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Fermi Atoms: 6Li
40K

“up” & “down” species: two different hyperfine states
e.g. 6Li

Open
channel

Closed
channel



Feshbach Resonance (Broad Resonance)
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C.A. Regal and D.S. Jin, PRL, (2003)



BCS-BEC Crossover

Unitarity
Point

Molecular BEC
Strongly bound pairs

Dilute Bose Gas

BCS regime:
Cooper pairs 

Dilute Fermi Gas

Interaction strength
No bound stateBound state

RR

R

Weak coupling

On Resonance

At unitarity: No small parameter to expand around: hard problem
Bertsch: Challenge problem in many-body physics (1998): ground state of resonant gas

Strong coupling



Mean-Field BCS-BEC Crossover at T=0

D.M. Eagles, Phys. Rev. 186, 456 (1969); 
A.J. Leggett, J. Phys. (Paris), Colloq.  41, 7 (1980);

Variational approach: Ground state remain pair condensate 
form as one crosses from the fermion to the molecular side.

Gap equation

BCS limit BEC limit

BCS limit

BEC limit

Dimensionless 
Coupling constant

Particle Equation



Absence of QPT from BCS to BEC
Smooth evolution of physical quantities 
from BCS to BEC limit.
Most are monotonic functions.



scattering length:

critical temperature:

BCS-BEC Crossover at finite T

T*: Pairing
temperature

Mean-field approach (saddle point)

Tc: Phase 
Coherence

Gaussian fluctuations

BEC



scattering length:

critical temperature:

BCS behavior  

BEC behavior 

Dissociation
of bound bosonFermi gas Bose gas

Superfluid

BCS-BEC Crossover at finite T

C. A. R. Sa de Melo, M. Randeria and J. R. Engelbrecht, PRL 71, 3202 (1993)



Dilute Bose Gas and Fermi Gas
BCS Limit

BEC limit

Asymptotic results





kF is the only scale in the problem !
Energy 

per particle

ξ is a universal parameter, related to many quantities

Simple system, with simple scaling

Chemical Potential Bulk Modulus

First SoundPressure density

Unitarity Limit (             ,Strong Coupling)

Hard problem: No expansion parameter



m
nhldtrs =⋅∫ ),(v

∑∑
≠

−++=
ji

jiiext
i

i rrgrV
M
p )()(

2
H )3(

2

δ

)],(exp[|),(|),( 00 tritrtr θΦ=Φ

),(),(v tr
m

trs θ∇=

⎥
⎦

⎤
⎢
⎣

⎡
++∇+−∂= ∫∫

42
ext

2
2

0 2
1)(

2
)(][ ϕϕϕϕμϕτϕ τ

β

gNrV
M

drdS

References

ε expansion (4- ε and 2+ ε )
Z. Nussinov and S. Nussinov, cond-mat/0410597, PRA (2006) 
Y. Nishida and D.T. Son, cond-mat/0604500, cond-mat/0607835
Y. Nishida, cond-mat/0608321 
P. Arnold, J.E. Drut and D.T. Son, cond-mat/0608477

Sp(2N) 
M. Veillette, D. Sheehy and L. Radzihovsky, cond-mat/0610798
P. Nikolic and S. Sachdev, cond-mat/0609106 



m
nhldtrs =⋅∫ ),(v

∑∑
≠

−++=
ji

jiiext
i

i rrgrV
M
p )()(

2
H )3(

2

δ

)],(exp[|),(|),( 00 tritrtr θΦ=Φ

),(),(v tr
m

trs θ∇=

⎥
⎦

⎤
⎢
⎣

⎡
++∇+−∂= ∫∫

42
ext

2
2

0 2
1)(

2
)(][ ϕϕϕϕμϕτϕ τ

β

gNrV
M

drdS

Supplementary Material



m
nhldtrs =⋅∫ ),(v

∑∑
≠

−++=
ji

jiiext
i

i rrgrV
M
p )()(

2
H )3(

2

δ

)],(exp[|),(|),( 00 tritrtr θΦ=Φ

),(),(v tr
m

trs θ∇=

⎥
⎦

⎤
⎢
⎣

⎡
++∇+−∂= ∫∫

42
ext

2
2

0 2
1)(

2
)(][ ϕϕϕϕμϕτϕ τ

β

gNrV
M

drdS

Cold Atoms
Basic Relations



Epsilon expansion

+∞−∞
BECBCS Strong coupling

Unitary regime

d=4

d=2

g

g

• d→4 : Weakly-interacting 
system of fermions & bosons, 
their coupling is g~(4-d)1/2

• d→2 : Weakly-interacting 
system of fermions, 
their coupling is g~(d-2)

Adapted from Nishida



Unitarity limit in d=4 and d=2
2-body wave function

Z.Nussinov and S.Nussinov,
cond-mat/0410597

Pair wave function is concentrated near its origin

Unitary Fermi gas for d≥4 is free “Bose” gas

Normalization at unitarity a→∞

diverges at r→0 for d≥4

At d≤2, any attractive potential leads to bound states

“a→∞” corresponds to zero interaction

Unitary Fermi gas for d≤2 is free Fermi gas
Adapted from Nishida



Saddle Point Approximation

Gap equation

Recover Standard 
Mean-Field Results

The               phase is in the same universality class as    



1/N expansion (Loop expansion)

Gaussian Fluctuations around saddle point

Anomalous

Normal



Result
Zero Temperature

Critical 
Temperature

N↑ − N↓

N↑ + N↓

SFM

Normal

BEC limit BCS limit

−
1

kFas

∝B − B0

N↓ = 0

FFLO

Phase
separation 

Population
Imbalance

Result from 1/N

Exp with ⁴⁰K



Recover Standard Result
Away from Unitarity

Large-N calculation away from Unitarity



Excitation Gap Vs Order Parameter

• Excitation gap:              Minimum energy to create excitation
• Order Parameter:                             
• In general                              (but equal in Mean-field theory)

= +  1/N

Calculation:

(Carlson et al, 2003)Monte Carlo
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