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Constraint on EOS from neutron-star 
observations

Observed masses, spin frequencies, and oscillation 
frequencies must be possible with given EOS.

If one can measure multiple properties: 
observationally implied radius, moment of inertia, or 
tidal deformability must be predicted by given EOS 
at observed mass.



Gravitational dynamics
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What changes the waveform?



R
r

For an object following it’s orbit, the 
leading residual effect of gravity is felt in 

tides.



Surface deformation Love number h:

RH

Love number h determines deformation of surface.
larger h deforms more easily (e.g. ocean vs. rock)

M mass of Jupiter
m mass of Enceladus
R radius of Enceladus
a distance to Jupiter

m

� = 	
��



⇥��
�
⇥�
� (����

�
� �)
�



Gravitational potential Love number k

r �� = ���
�

��

e.g.
M mass of moon
m mass of Earth
R radius of moon

a distance to Earth

Q determines the gravitational 
potential around the deformed 
body

This tells us about things like satellite movement around 
the body, tidal locking (“back-reaction” on bulges), and 
orbital dynamics in binary systems

� = ��	 � �
�
�(��
��� �)

	�

Love number k determines quadrupole moment Q of 
deformed body



Calculate to leading order:

Perturb a spherically symmetric star with given EOS

Tidal deformability � for realistic EOS

� =
Q

E =
size of quadrupole deformation

strength of external tidal field

� =
2

3
k2R

5

Calculate via linear Y20 perturbation of spherical neutron star
Q and E defined by external field of perturbed star
leading terms � r2 and � r�3 when far from star

For given realistic EOS, � is function of M
(similar to radius or moment of inertia)

Jocelyn Read (AEI) Tidal e�ects in BNS Inspiral 04/03/10 11 / 26
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Equation of state determines NS structure
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Effect on waveforms from different EOS

Tidal deformability of neutron stars with realistic equations of state

Various methods are being developed to study the e�ect of tidal deformation with di�erent EOS on
the late inspiral of binary neturon stars. These include perturbative tidal deformability calculations,
quasiequilibrium sequences, and full GR. Here are some preliminary comparisons of perturbative
results with published results using numerical and quasiequilibrium.

A. Perturbative method

The first order contribution to the binding energy from a PN perspective is calculated via a linear axisymmetric
⇧ = 2 perturbation around the axis connecting two stars, due to leading order tidal field contributions from the other
star. This gives a tidal deformation as a function of PN parameter x � m/r (m total mass, r orbital radius). In
the linear approximation, this is characterized for each neutron star mass M by a single EOS-dependent parameter
� � k2R5 with k2 the ⇧ = 2 apsidal constant and R the neutron star radius. The contribution to the binding energy,
luminosity, and phase evolution can be calculated by adding this contribution to a given PN order formulation.
Formally of order x5 � m5/r5, the tidal contribution coe⇤cient is � R5/m5, which leads to an overal scaling � R5/r5

which becomes significant as orbital radius approaches neutron star radius.
One can calculate the parameter � for arbitray equations of state. In particular, we can estimate first order

corrections to binding energy and gravitational wave phase evolution for the EOS used in the numerical simulation of
arXiv:0901.3258. This would be a formal, and possibly in the extreme radius case (EOS 2H) a practical, improvement
over the assumption of point particle inspiral before the gravitational waveform.

Fig 1 shows some preliminary waveform results, taking the � calculated from the perturbative method for the EOS
used in arXiv:0901.3258, and continuing the waveform through to where x⇥⇤.

⇥30 ⇥25 ⇥20 ⇥15 ⇥10 ⇥5 0

⇥0.2

⇥0.1

0.0

0.1

0.2

t �ms⇥

h
�
D
⇤M

FIG. 1: EOS 2H is green, H is cyan, HB is blue, B is purple, and 2B is red. Black is PP. Waveforms started with same phase
at x = 0.05, f = 268Hz

With this new understanding of the PN waveforms with tidal contributions, it may be useful to revisit some of the
analysis involving varied EOS and numerical simulation.

B. Was the PP approximation for early inspiral in arXiv:0901.3258 justified?

The PN plus perturbative tidal calculation, compared to the plots of arXiv:0901.3258 in Fig. 2, indicates that for
waveforms H to 2B, the assumption of point-particle evolution was reasonable; the first order tidal phase correction
is small compared to the point-particle waveform at the start of the numerical inspirals and through to the point
where numerical simulations depart significantly. Incorporating this early e�ect into a NRDA analysis might increase
distinguishability, but probably not significantly.

However, the largest-radius 2H waveform is estimated to be already dephased from the point-particle inspiral at
the start of the numerical simulations - this early PN-regime departure would have a significant contribution for such
large-radius neutron stars.

C. Is the perturbative binding energy compatible with quasiequilibrium binding energy?

Analysis of error in the approximation used suggests that one of the largest sources of error comes from higher order
tidal perturbation results. This includes higher-order harmonics, such as ⇧ = 3 deformation and above, where pertur-
bative calculations of such higher order deformations are possible [Mora and Will, Binnington and Poisson, Damour
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FIG. 4. Measurability of the tidal polarizability parameter
Gµ2 (in units of km5) as a function of the neutron star mass
for a sample of realistic EOS from Table I. This plot refers to
the observation (at the SNR level ρ = 16) of the gravitational
wave signal from an equal-mass BNS merger as seen by a sin-
gle advanced LIGO detector. The solid lines represent the
values of Gµ2 as a function of the NS mass, while the dashed
lines represent the 1 σ (68% confidence level) expected sta-
tistical errors. The vertical line marks the canonical NS mass
1.4M!. Note that over a wide range of masses each solid
line lies comfortably above the corresponding measurability
threshold, therefore indicating that the advanced LIGO-Virgo
detector network can significantly measure Gµ2.

either to the conservative prior |β| < 8.5 (second row) or
the lack of any prior (first row) are close to each other
but differ from the strongly β-constrained results by very
significant factors. To be precise, the measurability of the
chirp mass is worsened by a factor larger than seven; that
of the symmetric mass ratio is worsened by a factor of
order 30!; finally, that of Gµ2 is only worsened by about
20%. These results are linked to the different origins of
the effective signals contributing to the measurability of
the various parameters displayed in Fig. 3.
We can roughly summarize the results for the measur-

ability of the nontidal parameters (in the strongly con-
strained β cases) in the following way:

σM

M
≈

4.3× 10−4

ρ
, (67)

and

σν

ν
≈

0.11

ρ
. (68)

For instance, when ρ = 10 this means that the chirp mass
is measured to a fractional precision of 4 × 10−5, while
the symmetric mass ratio is measured at a fractional pre-
cision of 0.01. As usual, the fractional precision on M is

excellent (and has not been very significantly worsened
by the inclusion of the tidal term, as shown by compar-
ing to the results of Refs. [31, 32]). By contrast, the
fractional precision on ν has been significantly worsened
(by a factor of order 1.7) compared to Refs. [31, 32] when
fitting for an extra tidal parameter6. This worsening in
the measurability of ν might make it difficult to distin-
guish stars with a mass ratio between 0.75 and 1. For
instance, if we considered a BNS with MA = 1.2M",
MB = 1.6M" (i.e., MA/MB = 0.75) its symmetric mass
ratio is ν ≈ 0.2449, so that 1− 4ν = 0.0204, correspond-
ing to a fractional δν/ν ≈ 0.02. Comparing this with the
measurement error in ν for ρ = 8, Eq. (68), this is only a
2σ-level deviation. Actually, this problem may be cured
by doing two separate analyses of the GW data, one using
inspiral data only up to a cut-off frequency small enough
to be able to neglect tidal effects (without trying to fit
for tidal parameters), which will probably give a better
estimate of the mass ratio. And a separate analysis of
the data up to (and possibly beyond) the merger aimed
at extracting EOS–dependent information.
The last two columns of the table exhibit the SNR-

normalized absolute and relative errors on Gµ2 in the
case where one uses as upper frequency cut-off fmax =
450 Hz as done in Ref. [5, 9]. The use of such a lower
cut-off leads to a dramatic worsening (by a factor ∼ 7)
of the measurability of Gµ2 (the origin of this worsening
is illustrated in Fig. 2, which includes a line at 450 Hz).
On the other hand, Hinderer et al. [9] computed a

SNR-normalized uncertainty on Gµ2 for the 1.4M" +
1.4M" system equal to σ̂Hinderer

Gµ2
= 35 × 19.3 ×

0.66743104 km5 = 450.84 × 104 km5 (see second row of
their Table II which corresponds7 to a SNR ρ = 35).
Considering for example the SLy EOS, this is a factor
38 larger than the corresponding result in Table II for
our preferred 5-parameter analysis. This large factor
can be viewed as originating from the product of sev-
eral subfactors: (i) a factor of order (f c/450 Hz)2.2 =
(1704/450)2.2 ≈ 18.7 due (according to Eq. (23) of
Ref. [9]) to their use of a cut-off at 450 Hz; (ii) a fac-
tor ∼ 1.24 due their use of a conservative prior (8.5) on
β; iii) a supplementary factor coming from the fact they
also fit for the 2PN spin-spin parameter σ (with a con-
servative prior), thereby working with seven correlated
parameters.

6 Note that when one is fitting for the spin parameter β, the frac-
tional precision of ν becomes dramatically worsened, down to
the level σ̂ln ν ∼ 2.8. In the case of EOSs GNH3 and BSK21 this
renders the fractional accuracy on ν comparable to the fractional
accuracy on Gµ2. In such a case there can be a large difference
in the measurability of λT , Eq. (59) versus λ′

T , Eq. (61), espe-
cially in view of the correspondingly large correlation between
Gµ2 and ν.

7 We could not reconcile the statement in Ref. [9] that they con-
sider a source at a distance of 100 Mpc, with an amplitude av-
eraged over sky position and relative inclination, with the SNR
35 quoted in their Table II, which, according to Abadie et al. [1]
seems to correspond to an optimally oriented source at 100 Mpc.

Damour, Nagar, Villain have a much stronger estimate of 
measurability

��Advanced LGO error in measuring

tidal parameters

assume inspiral 
waveform 
known 
through to 
1704 Hz 
(estimate of 
radius 
contact), 
neglect spin
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FIG. 3. Integrands, per frequency octave, of the inte-
grals determining the measurability of M, ν, ρ (SNR) and
λT . While most of the SNR is gathered around frequencies
f̂ = f/(56.56 Hz) ∼ 1, the measurability of M and ν is con-
centrated towards lower frequencies (f̂ = f/f0 < 1), and that
of the tidal parameter λT gets its largest contribution from
the late inspiral up to the merger. The rightmost vertical line
indicates the merger frequency for C = 0.1645, while the left-
most vertical line marks 450 Hz for a 1.4M! + 1.4M! BNS
system.

logarithmic frequency axis of several relevant measura-
bility signals is illustrated in Fig. 3. Note in particular
how the integrands of I−10 (chirp mass) and I−6 (sym-
metric mass ratio) are peaked at frequencies below the
SNR integrand of I0. Physically, this corresponds to say-
ing that most of the useful cycles for the measurability of
M and ν come from the early inspiral. As the PN expan-
sion converges reasonably well for such low frequencies,
using a 2PN accurate phasing is guaranteed to be a rea-
sonably good approximation for the point-mass part of
the phase. This has been checked by Ref. [32] for the
measurement of M and ν, which found (see their Ta-
ble II) that using a 2PN accurate (instead of a 1.5PN
accurate, as in Ref. [31]) template led to only ∼ 10%
differences in the fractional uncertainties in ν and M.
We found, as expected, that the situation is even better
for the measurement of λT : namely, we found that the
fractional uncertainty on λT is changed (and actually im-
proved) when using a 2PN template for Ψ0, rather than
a 1.5PN one, only at the 5 × 10−3 level By contrast to
the cases of M and ν, the measurability of the tidal pa-
rameter λT is associated in the Fisher matrix to an in-
tegral of the type I+10 =

∫
d ln ffγ(f)v(f)10, which gets

its largest contribution from the late inspiral up to the
merger (see solid line in Fig. 3). More specifically, the in-
tegrand of I+10, i.e. ∝ fγ(f)f10/3 is equal to f2/Sn(f).
The ZERO DET high P advanced LIGO noise curve Sn(f)
happens to be a rather flat function of f between ∼ 50 Hz

and ∼ 800 Hz and then increases to reach a shot noise
behavior Sn(f) ∝ f2 at high frequencies. This implies
that the integrand of I+10, i.e. f2/Sn(f), roughly grows
like f2 between 50 Hz and 800 Hz, to then asymptote
towards a finite limit at high frequencies. The clear sep-
aration between, on the one hand, the two SNR curves
associated to M and ν (which are relatively close to each
other) and on the other hand the SNR curve associated to
λT also indicates (as we shall discuss below) that M and
ν are strongly correlated among themselves, while λT is
not so strongly correlated to M and ν. The figure also
displays two possible cut-off frequencies for the measure-
ments of the tidal signal: the conservative value 450 Hz
(dashed vertical line) used in Refs. [5, 9], f̂ = 7.956, or
the compactness–dependent contact frequency that we
shall use here, (πMf)contact = C3/2 (dash-dotted verti-
cal line, computed using EOS BSK21 with a model with
M = 1.4M" and C = 0.1645). Evidently, the use of the
late-inspiral cut-off frequency f̂contact calls for a formal-
ism able to describe the phasing up to the merger (here,
the EOB formalism and its accurate high PN expanded
representation discussed in the previous section).
In Eq. (53) we have included also a parameter β as-

sociated to the spin-orbit interaction and a parameter σ
associated to the spin-spin one [36]. These parameters
are equal to

β =
1

12

(
113X2

A + 75ν
)
L̂ · âA + (A ↔ B), (64)

σ =
ν

48

(
−247âA · âB + 721 L̂ · âA L̂ · âB

)
, (65)

where âA = SA/(GM2
A) is the dimensionless spin param-

eter of body A. Previous work [9, 31, 32] discussing data-
analysis including the spin parameters β and σ had incor-
porated Bayesian priors à la [31] constraining the mag-
nitudes of |β| and |σ| to be smaller than 8.5 and 5.0 re-
spectively, which are plausible theoretical upper limits on
them. However, such values are very conservative bounds
on β and σ in view of observed binary pulsar systems (as
already pointed out in Refs. [31, 36]). Indeed, recent
estimates of the event-rate for BNS GW observations
are mainly obtained from extrapolation of the currently
observed binary pulsar systems. All the known binary
pulsar systems have rather small observed spin parame-
ters. Considering the fastest spinning pulsar observed in
a BNS system, namely PSR J0737-3039A, whose spin pe-
riod is 23 ms [37], we concluded from the calculations of
moments of inertia by Bejger et al. [38] (who work with
the EOSs: BPAL12, APR, SLy, BGN2H1 and GNH3)
and by Morrison et al.[39] (who use FPS), that the ini-
tial dimensionless spin parameter â is between approxi-
matively 0.017 (for BPAL12) and 0.03 (for GNH3). This
leads to an initial range for the corresponding parame-
ter β of order |β| ∈ [0.11; 0.196], while the 2PN-level
spin-spin parameter σ is at most of the order |σ| ! 10−4.
Taking into account the slowing down of the spin until
the moment of merger, we estimated that β at the time
of the merger would be within the range [0.09; 0.17] so

Damour Nagar Villain 2012

Measure mass parameters in early inspiral
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FIG. 4. Distinguishability �hPP,� by AdLIGO for binaries at
100Mpc and with a = 0. In the white area �hPP,� < 1 for all
EOSs, in the red-shaded one �hPP,PS > 1, and in the blue-shaded one
�hPP,GNH3 > 1. Contours for hPP,� = 1, 4 are shown for both EOSs.
The black star marks a canonical 10M�-1.4M� BH-NS binary.

points a canonical 10M⇥-1.4M⇥ BH-NS binary and that, for
the popular APR EOS, �hPP,APR < 1 for any (q,MNS). How-
ever, an APR(-like) EOS may become measurable if the bi-
nary is optimally oriented and/or is less than 100Mpc away.
The PS, GNH3, and APR EOS are (marginally) distinguish-
able by AdLIGO within a range of 310, 225, and 75Mpc, re-
spectively, for a 3.6M⇥-1.2M⇥ BH-NS binary.

To test the robustness of our results, we repeated all calcu-
lations after artificially decreasing fend by 20%. Even though
the overlaps (distinguishabilities) increased (decreased) a lit-
tle (e.g. the minimum overlap increased by less than 10�3 and
the regions in which hPP,� & 1 were practically unmodified),
our conclusions remained unchanged, thus suggesting that our
results are robust even for non-negligible changes of fend.
Conclusions. The use of point-particle templates to detect BH-
NS inspirals leads to a loss of detected signals which is below
1% for both AdLIGO/AdVirgo and ET. Moreover, for bina-
ries at 100Mpc, AdLIGO/AdVirgo will essentially be “blind”
to tidal effects if superdense matter follows an APR-like EOS
and may be able to reveal them only for NSs with a partic-
ularly stiff EOS and in large-mass-ratio binaries. This sce-
nario improves for a more sensitive detector such as ET. In
this case, the larger SNRs lead to a two-order of magnitude
gain in �hPP,�, so that even soft EOSs, like APR, are distin-
guishable.

A final remark should be made. The results presented here
make use of the most accurate PN expressions available to
date and the comparisons made with and without tidal correc-
tions remove in part the problem of systematic biases in the
PN formulation, which could be large for q . 1. Yet, they do
not account for higher-order deformation corrections which
could amplify tidal parameters [7, 9], and nonlinear responses
to the tidal field, such as those produced by crust fracturing

or resonant tidal excitation of stellar modes [28]. Although
these contributions should yield only fractional corrections to
the already-small dephasings, either increasing or decreasing
them, it is only their proper inclusion that will provide con-
clusive limits on the tidal effects that affect the inspiral signal.

Acknowledgments. It is a pleasure to thank E. Berti,
T. Damour, T. Hinderer, A. Nagar, B. S. Sathyaprakash, and
A. Tonita for carefully reading the manuscript. This work
was supported in part by the DFG grant SFB/Transregio 7, by
“CompStar”, a Research Networking Programme of the Euro-
pean Science Foundation, and by NSF grant PHY-0900735.

[1] L. Baiotti, B. Giacomazzo, and L. Rezzolla, Phys. Rev. D 78,
084033 (2008).

[2] M. D. Duez, F. Foucart, L. E. Kidder, C. D. Ott, and S. A.
Teukolsky, Class. Quantum Grav. 27, 114106 (2010).

[3] K. Kyutoku, M. Shibata, and K. Taniguchi, Phys. Rev. D 82,
044049 (2010).

[4] B. Giacomazzo, L. Rezzolla, and L. Baiotti, Mon. Not. R. As-
tron. Soc. 399, L164 (2009).

[5] T. Damour and A. Nagar, Phys. Rev. D 80, 084035 (2009).
[6] T. Hinderer, B. D. Lackey, R. N. Lang, and J. S. Read, Phys.

Rev. D 81, 123016 (2010).
[7] T. Damour and A. Nagar, Phys. Rev. D 81, 084016 (2010).
[8] L. Rezzolla, L. Baiotti, B. Giacomazzo, D. Link, and J. A. Font,

Class. Quantum Grav. 27, 114105 (2010).
[9] L. Baiotti, T. Damour, B. Giacomazzo, A. Nagar, and L. Rez-

zolla, Phys. Rev. Lett. 105, 261101 (2010).
[10] J. M. Lattimer and M. Prakash, Phys. Rep. 442, 109 (2007).
[11] M. Vallisneri, Phys. Rev. Lett. 84, 3519 (2000).
[12] M. Shibata and K. Taniguchi, Phys. Rev. D 77, 084015 (2008).
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NS-NS: What can we extract?
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TABLE V: Largest SNR of post-merger waveforms in ad-
vanced detectors, and approximate peak frequency fp of the
oscillations. Waveforms may be truncated before collapse to
BH in cases 2H, H, and HB, which show post-merger oscil-
lations from a hypermassive remnant. In other cases, the
neutron stars collapse to a black hole promptly after merger,
with suppressed ringdown.

SNR �(100Mpc/De�) fp
EOS aLIGO Broadband ET-D (kHz)

2H 0.83 6.1+ 2

H 0.54 5.6+ 3

HB 0.47 3.3+ 3.5

B 0.07 0.7 6.5–7

Bs 0.07 0.7 6.5–7

Bss 0.03 0.3 6.5–7

HBs 0.06 0.4 6.5–7

HBss 0.05 0.7 6.5–7

of [17]: If one defines the complex correlation z in a re-
stricted time domain {TI, TF} for two waveforms h1(t)
and h2(t) with a relative time shift �t by

z(�t;h1, h2) ⇥
� TF

TI

h1(t)h
�
2(t� �t)dt, (12)

then the correlation between the two waveforms is Re z.
Introducing a relative phase �⇥ to h2 will change the
argument of z without changing the complex amplitude,
therefore the maximum correlation |z| between two wave-
forms with a given �t is found for �⇥ = arg z (cf. [63]).

Previous implementations of waveform analysis have
performed the matching via least squares di�erence over
a segment [51, 60] or have matched time and phase at a
single point in the inspiral [64], either in the time or fre-
quency domain. Our procedure maximizes a cross-term
averaged between polarizations which contributes nega-
tively to the least squares distance between waveforms.
For infinitely long time domains, it is equivalent to an un-
weighted frequency-domain match, similar to that used
for detection (see Sec. IVB).

A. EOS-based di�erences in numerical waveforms

We first consider what di�erences between waveforms
are significant when only the numerical simulation results
are considered. We assume that mass and mass-ratio
have been adequately measured from the inspiral detec-
tion and we wish to see if numerical late-inspiral and
merger waveforms from di�erent EOS will yield measur-
able di�erences.

To do this, we first whiten the waveforms using the
noise curve of the detector of interest and then maxi-
mize the time-domain correlation which corresponds to
frequency-domain overlap and thus signal to noise ratio.
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FIG. 6: Frequency evolution of inspirals after di�erences are
minimized using the procedure of Section IV.

CONFUSING (TO ME) — REPHRASE: With the
length of waveforms available, this alignment minimizes
di�erences in inspiral evolution almost entirely: Phase
di�erences between aligned waveforms remain below 0.3
radians until one of the waveforms approaches the end
of inspiral. The same alignment procedure between
segments of tidally-modified post-Newtonian inspiral
waveforms for the same EOS produces similar phase
di�erences in the inspiral.

We restrict ourselves only to considering the inspiral-
to-coalescence part of the waveform, where the cold EOS
is expected to be a highly accurate description of relevant
physics. To cut o� post-merger portion of the waveforms
smoothly and to reduce edge e�ects in Fourier trans-
forms, the minimum in amplitude (as shown in Fig. 2) is
taken as the truncation point of the inspiral. Di�erences
in post-merger oscillations are not considered.

The alignment procedure described also allows us to
eliminate di�erences between numerical waveforms that
arise from di�erent starting times and relaxation from
initial data in the first cycles: in the time-domain, all
aligned numerical waveforms are smoothly joined over
their first two cycles to the same early inspiral to mini-
mize starting e�ects.

As a result, we will estimate measurability using only
the di�erences between waveforms that come from a
rapid increase in frequency over the last cycles and tran-
sition to merger at earlier times; these di�erences reflect
real physical di�erences which can be numerically simu-
lated with current technology. A plot of frequency versus
time for waveforms of varying EOS, after the alignment
discussed above, is shown in Fig 6.

This is a conservative method of estimating waveform
di�erences, in that it discards potentially measurable ef-
fects in the inspiral before numerical simulation, for ex-
amples those discussed in [65]. Indeed, such accumulated
shifts in phase during inspiral can lead to to substantial
dephasing at high frequencies, which will a�ect estimates
in Sec. V.

Avoid high PN systematics; use numerical 
simulations only. 
Minimized differences between noise 
weighted inspirals with different EOS
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B. Measurability estimates

We wish to estimate our ability to measure some EOS
parameter, such as the radius of the neutron star R or
its tidal deformability ⇤1/5, for a detected signal. This
is achieved by creating a one-parameter family of wave-
forms, h(p), where p is the EOS-dependent parameter of
interest (for our purposes, either R or ⇤1/5) and compar-
ing the detected signal to the members of this family in
order to determine the value of the parameter that pro-
duces the best match. Such comparisons are based on a
noise-weighted inner product. This inner product of two
waveforms h1 and h2, for a detector with noise spectrum
Sh(f), is defined by

⌥h1 | h2� ⇤ 4Re

⌅ ⇤

0

h̃1(f)h̃⇥
2(f)

Sh(f)
df. (13)

In terms of this inner product, the characteristic SNR of
a given waveform h is ⇤ ⇤ ⌥h | h�1/2. If the detected
signal is s then the most likely value for the parameter
p is the value for which ⌥s | h(p)�/⌥h(p) | h(p)�1/2 is a
maximum. However, the measured value of p will di⌅er
from the true value of p because of two e⌅ects: The first
e⌅ect is that the measured value of p will be shifted away
from its true value because of the presence of random
detector noise; we describe this random error by the root-
mean-squared value of the parameter shift, �prand. The
second e⌅ect arises if there is a fundamental di⌅erence
between the true gravitational waveform and the nearest
member of the family of waveforms that are being used;
such a systematic error is given by �psyst. The random
error depends on the amplitude of the signal relative to
the level of detector noise, so it scales inversely with the
signal’s SNR. The systematic error is SNR-independent.

Two waveforms, h(p1) and h(p2) are said to be distin-
guishable if the quantity

⇤di� ⇤
⇧
⌥h(p1)� h(p2) | h(p1)� h(p2)� (14)

has a value ⇤di� & 1 [17, 66, 67]. We first wish to
determine whether the waveforms for the various EOS
are distinguishable. The value of ⇤di� depends on the
SNR of the signal, so we compute the quantity ⇤di� ⇥
(De�/100Mpc) where De� is the e�ective distance of a
binary system, which equals the true distance of a sys-
tem if it is optimally oriented (face-on) and optimally
located (directly above or below the detector) and is
greater than the true distance otherwise; a canonical
value of De� = 100Mpc is taken in this paper. Both po-
larizations of the numerical waveform are extracted; the
relevant quantities of the signal can be calculated with
either. In this paper, plots show the average amplitude
of the two polarizations. We choose a single polarization
(after phase shift) to represent signal-to-noise quantities;
di⌅erences in SNR from choosing the other polarization
are < 1%.

The results are presented in Table VI for the inspiral-
only waveforms. EOS 2H, having the largest di⌅erence

TABLE VI: SNR of di�erences between waveforms at 100
Mpc, averaged over resolved waveforms for each EOS. The
standard deviation of the set of resulting estimates is also
provided.

Advanced LIGO high-power detuned

EOS H HB B

2H 2.162± 0.030 2.210± 0.036 2.234 ± 0.035

H - 0.896± 0.099 1.0452± 0.087

HB - - 0.580 ± 0.168

Einstein Telescope configuration D

EOS H HB B

2H 20.352± 0.314 20.739± 0.369 20.890± 0.360

H - 7.740± 0.914 9.130± 0.866

HB - - 5.095± 1.490

in parameter compared to the other EOSs (relative to
EOS H, ⇥R = 2.95 km and ⇥⇤1/5 = 0.555), has a value
⇤di� > 2 for aLIGO broad-band sensitivity curves when
compared to the other waveforms. Waveforms H, HB,
and B are closely and evenly spaced in log p⇥, and give
smaller di⌅erences between waveforms.
The importance of numerical e⌅ects is estimated by

the variance in ⇤di� (and thus �prand) between two EOSs
measured by making di⌅erent choices of the representa-
tive numerical waveform for each EOS. These variances
are also shown in VI. The variation in ⇤di� when one
waveform has EOS 2H resulting from choosing wave-
forms from di⌅erent simulations is very small. The more
closely spaced the EOSs are, the more sensitive ⇤di� will
be to variation in the choice of numerical waveform used,
with the small di⌅erence between HB and B showing the
largest (30%) variance over the set of numerical wave-
forms considered.
For large SNR signals, the measurability of a parame-

ter p can be estimated by the random error �prand, which
can be calculated using the Fisher matrix formalism (but
see [68]). If a waveform is parametrized by a set of pa-
rameters {⇥i}, then the Fisher matrix is given by

�ij =

⇥
 h

 ⇥i

����
 h

 ⇥j

⇤
, (15)

and the random error associated with the measurement
of a single parameter ⇥j is

�⇥j, rand =
⌃

(��1)jj , (16)

where the matrix (��1)ij is the inverse of the Fisher ma-
trix �ij [69]. Given a coarse sampling of a single param-
eter with numerical simulations, the Fisher “matrix” is
simply given by a finite di⌅erence approximation to the
derivative as � ⌅ ⇤di�/(⇥p)2. We use this approximation
in the present study, and our estimate for the random er-

SNR of differences between waveforms



Measurability estimates: EOS e�ects

⇧�R⌃
⇤⇤⇤
Ravg

⌅ R1 � R2
�
h(R1)� h(R2)

⇤⇤h(R1)� h(R2)
⇥1/2

⇧�R⌃, R is radius of isolated neutron star

Broadband AdLIGO ET-D
R = 10.8 ±0.9 km ±0.09 km
R = 11.9 ±0.8 km ±0.10 km

Radius can be constrained with a strong Advanced LIGO signal
(in high-power detuned configuration)
based on numerical waveform alone.

Systematics from di�erent numerical simulations with same EOS ⇤ 0.1 km
Other sources: parameterization choice, discrete parameter sampling

Jocelyn Read (Mississippi) EOS from GW 30/4/11 14 / 18



Effect of matter post-merger
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TABLE V: Largest SNR of post-merger waveforms in ad-
vanced detectors, and approximate peak frequency fp of the
oscillations. Waveforms may be truncated before collapse to
BH in cases 2H, H, and HB, which show post-merger oscil-
lations from a hypermassive remnant. In other cases, the
neutron stars collapse to a black hole promptly after merger,
with suppressed ringdown.

SNR �(100Mpc/De�) fp
EOS aLIGO Broadband ET-D (kHz)

2H 0.83 6.1+ 2

H 0.54 5.6+ 3

HB 0.47 3.3+ 3.5

B 0.07 0.7 6.5–7

Bs 0.07 0.7 6.5–7

Bss 0.03 0.3 6.5–7

HBs 0.06 0.4 6.5–7

HBss 0.05 0.7 6.5–7

of [17]: If one defines the complex correlation z in a re-
stricted time domain {TI, TF} for two waveforms h1(t)
and h2(t) with a relative time shift �t by

z(�t;h1, h2) ⇥
� TF

TI

h1(t)h
�
2(t� �t)dt, (12)

then the correlation between the two waveforms is Re z.
Introducing a relative phase �⇥ to h2 will change the
argument of z without changing the complex amplitude,
therefore the maximum correlation |z| between two wave-
forms with a given �t is found for �⇥ = arg z (cf. [63]).

Previous implementations of waveform analysis have
performed the matching via least squares di�erence over
a segment [51, 60] or have matched time and phase at a
single point in the inspiral [64], either in the time or fre-
quency domain. Our procedure maximizes a cross-term
averaged between polarizations which contributes nega-
tively to the least squares distance between waveforms.
For infinitely long time domains, it is equivalent to an un-
weighted frequency-domain match, similar to that used
for detection (see Sec. IVB).

A. EOS-based di�erences in numerical waveforms

We first consider what di�erences between waveforms
are significant when only the numerical simulation results
are considered. We assume that mass and mass-ratio
have been adequately measured from the inspiral detec-
tion and we wish to see if numerical late-inspiral and
merger waveforms from di�erent EOS will yield measur-
able di�erences.

To do this, we first whiten the waveforms using the
noise curve of the detector of interest and then maxi-
mize the time-domain correlation which corresponds to
frequency-domain overlap and thus signal to noise ratio.
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FIG. 6: Frequency evolution of inspirals after di�erences are
minimized using the procedure of Section IV.

CONFUSING (TO ME) — REPHRASE: With the
length of waveforms available, this alignment minimizes
di�erences in inspiral evolution almost entirely: Phase
di�erences between aligned waveforms remain below 0.3
radians until one of the waveforms approaches the end
of inspiral. The same alignment procedure between
segments of tidally-modified post-Newtonian inspiral
waveforms for the same EOS produces similar phase
di�erences in the inspiral.

We restrict ourselves only to considering the inspiral-
to-coalescence part of the waveform, where the cold EOS
is expected to be a highly accurate description of relevant
physics. To cut o� post-merger portion of the waveforms
smoothly and to reduce edge e�ects in Fourier trans-
forms, the minimum in amplitude (as shown in Fig. 2) is
taken as the truncation point of the inspiral. Di�erences
in post-merger oscillations are not considered.

The alignment procedure described also allows us to
eliminate di�erences between numerical waveforms that
arise from di�erent starting times and relaxation from
initial data in the first cycles: in the time-domain, all
aligned numerical waveforms are smoothly joined over
their first two cycles to the same early inspiral to mini-
mize starting e�ects.

As a result, we will estimate measurability using only
the di�erences between waveforms that come from a
rapid increase in frequency over the last cycles and tran-
sition to merger at earlier times; these di�erences reflect
real physical di�erences which can be numerically simu-
lated with current technology. A plot of frequency versus
time for waveforms of varying EOS, after the alignment
discussed above, is shown in Fig 6.

This is a conservative method of estimating waveform
di�erences, in that it discards potentially measurable ef-
fects in the inspiral before numerical simulation, for ex-
amples those discussed in [65]. Indeed, such accumulated
shifts in phase during inspiral can lead to to substantial
dephasing at high frequencies, which will a�ect estimates
in Sec. V.

It is harder to measure the post-merger 
than the (extrapolated) inspiral



Hybrid estimates



NSBH:  What can we extract?

• Phase shift      during inspiral

• Much smaller than for BNS systems because

• Only marginally observable with Advanced LIGO 
(Pannarale et al. arXiv:1103.3526)
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• Cutoff in amplitude from tidal disruption

• Occurs earlier (lower frequency) for larger stars

• Much larger effect than phase shift
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NSBH:  What can we extract?



• Cutoff frequency depends on tidal deformability parameter 
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EOS parameter estimates

• 1-sigma errors shown for single binary optimally oriented at 100Mpc                         

• Errors for proposed Einstein Telescope 5-10 times smaller than for 
Advanced LIGO
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EOS parameter estimates

• 1-sigma errors shown for single binary optimally oriented at 100Mpc                         

• Errors for proposed Einstein Telescope 5-10 times smaller than for 
Advanced LIGO
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EOS parameter estimates

• 1-sigma errors shown for single binary optimally oriented at 100Mpc                         

• Errors for proposed Einstein Telescope 5-10 times smaller than for 
Advanced LIGO
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• The same EOS parameter that 
determines behavior during inspiral 
also accurately describes behavior 
during merger/ringdown



NSNS: Hybrid construction improves inspiral 
measurability
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FIG. 10: The di⇥erence between HB and 2H hybrid wave-
forms is plotted relative to PN and BH amplitudes and the
broadband aLIGO noise curve, showing the frequency range
which produces the measurable di⇥erence. The di⇥erence be-
comes larger than the amplitude of the components when they
are perfectly out of phase, and the oscillations at high fre-
quency show the two waveforms moving in and out of phase.

TABLE VIII: SNR of di⇥erences between hybrid waveforms
at 100 Mpc, averaged over resolved waveforms for each EOS.
PP indicates the base post-Newtonian model with no tidal
corrections or hybridization. The standard deviation of the
set of resulting estimates is also provided.

Advanced LIGO high-power detuned

EOS HB 2H

PP 4.081± 0.011 7.898± 0.015

HB - 7.181± 0.024

Einstein Telescope configuration D

EOS HB 2H

PP 39.84± 0.13 84.88± 0.16

HB - 76.7± 0.22

maximum error over the set of waveforms considered to
be “well-resolved” using the criteria of Sec. III B and the
requirement that the simulations start more than 0.02 s
before merger.

Calculating the systematic di⇥erences by changing the
numerical waveform used, for a fixed hybrid construc-
tion method and PN model, gives a systematic error

��1/5
syst/�

1/5 ⇤ 3%.
For the length of waveforms available, match regions

close to the start and to the end of the simulated
times were alternately used to hybridize with the post-
Newtonian inspiral. This variation of the match region
for hybrid construction between early and late in the nu-
merical waveforms gives a systematic error of 5%.

All tidal contributions discussed in this paper use the
leading order and next-to-leading order tidal contribu-
tions from [77, 78] for the equations of state and masses.
The significance of higher-order PN tidal terms can be es-

TABLE IX: Radius and (�)1/5 measurement estimates using
hybrid waveforms. Comparisons between hybrid pairs have
smaller relative parameter spacing than comparisons to un-
modified post-Newtonian.

Broadband aLIGO ET-D

EOS 2H to EOS HB

R = 13.42 ±0.50 km ±0.05 km

(�)1/5 = 2.02 ±0.07 ±0.01

EOS 2H to unmodified PN

(�)1/5 = 1.18 ±0.20 ±0.02

EOS HB to unmodified PN

(�)1/5 = 0.84 ±0.28 ±0.03

timated by dropping the next-to-leading order tidal con-
tribution. This has very little e⇥ect on the estimates,
giving a systematic error of ⇤ 1%.
The e⇥ect of the discrete sampling of the EOS param-

eter discussed in Sec. IVC leads to a larger estimated
error in parameter measurement compared to what we
would expect from a continuous variation of the EOS pa-
rameter.

VI. CONCLUSIONS

It is now clear that tidal e⇥ects due to the finite
size of neutron stars can produce a detectable signa-
ture in the gravitational signal that will be observed by
the advanced ground-based gravitational wave detectors
currently under construction, such as Advanced LIGO
and Advanced Virgo. The observation of these tidal ef-
fects presents the possibility of measuring neutron star
properties, e.g., the size and tidal deformability of neu-
tron stars, which in turn will constrain models for the
neutron-star equation of state. In particular, we esti-
mate that the radius of the neutron star could be be
determined to within �R ⇥ 1 km � (De�/100Mpc), or
�R/R ⇥ 10%�(De�/100Mpc). If trusted hybrids can be
constructed, incorporating additional information from
the tidal post-Newtonian terms, then measurement er-
rors would be roughly halved.
Numerical relativity e⇥orts are required to generate

the waveforms needed to make these measurements, but
the current state-of-the-art simulations are already up to
the task, and future advances in numerical relativity will
provide waveforms extending to lower frequencies which
will improve our ability to measure the tidal e⇥ects. We
estimate a systematic error in radius measurements due
to inaccuracies in the numerical evolution to be less than
0.1 km. Further improvements in the scope of physical
processes that are simulated by numerical relativity will
also enable us to predict the end state of binary coales-
cence and therefore could allow for the measurement of
additional equation of state properties from oscillations
of a post-merger hypermassive remnant.

Some systematics: 3% from change in numerical 
simulation of same system, 5% variation in 

hybridization region, 1% neglecting higher order tidal 
terms


