64="0hW7vY43TWk7Eg69kmEUe02XpSo="></latexit>

> ⇤gmn

non-negative [“Reduced 
Energy 

Condition”]
• IRU DOO EXON ¿HOGV LQ

W\SH ,, DQG d = 11 VXJUD

• for brane sources

• potentials



x
• Inspiration: functions 

of one variable

generalize to 
non-smooth functions:

concavity

f

f 00 6 0

<latexit sha1_base64="aYir7cUL6u3bCS7tkk7zJjcnD+8="></latexit>

Rmn > 0
<latexit sha1_base64="Ei3EfoozD3SNkPsBxpik4OrRTNo="></latexit>

@2
t S 6 0

generalize to 
non-smooth spaces:

But sources create singularities. It would be best to avoid derivatives…

• Consider a distribution of particles
moving geodesically: 

(QWURS\� S = �
R
M

p
g⇢ ORJ ⇢

⇢(x) VXFK WKDW
R
M

p
g⇢ = 1

<latexit sha1_base64="70J2NA9b0rsxSp8LiUY636MrSEM="></latexit>

@2
t S = �

R
M

p
g⇢(rmUnrmUn +RmnUmUn)

velocity field



Ĭ⇠ ORJ 5pQ\L HQWURS\ĭ
[Havrda, Charvat ’67; 

Patil, Taillie ’82;  Tsallis ’88]

• Weighted ‘Tsallis entropy’: homogeneous (rather than extensive)

<latexit sha1_base64="I4vJnR+l13hWaElV6EQQb5oqvr4="></latexit>

@2
t SN,f 6 �

R
M

p
gHf⇢N�1

N

⇣
Rmn �rmrnf + 1

n�Nrmfrnf
⌘
UmUn

<latexit sha1_base64="7I8VDOaqBSUHXJ4eY2PmraXl+fI="></latexit> ⌘

<latexit sha1_base64="kHUJ92MhkttZt2WsGcZvPZOuj0Q="></latexit>

RN,f
mn “Bakry–Émery curvature”

[Bakry, Émery ‘85]

<latexit sha1_base64="3PeOwRK+7Lc0bPH+lrILGuggEaA="></latexit>

N µHɱHFWLYH GLPHQVLRQ¶�
SOD\HG ⇠ UROH RI UDQN RI rmUn

<latexit sha1_base64="K/RWYriXVIO22pmQdewdCDbD0aM="></latexit>

RN,f
mn > 0

generalize to 
non-smooth spaces: <latexit sha1_base64="sHyBsPgFbAg9YJsQ6wOlSPLTKbI="></latexit>

@2
t SN,f 6 0

this leads to the ‘Riemann-Curvature-Dimension’ [RCD] condition [Sturm ’06; Lott, Villani ’07; 
Ambrosio, Gigli, Savaré 14]

[One can also reformulate the Einstein equations in this language] [McCann ’19; Mondino, Suhr ’19;
De Luca, De Ponti, Mondino, AT ‘22]

<latexit sha1_base64="Z/Zdv3IiFcE9NCQTXXBHYsolkmU="></latexit>

SN,f ⌘ N
⇣
1�

R
M

p
gHf⇢N�1

N

⌘



• our earlier EoM bound in terms of BE curvature:

Rmn + (D � 2)(�rmrnA+ @mA@nA) � ⇤gmn N = 2� d< 0

f = (D � 2)A
<latexit sha1_base64="xfvvtBg2lySAzvFEN4UUOMJUNt0="></latexit>

RN,f
mn =

but still OK

[De Luca, De Ponti, 
Mondino, AT ‘22]

geodesics attracted 
by a D-brane…

<latexit sha1_base64="6IkxOOqFufy8FQGZz0XglDvve94="></latexit>

• IRU EUDQH VLQJXODULWLHV� JHQHUDOL]HG WR
µ5&'(N,⇤)¶� ⇠ FRQFDYLW\ RI HQWURS\

• for O-planes this doesn’t work.
… but repelled 
by an O-plane

Here we use ‘infinitesimally Hilbertian spaces’: broader class 
useful for bounds that don’t require information about curvature. [De Luca, De Ponti, 

Mondino, AT ‘22]



 Overview of  bounds

• In terms of 
<latexit sha1_base64="BkLTRHbIuXWtJPKWB1Rq3Xcgty4="></latexit>

• �G 3ODQFN PDVVM2
4 ⇠ MD�2

D

R
M

p
gH(D�2)A [if unwarped: int. volume]

<latexit sha1_base64="eiApUicpNeAoD4qTpbQpzrVTUlo="></latexit>

• GLDPHWHU� PD[� GLVWDQFH EHWZHHQ DQ\ WZR SRLQWV LQ M

• Upper, lower bounds

• On lightest or on higher masses

[De Luca, AT ’20;
De Luca, De Ponti, 
Mondino, AT ’21,’22]

• Different degrees of generality: smooth spaces, branes, O-planes

<latexit sha1_base64="LDtl2V3JGYWrXAJ/nI6dlQumYr8="></latexit>

• &KHHJHU FRQVWDQW h1� VPDOO ZKHQ
VSDFH KDV VPDOO µQHFN¶

µPLQ� RI SHULPHWHU
DUHD ¶

<latexit sha1_base64="An9vjx6tqa/5vPOl/ih5u2pmH6c="></latexit>

h1 = PLQB YROA(@B)
YROA(B)

<latexit sha1_base64="mSvSXDThYo0rh9FyxH5fYH0IwvA="></latexit>

YROA(B) ⌘
R
B

p
gH(D�2)A<latexit sha1_base64="RANh24xs3jyjjI42r876arFVTmE="></latexit>B



4d Planck mass Cheeger diameter

upper

lower
<latexit sha1_base64="DQ5p5sPr5inW3dhJDysHQBCNZDU="></latexit>

mk Ĭ2ĥSODQHVĭ

<latexit sha1_base64="HPEm1E+9VHpYEviTQXyx9tsEGQg="></latexit>

mk ĬVPRRWK� ZDUS�ĭ
<latexit sha1_base64="HPEm1E+9VHpYEviTQXyx9tsEGQg="></latexit>

mk ĬVPRRWK� ZDUS�ĭ

[presence 
of necks]

<latexit sha1_base64="UMlyTZnNBcqehBVsdNmZq1xqMwE="></latexit>

m1 Ĭ'ĥEUDQHVĭ

<latexit sha1_base64="RgEl3k1W6Z/pdkm6UbGPaTcVrgM="></latexit>

•ĬVPRRWKĭ ⇢ Ĭ'ĥEUDQHVĭ ⇢ Ĭ2ĥSODQHVĭ

<latexit sha1_base64="9JmEoMS1PhXKD4xau/s+jhUtJ7M="></latexit>

•ĬZDUS�ĭ� ERXQG FRQWDLQV � ⌘ VXSM (D � 2)|GA|
<latexit sha1_base64="j2TX/luvBl8VOZMrfgH0GIuoMco="></latexit>

VRPHWLPHV ERXQG EHFRPHV XVHOHVV
IRU M QRQFRPSDFW

<latexit sha1_base64="qvkzVo0MywN9oJigVQEHL2JCV2E="></latexit>

m1 Ĭ'ĥEUDQHV� ZDUS�ĭ

spaces with 
D-brane sing.

spaces with 
O-plane sing.

<latexit sha1_base64="AF9mAA9xOZUV0c95lploJNJOQdI="></latexit>

• FRPPRQ WHFKQLTXH� PLQLPL]LQJ
R

Hfpg|r |2R
Hfpg| |2

<latexit sha1_base64="N5LGG0xVwObmruE/qjur2wHvWMs="></latexit>

ĬH�J� &KHHJHU� WHVW  UHODWHG WR Bĭ

<latexit sha1_base64="byePaTA7YbpkTtM9K12xbYJ/8rE="></latexit>

mk

m2
1
Ĭ2ĥSODQHVĭ



Gravity localization

adapting 
[De Ponti, Mondino ’19]

K ⌘ |⇤|+ �2

D�2
[includes D-branes]

 Light massive spin-twosmall ‘neck’

<latexit sha1_base64="z8PuQgyus6ssickl7lpfWXpab6M="></latexit>

VPDOOHVW PDVV� m2
1 6 PD[

n
21
10h1

p
K, 22

5 h2
1

o

<latexit sha1_base64="1MQQ4LnPo88RVHc5dwH45abOb7A="></latexit>

• ,I M LV FRPSDFW� OLJKWHVW VSLQĥWZR DERYH JUDYLWRQ� [relevant for ‘bigravity’ models]

<latexit sha1_base64="2YpYjU9HGVR5+davcvV0ucIQTCQ="></latexit>

VPDOOHVW PDVV� m2
1 6 PD[

n
21
20h1

p
K, 22

20h
2
1

o <latexit sha1_base64="gMCIqH7VCQGcslkSYA33Q/Wblh4="></latexit>
h1 = PLQB YROA(@B)

YROA(B)

<latexit sha1_base64="KC73MGwCIo1PY1mteHq99beRf2c="></latexit>

• ,I ZHLJKWHG YROXPH YROA(M) =
R
M

p
gH(D�2)A = 1� QR PDVVOHVV JUDYLWRQ�



<latexit sha1_base64="Szgl8ioNaq32YGi1u7FsKlmMXdc="></latexit>

• )RU ORFDOL]DWLRQ ZH ZRXOG DOVR OLNH m2 � m1�
[De Luca, De Ponti, 
Mondino, AT ’21,’22]

[includes O-planes]

<latexit sha1_base64="D5SDRh3YU93iYkt1Z/4pj8+Woyg="></latexit>

hk ⌘ LQIB0, . . . , Bk PD[06i6k
YROA(@Bi)
YROA(Bi)

<latexit sha1_base64="2Ym8+9yTLXnETOb2uksGTLAkCdc="></latexit>

m2 ODUJH RQ
‘higher’ Cheeger detect presence of ‘more necks’

<latexit sha1_base64="GqNUCvyTfE1/RJlTOuWxsxXMnQQ="></latexit>

h2
k

Ck6 < m2
k for example

[D’Hoker, Estes, Gutperle ’07]
[Assel, Bachas, Estes, Gomis ’11]

[Bachas, Lavdas ’17, ’18]

<latexit sha1_base64="8WTFN4peP1DTySX+T8bC7UNp5fU="></latexit>

• &RQFUHWH FODVV RI H[DPSOHV� N = 4 $G64 YDFXD

h1 / F0(&)74)
F0(&)73)

Cheeger constant has 
a holographic interpretation:

&)73

&)74

[Karch, Randall ’00]

<latexit sha1_base64="OtRl/vjGR/U9Nz6s3WD8TtFmrVg="></latexit>

• VWULQJ UHDOL]DWLRQ RI
.DUFKĦ5DQGDOO PRGHO

• bonus: no localization with non-constant zero modes [De Luca, De Ponti, 
Mondino, AT WIP]

• we can show quickly that gravity localizes



• On the other hand:
<latexit sha1_base64="HZtNIlTN06LqUMKZkuNG8gNNKAo="></latexit>

m2
k 6 128k2m4

1

h2
1

m2
k < 600k2 PD[

n
m2

1, |⇤|+ �2

D�2

o
<latexit sha1_base64="2IZrJtIhAAjoB7fUprTLnsDKcMM="></latexit>

� SUHYLRXV UHVXOW RQ m1

m2
1 > |⇤|+ �2

D�2
m2

k < 600k2m2
1so:

above this threshold, no mass hierarchy;
in agreement with ‘Spin-2 conjecture’ [Klaewer, Lüst, Palti ’18]

[de Rham, Heisenberg, Tolley ’18]
[Bachas ’19]

) .. VFDOH ⇠ m1

[includes O-planes]



Scale separation
<latexit sha1_base64="NL40vwbTU31XnIXx17Cz6ae0OXk="></latexit>

• &DQ ZH PDNH
p
⇤ ⌧ m1 IRU $G6 YDFXD"

our earlier upper bounds don’t exclude this, not even without sources
empirical bound on d among SE’s:
[Collins, Jafferis, Vafa, Xu, Yau ‘22] 

and among sphere quotients:
[Gorodski, Lange, Lytchak, Mendes ’19]

[unless a nontrivial bound on diameter is found] 

<latexit sha1_base64="y69RdevA0cHguix1TnoOyEDaanc="></latexit>

↵
⇣
GLDP
L$G6

⌘
1

GLDP2 6 m2
1

[includes D-branes]

<latexit sha1_base64="w2ZFYt+VLfMxfOCUCPK08HD+Z/w="></latexit>

h2
1
4 6 m2

1

[includes O-planes]

• lower bounds can be useful for establishing scale separation in a given solution.

[De Luca, De Ponti, 
Mondino, AT ’21,’22];

diam. bound inspired by
[Calderon ’19]

<latexit sha1_base64="4D/i8wDrG7WzpNSSpM2amMnKK2E="></latexit>

↵

<latexit sha1_base64="OvV6EdkFnfcuc6cAtgaA9k7zi/o="></latexit>

GLDP/L
<latexit sha1_base64="muJNVIMdJhFtL9i6ljNYUa+AWII="></latexit>

⇡



[Acharya, Benini, Valandro ’06; 
Junghans ’20; Marchesano, Palti, Quirant, AT ’20]

estimate of 
Cheeger constant: 

• B WXEH DURXQG 2�� SHU(B)
YRO(B) ! 1

• B WXEH HOVHZKHUH� SHU(B)
YRO(B) ⇠ 1/r X

m2
1 > h2

1
4 ⇠ N�1/2

⌧

|⇤| X

• IDPRXV H[DPSOH� f0� f4� h Ī1616 �ĥIRUPī� 26
<latexit sha1_base64="A/eMJxNV6EpgrUASPHd9pTr5hwk="></latexit>

ODUJH N /
R
F4

r ⇠ N1/4 ⌧ r$G6 ⇠ N3/4 X

[DeWolfe, Giryavets, Kachru, Taylor ’05]

• A potentially simpler example: T-dualize, lifting to M-theory

[Cribiori, Junghans, Van Hemelryck, 
Van Riet, Wrase ‘19]

L ⇠ N7/6 GLDP ⇠ N11/12

m2
1 > c

GLDP2 ⇠ N�11/24 � |⇤| ⇠ N�7/12 X

F4 ⇠ NYRO$G64

<latexit sha1_base64="Gf2sqoAkGEw2S4xmza+I+LDMN+k="></latexit>

VPRRWK $G64 ⇥ (ZHDNG2)7 "

<latexit sha1_base64="i9leU5x6kKeWHOB+XPvrXLsKKPE="></latexit>

9 DSSUR[LPDWH ��G µXSOLIW¶

violates the REC no curvature bound

can use internal CY



• Another way to obtain scale separation: Casimir energy

µ)UHXQGĦ5XELQ¶ $G64 ⇥ T 7�

L ⇠ N11/3 GLDP ⇠ N2/3

[De Luca, De Ponti, 
Mondino, AT ’22]

similar to 
[Arkani-Hamed, Dubovsky, 

Nicolis, Villadoro ’07]

violates the REC no curvature bound

can use internal torus

<latexit sha1_base64="03kND4fAeZdQhz8w9uSRpLjSbVM="></latexit>

hT&DV
µ⌫ i = `P

R11
7
gµ⌫

<latexit sha1_base64="PhqYyKuTD31P1zElpNWLVUP5sD0="></latexit>

hT&DV
mni = � 4

7
`P
R11

7
gmn



Conclusions

• ‘Synthetic’ point of view: local curvature as entropy concavity

• Einstein equations imply bound on ‘Bakry–Émery curvature’ (Ricci+warping)

• Upper and lower bounds on spin-2 KK masses

gravity localization in solutions with ‘necks’

confirms scale separation for some approximate solutions

bound still makes sense on ‘attractive’ singularities

in terms of  Planck mass; Cheeger constant; diameter



Backup Slides



empirical bound on d among SE’s:
[Collins, Jafferis, Vafa, Xu, Yau ‘22] 

and among sphere quotients:
[Gorodski, Lange, Lytchak, Mendes ’19]

• mass bounds in terms of the diameter
[largest distance between any two points]

[Calderon ’19;
De Luca, De Ponti, 

Mondino, AT: ’22 to appear]
•m2

1 > c(d)
GLDP2

so small diameter does imply scale separation
for spin-2. For now, no O-planes

[De Luca, AT ’21] using [Setti ’98]

[De Luca, De Ponti, 
Mondino, AT: WIP]IRU QRZ� Mn VPRRWK�

•m2
k 6 n

⇣
|⇤|+ D�1

D�2�
2
⌘
+ �(n) k2

GLDP2

Ĭ8VLQJ 5&'(N < 0) LW PLJKW
EH SRVVLEOH WR JHW ULG RI ��ĭ



• bounds in terms of Cheeger constant

µPLQ� RI SHULPHWHU
DUHD ¶

h1(Mn) ⌘ LQIB
R
@B

p
ḡ@B H(D�2)A Gn�1xR

B

p
ḡ H(D�2)A Gnx

has a small ‘neck’:
D VSDFH ZKHUH h1 LV VPDOO

• smallest mass:
adapting 

[De Ponti, Mondino ’19]

K ⌘ |⇤|+ �2

D�2

1
4h

2
1 6 m2

1 6 PD[
n

21
10h1

p
K, 22

5 h2
1

o

[De Luca, De Ponti, 
Mondino, AT ‘21]

• higher masses:

hk ⌘ LQIB0,...,Bk PD[06i6k

R
@Bi

HfGYROn�1
R
Bi

HfGYROn

h2
k

Ck6 < m2
k < 600k2 PD[

n
K, 2

p
Khk, 5h2

k

o

KHUH h1 VPDOO� h2 ODUJH�D VSDFH ZKHUH h2 LV VPDOO
ĪEXW QRW h3ī�

5&'(K,1) VLQJ�
[recall: includes D-branes]broad class, including O-planes

[De Luca, De Ponti, 
Mondino, AT ’22 to appear]



• Consider now a distribution of particles moving along geodesics 
<latexit sha1_base64="a8pxOwbg1Hse5sEWpbQ54q49SyY="></latexit>

H[SDQVLRQ ✓ ⌘ rµUµ� EHKDYLRU RI GHQVLW\ DURXQG D SRLQW
<latexit sha1_base64="zDY73bi97x1UqjhLoxGUOg24EsY="></latexit>

5D\FKDXGKXUL HT�� �rU✓ = rµU⌫rµU⌫ +Rµ⌫UµU⌫

<latexit sha1_base64="m6308FfVUMRT5ngsJIlYOafR2v8="></latexit>

• ZLWK PHDVXUH
R p

gHf � PRUH QDWXUDO ✓f ⌘ H�frµ(HfUµ)

<latexit sha1_base64="eEFNwjlLk8et1S+cHrMQcVuuVKQ="></latexit>

) ZHLJKWHG 5D\FKDXGKXUL� �rU✓f = rµU⌫rµU⌫ + (Rµ⌫ �rµr⌫f)UµU⌫

in many applications:
<latexit sha1_base64="Tz3pPnHU/5fFzN7ca8EaknGJoNI="></latexit> 6

<latexit sha1_base64="TZQkSgr68CqN1RH0w6opEXF6VLk="></latexit>

LQ �G� r = 1 ĪPDVVLYHī RU r = 2 ĪPDVVOHVVī

<latexit sha1_base64="wZdTnNhMqoo1uJP8Uzar2xSowiI="></latexit>

1
r ✓

2

rank

<latexit sha1_base64="FWyQ0VvcSqIzD5Puzg06Estb0Sk="></latexit>

Ĭ7UM2 > 1
r (7UM)2ĭ

<latexit sha1_base64="ch/l21BkAe+HbqO8yZd2r64XKKc="></latexit>

> (Rµ⌫ �rµr⌫f + 1
n�Nrµfr⌫f)UµU⌫ + 1

N ✓2f
<latexit sha1_base64="Md7xFRAz0aVMRwmkmu+V2HZaJOM="></latexit>

N < 0

‘negative effective dimension’ <latexit sha1_base64="0cnObyuhO7AgIwfI+KZh3SkfnrU="></latexit>RN,f
µ⌫

<latexit sha1_base64="7I8VDOaqBSUHXJ4eY2PmraXl+fI="></latexit> ⌘

“Bakry–Émery curvature”
[Bakry, Émery ‘85]

Raychaudhuri/Bochner eq.

<latexit sha1_base64="yDcTy1knAVP8ueZ2KSVi5ypogRI="></latexit>

WDQJHQW YHFWRU� Uµ


