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• Hamiltonian

• Time-dependent many-body Schrödinger Equation

• One has to specify initial condition

• and propagate ΨΨ((xx,t),t)→→ ΨΨ((xx,t,t ++ΔΔt) t) 

Problem: Problem: N interacting bosons in a trap
PRL PRL 9999, 030402 (2007), PRA , 030402 (2007), PRA 7777, 033613 (2008), 033613 (2008)

•
• V(xi) external trap potential
• W(xi,xj) two-particle interaction potential

• λλ00 δ(xi-xj) – contact interaction λλ00~ a~ ass aass-- s-wave scattering length
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MCTDHB: Key idea MCTDHB: Key idea 
N identical bosons PRL PRL 9999, 030402 (2007), PRA , 030402 (2007), PRA 7777, 033613 (2008), 033613 (2008)
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are time dependent, i.e., change during the evolutionare time dependent, i.e., change during the evolution



MCTDHB: Ideology MCTDHB: Ideology 
N identical bosons PRL PRL 9999, 030402 (2007), PRA , 030402 (2007), PRA 7777, 033613 (2008), 033613 (2008)

MCTDHBMCTDHB(M)(M) ansatz for wave-function: 
linear combination of time-dependent permanents
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Limiting one-configurational MCTDHBMCTDHB(M=1)(M=1) case gives 
the famous Gross-Pitaevskii mean-field

Every permanent | i1 i2 i3 i4…iM ;t›
is symmetryzed time-dependent Hartree product 



1 2 3

1 1

2

, , ,

2

,
( )( )

( , ) ( , )
( , ) ( , )

( , ) ( , )

M

M M

i i i iMCTDHB for

x x
x

C

x

C

t

MCTDHB for

x x

tt
t

t t
t t t

t t t

φ φ
φ φ

φ φ

⎧ ∂
⎪ ∂⎪
⎪ ∂ ∂⎪
⎨ ∂ ∂

=

=⎪
⎪
⎪ ∂ ∂⎪⎩

L

r

L L

MCTDHB: Methodology MCTDHB: Methodology 
ΨΨ(t)(t)→→ ΨΨ(t(t ++ΔΔt) t) PRL PRL 9999, 030402 (2007), PRA , 030402 (2007), PRA 7777, 033613 (2008), PRA , 033613 (2008), PRA 8181, 022124 (2010), 022124 (2010)
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Optic solitons



Rice Li 7Rice Li 7



Matter-waves: Paris Li 7



Matter-waves: Jila Rb 85



Formation and dynamics of fragmented Formation and dynamics of fragmented 
attractive condensates in 1Dattractive condensates in 1D

FragmentonsFragmentons

A.I.S, O.E. A.I.S, O.E. AlonAlon, and L.S. , and L.S. CederbaumCederbaum, , 
Phys. Rev. Phys. Rev. LettLett. . 100100, 130401 (2008), 130401 (2008)



TimeTime--evolutions of initiallyevolutions of initially--coherent wave packet:coherent wave packet:
GP (upper)GP (upper) versus Manyversus Many--Body (bottom) Body (bottom) 

1D system of N=1000 
attractive bosons 

(λλ00==--0.0080.008)

The initial wave packets
are COHERENT

(sech[γx])

Gross-Pitaevskii
• breathing dynamics

Many-body
• breathing dynamics
• attempts to split or     
splitting



1D system of N=1000 
attractive bosons 

(λλ00==--0.0080.008)

The initial wave packets
are COHERENT (sech[γx])

Gross-Pitaevskii
• breathing dynamics

Many-body
• breathing dynamics
• attempts to split or splitting

TimeTime--evolutions of initiallyevolutions of initially--coherent wave packets:coherent wave packets:
ManyMany--Body (left) versus Body (left) versus GPGP (right)(right)



Reduced one-body density matrix                         is diagonalized( , ', )x x tρ

Eigenfunctions
(natural orbitals) 1 2( , ), ( , )NO NOx t x tφ φ

Eigenvalues
(natural occupation numbers):

1 2( ), ( )n t n t

2 2

1 1 2 2( , ) ( ) ( , ) ( ) ( , )NO NOx t n t x t n t x tρ φ φ= +

Time evolution of the natural 
occupation numbers

(log scale in %)

Analysis of the evolving ManyAnalysis of the evolving Many--Body wave packets Body wave packets 



MeanMean--field energy diagram for interpretation of the field energy diagram for interpretation of the FragmentonFragmenton

Two-orbital mean-field energy functional
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TwoTwo--fold fragmented state |nfold fragmented state |n11,n,n22> is built up > is built up 
using delocalised using delocalised orbitalsorbitals::

1,2 0 0{sech[ ( )] sech[ ( )]}m mx X x Xφ γ γ∝ − ± +

For every given nFor every given n11 (n(n22=N=N--nn11),  mean),  mean--field field 
energy  < nenergy  < n11,n,n22|H| |n|H| |n11,n,n22>  is minimized with >  is minimized with 

respect to respect to γγmm and Xand X00

Upper branch : two wellUpper branch : two well--separated, but entangled partsseparated, but entangled parts
Lower branch : all bosons stay localized in one cloudLower branch : all bosons stay localized in one cloud



Conclusions on attractive condensatesConclusions on attractive condensates
in 1D and elongated 2D trapsin 1D and elongated 2D traps

The initially coherent waveThe initially coherent wave--packet can dynamically packet can dynamically 
dissociate into two parts when its energy exceeds a dissociate into two parts when its energy exceeds a 
threshold valuethreshold value
The timeThe time--dependent GP theory applied to the same dependent GP theory applied to the same 
initial state does not show up the splittinginitial state does not show up the splitting
The split object The split object fragmentonfragmenton possesses remarkable possesses remarkable 
properties:properties:

(1)(1) twotwo--fold fragmented, i.e., not coherentfold fragmented, i.e., not coherent

(2)(2) dynamically stable, i.e., it propagates almost without dispersiodynamically stable, i.e., it propagates almost without dispersionn

(3)(3) delocalized, i.e., two dissociated parts still communicate with delocalized, i.e., two dissociated parts still communicate with one anotherone another



Formation of dynamical SchrFormation of dynamical Schröödinger dinger 
cats in lowcats in low--dimensional dimensional ultracoldultracold

attractive Bose gasesattractive Bose gases

CATons CATons II

A.I.S, O.E. A.I.S, O.E. AlonAlon, and L.S. , and L.S. CederbaumCederbaum, , 
Phys. Rev. A 80, 043616 (2009) (Phys. Rev. A 80, 043616 (2009) (arXivarXiv:0812.3573):0812.3573)



TimeTime--dependent Schrdependent Schröödinger cat statedinger cat state ((CATonCATon) is formed) is formed

Scattering of an attractive BEC from a barrierScattering of an attractive BEC from a barrier
Initial packet: Initial packet: at x=0, velocity ;      Barrier: ;      Barrier: at x=-3, V0=0.4, width σ= 0.150.5v = −

r



Initial waveInitial wave--packet packet location at x=0, velocity

Barriers: Barriers: location at x=-3, V0=0.4, three different barrier widthsthree different barrier widths

σ= 0.10 – Full transmission case
σ= 0.15 – Split case 
σ= 0.20 – Full reflection case

0.5v = −
r



GP propagation of Sech[1.98x] GP propagation of Sech[1.98x] velocity

Barriers: Barriers: location at x=-3, V0=0.4, three different barrier widthsthree different barrier widths
0.5v = −

σ= 0.10 – Full transmission case
σ= 0.14 – Long-lived case
σ= 0.15 – Full reflection case

r



Reduced one-body density matrix                         is diagonalized  ( , ', )x x tρ

At t=0 all wave-packets 
are condensed: ρ1=99.1%

Remain mainly condensed:
σ=0.10 - full transmission,
σ=0.20 - full reflection cases

2 2

1 1 2 2( , ) ( ) ( , ) ( ) ( , )NO NOx t t x t t x tρ ρ φ ρ φ= +

Analysis of the evolving ManyAnalysis of the evolving Many--Body wave packets Body wave packets 

Becomes fragmented:
σ=0.15 – split case, 

at t=15: ρ1=59.5% and ρ2=40.5%



Analysis of split caseAnalysis of split case
(proof that the split object is a Schr(proof that the split object is a Schröödinger cat state)dinger cat state)

We call the SchrSchröödinger catdinger cat state propagating without dispersion
and being of fragmented nature CATonCATon

Fock space is spanned by: |N,0›,|N-1,1›,...,|1,N-1›,|0,N› configurations

t=0:  
mainly |0,N› contribute

t=20:
mainly |N,0› and |0,N›

contribute, respective orbitals 
are localized at 

left (blue) and right (green)



Efficient generation of SchrEfficient generation of Schröödinger cats,dinger cats,
threaded by a potential barrierthreaded by a potential barrier

CATons CATons IIII

A.I.S, O.E. A.I.S, O.E. AlonAlon, and L.S. , and L.S. CederbaumCederbaum, , 

J. Phys. B: At. Mol. Opt. Phys. 42 091004 (2009)J. Phys. B: At. Mol. Opt. Phys. 42 091004 (2009)



TimeTime--dependent formation dependent formation of of SchrSchröödinger cat statedinger cat state ((CATonCATon))

Initial waveInitial wave--packet packet at x=0.1, barrier barrier at x=0, V0=0.3, 
Number of Number of orbitalsorbitals M=4M=4



Fate of bright matterFate of bright matter--wave wave solitonsoliton trains: trains: 
from the perspective of manyfrom the perspective of many--boson physicsboson physics

Death Death of of SolitonSoliton trainstrains
A.I.S, O.E. A.I.S, O.E. AlonAlon, and L.S. , and L.S. CederbaumCederbaum, , 



Two hump in phase solitons N=2000 (movie)TimeTime--evolutionsevolutions of of initiallyinitially--coherent twocoherent two--humphump inin--phasephase
solitonssolitons: : GPGP ((leftleft) vs. M) vs. Mananyy--Body (right)Body (right)



Momenta and Coordinate N=2000Evolutions of two-hump (a)symmetric in- and out- of phase soliton
trains  N=2000 in coordinate and momentum spaces: in coordinate and momentum spaces: 

GP(left)GP(left) and MB(right)and MB(right)



NO for N=2000Two-hump symmetric in- and out- of phase soliton trains  
N=2000 natural occupation numbers and natural orbitals



Life Time of two hump solitonsLife Time of two-hump soliton trains
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Li7 : N = 2000;
λ0= -0.002

ϖr = 2π 800 Hz
as = -3.0 a0
τ = 14.21 • 10-3 sec
χ = 11.34 • 10-6 m

Li7 : N = 4000;
λ0= -0.001
ϖr = 2π 800 Hz
as = -3.0 a0
τ = 3.55 •10-3 sec
χ = 5.67 • 10-6 m



How to distinguish solitons and 
fragmentons

0
( 1) 3

0 04

2 21 2

0 1 2 0 0 0 0

( , ) 4 [ 2 ]

4( )
( , , , ,) 3 [ 2 ]( ( 2)( 1) 4 5 )

3

N

Solitons GP GP GP

Fragmenton

F X Exp X

n n
F X n n Exp X X N X

N

λγ γ γ

γ γ γ λ γ γ γ

−= = ± −

−
= − − − + +

How to distinguish How to distinguish SolitonsSolitons and and FragmentonsFragmentons

Correlation functions for Correlation functions for 
coherent and fragmented coherent and fragmented 
states are very differentstates are very different
Width of Width of SolitonSoliton is broader is broader 
then that of then that of FragmentonFragmenton
InterInter--hump forces in hump forces in 
fragmentonfragmenton are much weakerare much weaker



Fate of bright matterFate of bright matter--wave wave solitonsoliton trains trains 
in 1Din 1D

The initially coherent multiThe initially coherent multi--hump wavehump wave--packets  packets  
dynamically loose the coherence and become dynamically loose the coherence and become 
fragmentedfragmented
The emerging object is a The emerging object is a fragmentonfragmenton and possesses and possesses 
remarkable properties:remarkable properties:

(1)(1) multimulti--fold fragmented, i.e., not coherent (condensed)fold fragmented, i.e., not coherent (condensed)

(2)(2) dynamically stable, i.e., it propagates almost without dispersiodynamically stable, i.e., it propagates almost without dispersionn

(3)(3) delocalized, i.e., dissociated parts still communicate with one delocalized, i.e., dissociated parts still communicate with one anotheranother



List of ApplicationsHeidelberg:Heidelberg:
RRampamp--up a barrier: up a barrier: PRL PRL 9999, 030402 (2007); , 030402 (2007); 

InterferenceInterference: : PRL PRL 9898, 110405 (2007), 110405 (2007)

FragmentonsFragmentons:  :  PRL PRL 100100, 130401 (2008); , 130401 (2008); 

FragmentationFragmentation in 3D: in 3D: PRL PRL 100100, 040402 (2008); PRA , 040402 (2008); PRA 8282, 033613 (2010) , 033613 (2010) 

CATonsCATons: : Formation PRA Formation PRA 8080, 043616 (2009) ;, 043616 (2009) ; Efficient generation Efficient generation JPB, JPB, 4242 091004 (2009)091004 (2009)

BJJ IBJJ I: : Exact dynamicsExact dynamics of of bosonic Josephson junctionbosonic Josephson junction: PRL : PRL 103103, 220601 (2009), 220601 (2009)

BJJ IIBJJ II: : Attractive Attractive vs. vs. repulsive Josephson junctionsrepulsive Josephson junctions: PRA : PRA 8282, 013620 (2010) , 013620 (2010) 

Applications ((MCTDHBMCTDHB))

Graz/Graz/ViennaVienna::
OptimalOptimal controlcontrol ofof number squeezingnumber squeezing:: PRA PRA 7979, 021603 (2009), PRA , 021603 (2009), PRA 8080, 053625 (2009);, 053625 (2009);

InterferometryInterferometry: : NJP NJP 1212, 065036 (2010) ;, 065036 (2010) ;

Just started: Hamburg,Hamburg, ViennaVienna II,...,II,...,
wantwant to to joinjoin??
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